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PREFATORY NOTE. 



T WISH to express my thanks to two friends who have 
given me much assistance in the work of proof-ebrrection — 
Mr G. H. Bryan and Mr J. Larmor. The former has made a 
careful revision of the proofs, and the latter has given me 
several most valu&ble suggestions for the improvement of the 
more theoretical parts of the work. Prof. Greenhill has also 
kindly sent me a few corrections. 
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HISTORICAL INTRODUCTION. 



In the first volume of this work we have seen how the Theory 
of Elasticity took its rise ia au enquiry of Galilei's concerning the 
resistance of a beam to rupture by flexure ; how the methods 
pursued in the 18th century in endeavours to answer this question 
led by a natural sequence to the discovery of the general equations 
of Elasticity ; how this discovery waa the prelude to a aeries of 
brilliant analytical researches concerned with problems of the most 
general character; and how, at the same time, it made possible an 
attempt to answer from mechanical principles questions of the 
deepest physical significance and the highest practical importance. 
The discussion of the number and meaning of the elastic constants 
threw light on the most recondite problems of " intermolecular 
force " ; the laws of wave-propagation in solids, both by agreement 
and disagreement with optical experiments, illustrated the nature 
of the lumiuiferous medium ; the theories of the torsion and flexure 
of beams supplied the engineer with valuable working formulae. 
We saw that for practical application of these formulse it was 
necessary always that the length of the beam should be great 
compared with its thickness — or that the linear dimensions of the 
body concerned should be of difierent orders of magnitude. We 
have now to consider in greater detail the special problems that 
arise when some linear dimensions of a body are small in com- 
parison with others. These problems include the bending of rods, 
on which depends a large part of the theory of structures, the 
vibrations of bars, leading to theories of resilience and impact, the 
deformation of thin plates aud its developments in regard to the 
vibrations of bells. Further, as we shall see hereafter, the series 
of difficult questions which turn upon elastic stability belong to 
the same class of problems. 

L. 11. 1 



2 HISTORICAL INTRODUCTION. 

Theories of the behaviour of thin bodies, as of bodies in general, 
are of two kinds. Either they are founded on special hjrpotheses, 
or they start from the general equations of Elasticity. Before the 
time of Navier all writers on rods and plates naturally adopted the 
former method, after his time most valuable investigations will be 
found to proceed by way of the latter. His researches form the 
turning point in the history of special problems as in that of 
general theory. Nevertheless the persistence of the older theories 
after the discovery of the general equations had made more 
exact investigations possible, and even after they had been 
carried out, is one of the most noteworthy fects in the history 
of our subjects 

We shall now trace briefly the development of the theory of 
thin rods and its applications, we shall then consider the theory of 
thin plates, and we shall conclude by noticing the theory of elastic 
stability. 

We have already had occasion to state that the earliest problem 
attempted was that of the flexure of a beam. The stress across 
a section of the beam when bent was attributed to the extension 
and contraction of the fibres, and a series of investigations by 
Marriotte, James Bernoulli the elder, and others, culminating in the 
researches of Coulomb, were devoted to the foundation of a theory 
upon this assumption. Side by side with this theory of flexure, 
which attempted to estimate the stress from the character of the 
strain, we have a theory of rods regarded as strings which resist 
bending. This theory starts with the assumption of a couple 
across each normal section of the bent rod proportional to the 
curvature, and although the elder Bernoulli' deduced this from 
the notion of extension and contraction of the fibres, yet his in- 
vestigation of the curve of the elastic central-line is actually the 
foundation of the later work of Euler and others. 

A theory of the vibrations of thin rods is a natural outcome of 
researches on the flexure of beams. As soon as the notion of a 
flexural couple proportional to the curvature was established it 
could be noted that the work done in bending a rod is proportional 
to the square of the curvature. This fact was remarked by Daniel 

^ For example in M. Levy's Statique Oraphique, Paris, 1886, all the erroneoua 
assamptions of the Bemoolli-Eiilerian theory are reproduced, and made the basis of 
the theory of flexure. 

' See I. p. 8. 



HISrOBICAL tNTBODUCnON. 3 

Bcnioulli', aud the observation formed the foundation of Euler's 
theory' of the vibrations of rods — a theory which included the 
difforential equation of lateral vibrations, and what we should 
now call the normal functions and the period -equation, with the 
rax cases of terminal conditions when the ends are fi-ee, built-in, 
or simply supported. The method was what we should call 
variation of the energy- function. This step was suggested to 
Euler by Daniel Bernoulli' with a request that he would bring 
his knowledge of isoperimetric problems to bear upon it. In 
two memoirs published by Daniel Bernoulli* the differential equa- 
tion and some of Euler's other results were given. The credit 
of these discoveries is therefore to be shared by these two 
mathematicians. 

The suggestion of D. Bernoulli that the differential equation 
of the elastic line might be found by making a minimum the 
integral of the square of the curvature from end to end of the rod 
bore fi'uit in another direction. Starting from this suggestion 
Euler' was enabled to find the equation of the elastic line in the 
form in which it had been previously given by James Bernoulli 
the elder, and he proceeded to classify the forms of the curve. 
The cun'es obtained are those in which a thin rod can be held by 
forces and couples applied at the ends alone. 

Euler' and afterwards Lagrange^ worked at the problem of 
determining the least length of an upright column in order that it 
may not be bent by its own or an applied weight. These researches 
are the earliest in the region of elastic stability, and we shall 
consider them more fully later. 

I In bis xxTUb letter to Eoler (Oct. 1T12). See Fnss, Corrapondance MatliS- 
mUiqite ct Fhyiiqiii. St F^tombaurK, 184S, Turn. ii. 

■ Given in the Addilameiihiia 'De curvig eUsticis' at the Mtlkodiu inveniend< 
liaeat curcat maximi minimivt proprielalt gaudfuia, 1714. 

* Id the letter above quoted. 

* ' De Tibrationibu)>..,laiiiinaruDi elasticnram ', and 'De sonis muUifBrilf 

qnos laiDtiiie e]aetioe,..edunt,.,' published in Cantmentarii Acndtmia Scientiamm 
In^rialii Petropoiitaiut, nil. IT61. The reader mast be cautioned that with the 
writers of the IStb century a 'laminB' generallj mesiis a ntraigbt rod or curved 
bar, supposed to be cat out from a thin plate or shell bj two normal sections near 
together. This usage lingers in many books. Tor example in Poiseon's Mfcaniqun 
and in Dt Baeant's Hgdromtchanict. 

* In the Ad^tamcntuvi 'De curvis elastiuis' of the Methodiu iavtniendi.... 
' Bur la force dee colonnes ', Hiil, Acad. Berlin, int. 1757. 
' Sur la figure dea cotonnes ■, Mitcellanca Tauriatniia, v. 1773. 

1—2 




The flexure of a rod iaitiall; curved appears to have been first 
discuaaed by Euler', starting from the assumption that the 8exural 
coupie is proportional to the change of curvature. In this he waa 
followed hy Navier', who applied the equation of moments to the 
small flexure of a rod whose axis when unstrained is a parabola, and 
afterwards shewed' that when the initial form is a circle the equa- 
tion can be integrated whether the displacement be small or not. 

When a rod is bent so that the axis becomes a tortuous curve 
it is no longer possible to determine the form of the curve by 
taking moments about the normal to the osculating plane. The 
problem thus presented appears to have been first considered by 
Lagrange', who however fell into error on this point. A series of 
investigations by Binet, Bordoni, Poissou, Wantzel, and Saint- 
Venant gradually placed the matter in a clear light. Binet* 
introduced the equation of moments about the tangent ; Poisaoa* 
arrived at the incorrect result that the torsional couple is constant 
from end to end of the rod; Wantzel' integrated the equations 
for a naturally straight wire of equal flexibility in all planes 
through its axis ; and S^nt-Venant' insisted on the importance of 
taking moments about the principal normal, and on the part 
played by the twist or angular displacement of the sections of the 
rod about the tangent. The simple fact that the equation of 
moments of the Bernoulli-Eulerian theory only applies to flexure 
in a principal piano appears to have been first noticed by Persy' in 

< 'Geiiaiiia PriacipU..,de statu nqailibrii at mota aorponun,..', Nov. Comm. 
Acad. FetTopalitaTu», xt. 1771. The Bome aiiaumptiiiD waa nude bj EoIbt in 
ITU [Stetkodiu invenieiidi..., p. 374). 

' "Sur la fleiion des verges ilaitiqaee oourbes ', Bulletin dei Seiencet par la 
SoeiSU Fliilomaliqae, ParU. 1826. Mavier doeH not appear to have been awar« that 
Eolei had aoticipated him. 

' Riiumd da Le^mu...taT Fapplicntian de la Mfcaniqut. 1833. 

' In hiti ilfcanique Analylique, 1788. 

> -M^moire but I'eipreeaioD analjtique de r£]BstiDit£...dea conrbes k doubls 
oourbure'. Journal dt I'EcoU Folyteehnique, i. 1813. 

• See Tudhnnter and Pearson's HiiCory of £fce Elailicily and Strength of 
MateriaU, vol. i. art. 433. and Poieson's MfcaHique, t. i. pp. 622, sq. The error 
arises through snppoaing that there ia a Beiural couple aboQl the hinormal propor- 
tional to the aarvaCnre. which is true on); when the seetion has kinetic symmetry. 

' Comptti RendUM, irra. 1844. 

> In papers in the Contpiei lltndat, xm. 1843, and in. IB41, reprinted in Balnt- 
Venant'B Mtmoira lur la Rfiiitance det tolidti..., Paris, 1S44. 

' Qooled by Saint- Venant in the Hittonque AMgi prefixed to hia edition of 
Navier'B Le^oTti. 
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1834, and it led in the hands of Samt-Venant' to the theorem on 
asymmetric loading noticed in I., art. 108. It is noteworthy that 
Saint-Venant in 1844 gave the necessary equations for the 
determination of the curve formed by the axis of a thin rod or wire 
initially curved which is bent into a different tortuous curve. This 
was before he had made out the theories of flexure and torsion, and 
the equations he gave contain assumptions as to the fiexural and 
torsional couples which could only be verified by some theory 
founded on the general equations of Elasticity. By means of his 
equations he solved some problems relating to circular wires and 
spiral springs. 

The longitudinal and torsional vibrations of thin rods appear to 
have been investigated first experimentally by Chladni and Savart 
The differential equation of longitudiTial vibrations was discussed 
by Navier', and that of torsional vibrations by Poisson. The 
latter made a comparison of the jrequencics of lateral, longitudinal, 
and torsional vibrations. 

Some of the researches already mentioned were made after the 
discovery of the general equations, but, with the exception of 
PotBBon's investigations of torsional vibrations, they do not rest 
upon an application of these equations. In his classical memoir of 
1828' (one of the memoirs we have referred to in i. in connexion 
with the establishment of the general theory) there was given 
among the applications a general investigation of the equations of 
equilibriutn and vibration of an elastic rod, The rod is regarded 
as a circular cylinder of small section, and the method employed 
is expansion of all the quantities that occur in terms of the distance 
of a particle from the axis of the cylinder. When terms above a 
certain order (the fourth power of the diameter) are rejected, the 
equations for flexural vibrations are identical with those already 
obtained by special hypotheses, as in Euler's theory of the vibrating 
rod, the equation obtained for extensional (longitudinal) vibrations 
is identical with that discussed by Navier. The equation of 
torsional vibrations appears to have been given here for the first 



' Comptet Rmdiu, i»n. 1S*S, p. 1023. 

■ ' Balation de diverBea questiona relatireK aox monvementB de vibration dee 
oorpB Balidea', DvlUlin...I'hibimaliqut, 1B3S. . Chladni and Yoang appear to have 
beta ocqaainted vith tlie acaustlca of longitudinal vibrations. 

'kUmoire aur I'^quilibre et le moavemeiit den oorps ^lastiqued ', Mim. I'arit 
dead. Tui. 189U. 




6 BISTOBICAL ISTRODDCTIOS. 

time. The chief point of novelty in the results is th 
coefficients on which the frequencies depend are expressed in terras 
of the conatants uccurriDg in the general equations, but it was an 
iminense advance in method when it was shewn that the equations 
generally admitted could be deduced frona the mechanical theory. 
In his Mecanique'. however, Poisson appears to have contented 
himself with the special hypotheses ol his predecessors. 

In the interval between this investigation of Poiason's and Kirch- 
hoflf's great memoir of 1S58' the theory of thin rods was advanced 
by Wantzel and Saint-Venant in the manner already noticed, but 
in the same interval the researches of the latter ou the torsion and 
fiexure of prisms were opening a new path to discover}'. It must 
always be remembered that these theories of Sain t-Ven ant's are 
exact, not approximate. He gave the precise expressions for the 
displacements within a prismatic body to which forces are applied 
in a particular manner, and passed, by means of his " principle of 
the elastic equivalence of statically equipollent loads", to the 
conclusion that in a long thin prism the resultants only, and not 
the tmctions that compose them, are significant. We may say 
that he arrived at certain " modes of equilibrium ", and then 
shewed that they are the most important ones. His method was 
the semi-inverse method which we have described in vol I, 

Kirchhoffs method is in strong contrast both to Poisson's and to 
Saint-Venant's. He did not assume series and determine their 
coefficients, he found the necessary terms of the series with their 
coefficients ; he did not make assumptions as to the displacements 
or the stresses, he found expressions for the displacements and the 
stresses ; he never pretended to be exact, only to give a sufficient 
approximation. He formulated for the first time the proper way 
of applying the general equations to bodies whose linear dimensions 
are of different orders of magnitude. In any such body the rela- 
tive displacements may be finite, while the strains are infinitesimal. 
The equations must be applied, not to the body as a whole, but 
to a small part of it whose dimensions are all of the same order 
of magnitude ; and for such a part the equations admit of a 



■ The aecond editioD is of date 1833. Poisson refers to bis niemoic for » moie 

3 ' Debar dae Qleiohgewicht und die Bciregung eiuea anendlich diinneD elaa- 
tJBchen 8t>befl '. CfhUc, lvi. 1B59. See also Eirclihoff's Varieitiiigeji nbtr nuithc-w 
matiicht Phytik, Mtchanii. 
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considerable simplification, viz. : for a first approximation bodily 
forces and kinetic reactions against acceleration may be neglected. 

The process by which Kirchhoff developed his theory is largely 
kinematicol. Suppose a thin rod is bent and twisted ; every 
element of it will be bent and twisted more or less like one of 
Sain t-Ven ant's prisms, but neighbouring elements must continue 
to fit — after the deformation there is still a continuous rod. To 
express this certain conditions are necessary, and they take the 
form of differential equations connecting the relative displacements 
of points in an element with the coordinates of their unstrained 
positions referred to axes fixed in the element, and with the position 
of the element in rei'erence to the rod as a whole, Kirchhofif 
did not state the geometrical reason why his differential equations 
hold good'; he came upon them analytically and made them the 
basis of his discussion. 

The next part of the work is approximate. The differential 
equations determine to some extent the character of the strain; 
replacing them by simpler equations, retaining only the most im- 
portant terms, Kirchhoff was able to obtain a general accoimt of the 
displacements, strains, and stresses within an element of the rod. 
In particular Saint- Venant's stress -conditions (l, arts. 82, 83) were 
shewn to hold to the order of approximation to which the work 
was carried. But Kirchhoff did not dwell upon this. He trans- 
formed at once the expression for the potential energy of the 
strained rod per unit of volume into an expression for the potential 
energy per unit of length, which he expressed as a quadratic 
function of the quantities that define the extension, the curvature, 
and the twist. 

The discussion of the continuity and internal strain of the 
elements of the rod led to this expression for the potential energy, 
the general equations of equilibrium and small motion were 
deduced thence by an application of the principle of virtual work. 
When terminal forces only are applied, the ecjuations, with certain 
interpretations of symbols, are identical with the equations of 
motion of a heavy rigid body about a fixed point. This is the 
celebrated theorem known as Kirchhofif's ' kinetic analogue '. He 
applied it to the discussion of a rod bent into a helix, and he 

' The mterprPtatian wiu given by Clebsoh in hia tieattBe of 1S64, and the 
diflereatiiil eqiuitiDiis in queetioD were obtained bj M. BousBineeq [a hia memoir 
of ISTl b; eipreaeing the couditionit or cantinuity . 



HlffTORIOAL INTBODVCnON. 

proceeded to indicate an extension of his theory to the case of 
rods naturally curved. The application of the theorem of the 
kinetic analogue to integrate the equations of equilibrium of a 
thin rod has been considered very fully by Herr Hess' of MiJmch, 
and the theorem itself has been extended by Mr Ijarmor' to the 
case of a rod whose initial form is a helJx. 

The theory given by Clebsch ' waa founded partly on that of 
Kirchhoff, and partly on Saint- Venant's residts for toreiou and 
flexure. From the former he adopted the division of the rod into 
elements, and the conclusion that the internal strain in an element 
may be determined without reference to the bodily forces. He 
proceeded to explain that certain modes of equilibrium of a prism 
under terminal tractions were known, and from the results the 
resultant stresses and stress-con pies at any section could be calcu- 
lated. He then obtained the equations of equilibrium and small 
motion by the ordinary method of resolving and taking moments 
without invoking the principle of virtual work. Clebsch did 
valuable work in explaining the meaning of much of KirchhofTs 
analysis, but his abandonment of the kinematical method was a 
retrograde step, and his adoption of Saint- Venant's stress-condi- 
tions as a basis of iu'vestigation laid hia method open to criticism*. 

The Natural Philosophy ' of Lord Kelvin and Professor Tait 
contained a new theory of thin rods. In this work there is a 
complete exposition of the kinematics of a curved rod, including 
the improvements introduced by Saint- Venant in his extensions 
of the Bernou]li-£ulenau theory. The values of the stress- 
couples are not deduced from the general theory of Elasticity. 
but from Kirchhoffs form of the potential energy, and this form 
it is attempted to establish by general reasoning. Many interest- 
ing applications are given, and in particular the theory of spiral 
springs is fully discussed. 

In 1871 M. Boussinesq' came forwai-d to criticise and interpret 

> MatJiematiichf. AnnaifH, mm. tS84, and iiv. 1885. 

' ' On the Direct Bpplioalion ot the Prinaiple of Least Action..,', Proc. Land. 
Math. Sac. iv. 1884. 

» Thforie dfT Elaitieilfit fester K'ii'ptr, 1864. 

* See for eiample Mr Baasefg ' Theory of BlMtio Wires ', Pfoe. Land. Math. 
Soc. xim. 1S02. 

" The daM of the first edition is 1807. 

" ' Etude aoavclle hoi r^uilibn>...JeB Balides...dont oettainei dtmeniiDns sont 
Mh petites...', Liouville's Journal, ivi. 1871. 
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KirchholTa theory. The fiindameiital idea of his researches ia 
that the sectioD of the rod is small, and that a aotubion of the 
problem to be useful must be approximate. By general reasoning. 
where Kirchhoff had employed pure analysis, he found Kirchhoff's 
espression for the entensioo of any fibre of the rod, and his 
differential equations of interior equilibrium of an element, and 
he gave an original proof that Saint- Venant'a stress-conditions 
hold to the same order of approximation. M. Boussinesq's work 
is more general than that of Kirchhoff and Clebsch inasmuch as 
the ffiolotropy of his rod is limited only by the condition of 
symmetry of contexture with respect to the normal sections ; it 
is less general inasmuch as the equations of equilibrium are 
applied to the rod as a whole, and thus the rod must be infinitely 
little bent and twisted. In a second memoir ' M. Boussinesq has 
attempted to make his theory more rigorous by making the 
assumptions of his general reasoning more gnostic. Tiie point 
on which he concentrates his objections to Kirchhoff's method is 
a step in the process whereby the exact differential equations 
expressing the continuity after deformation are replaced by ap- 
proximate differential equations from which the character of the 
strain can be deduced, I think the objection can be removed. 
(See below ch. sv.) 

Quite recently a new theory has been propounded by Mr 
Basset' with special reference to the case of a rod initially curved, 
of uniform circular section, of isotropic material, and very slightly 
deformed. He proposes to us« the method, which Poisson used 
long ago for a straight rod, of expansion in powers of the distance 
from the elastic central-line. The analysis is very intricate, and 
the expressions found for the llexural and torsional couples do not 
agree with those given by Clebsch. Mr Basset appears to have 
been led to this subject by his researches on thin shells, and by 
dissatisfaction with Haint-Venant's stress-conditions as a basis for 
the theory of thin roda We have already seen that in the 
theories of Kirchhoff and M. Boussinesq these conditions are not 
the foundation, but an incidental deduction, true to the order of 
approximation to which it is necessary to carry the work when 
the stress- couples only are required. Mr Basset's method has the 
advantage that the results are expressed directly in terms of the 

' 'Compliment i one (itode de 1871..,', Lioiinlle'a Joumaf. v. 1879. 
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displacements of a p^nnt ou the elastic centraj-liae in the d 
tioDS of the tangent, principal normal, and bixtormaL In I 
however, he was anticipated by Mr J, H. Michel! ', whose metlu 
also is more direct. 

We have placed our accounts of the various theories of thin 
rods together because they exhibit a natural historical develop- 
ment, but before passing on to consider the applications it may be 
well to state the general character of the results. We have seen 
that an erroneous theory of the character of the strain led to an 
expression for the flexural couple, and that by corrections and 
modifications there sprang up the notion of two Hesural couples 
and a torsional couple exerted about the principal axes of the 
cross-section and the tangent to the elastic central-liue. Saint- 
Venant's theory of torsion gave the form of the torsional coupl^ 
and Clebsch shewed that the form of the Hexural couples i 
actually that obtained in the older theories. The torsional coofJ 
is the product of the amount of the twist, (a quantity I 
properly expressed by Saint- Venant.) and a quantity called tha 
torsional rigidity, which, in the case of an isotropic rod of uniforo^ 
circular section, is the product of the modulus of rigidity and t 
moment of inertia of the section about an axis through its c 
troid perpendicular to its plane, but in other cases has a more com 
plicated expression. The components of the flexural couple aboaH 
the principal axes of inertia of the cross-section are the produol 
respectively of the componeuts of curvature of the elastic centr 
line about the same axes, and one of two quantities called tbj 
principal flexural rigidities, each of which is the product of thu 
Young's modulus of the material for pull in the direction of t 
elastic central-line and the moment of inertia of the crosa-sectioi 
about a principal axis at its centroid. When the flexural i 
torsional couples are known the resultant stress across a norm 
section can be determined from the equations of equilibrium of s 
element bounded by two normal sections near together'. 

The applications of the theory of thin rods are very numeroui 
Prominent among them are the theory of the flexure of a piece b]p 
continuous load, and the theory of a continuous beam resting oiE' 
supports. 



' ilaimger of Mathcaialia, xa. 1890. 
' Tliia point wsa aolicad by Kirohhoff ii 
utilise it to obtain the gsDural equationa. 
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i discussed by Navier' ou the 
supposition of the Bernoulli- Euleriau theory that the flexural 
co\iple is proportional to the curvature, and the work of Clebsch 
shewed that this method ia sufficiently correct when the length of 
the piece ia great compared with its diameter, but it is a matter 
of interest to seek a solution of the problem which shall be exact 
instead of approximate. Investigations with this view have been 
made by Prof. L. Pochhamraer and Prof Pearson'. The treat- 
ment by the latter of the problem of a circular cylinder slightly 
bent by surface -tractions and by its own weight has been referred 
to in I. p. 34. The general result obtained is that when the 
length of the piece is as much as ten times its diameter Navier's 
formula may be safely used. 

Prof. Pochhammer has given two investigations of the 
question of the circular cylinder deformed by surface-tractions. 
He considered' in the first place solutions of the equations of 
equilibrium periodic in the coordinate which gives the distance of 
a normal section from a fixed point on the axis of the cylinder. 
The solutions obtained are expressed in terms of Bessel's functions 
of the distance of a point from the axis of the cylinder. These 
solutions are exact but they may be converted into approximate 
solutions by expanding the Bessel's functions in series. When 
the ratio of the diameter to the length is regai-ded as small, and 
the surface -tractions are such as produce bending, it is found 
that Navier'a forraulie are approximately verified. The same 
writer has also discussed the problem from a different point of 
view'. If we look at any such formula as those in i. p. IHH, 
equations (119), we shall see that all the terms contributed to the 
displacements by Salnt-Venant's solutions contain a function of 
the third degree in the coordinates of a point on the cross-section 
and the inverse fourth power of some quantity proportional to the 
linear dimensions of the section. Such terms are of negative 
degree in respect of quantities of the order of this linear dimen- 
aion. Now by selecting the terms of various degrees in the 
general solutions which can be obtained Prof Pochhammer 

> lo his Levant. ..tiir I'application de la M€eanlqiK..., 1933. 
* QuaTlerly Journal, xi:v. 1890. 

Beitiag kuf Theorie Am Biegnag dea EreUojlinders ', Crelle-Borclmnlt. 
187G. 
Unur$uchiingen ilbir dai GUieligticickt del elaitiicliett StabtB, Kiel, 1BT9. 
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shewed that the terms of negative degree are con-pctly given by 
Navier's formulte, i.e. they depend only on the resultant load, 
while the actual distribution of traction that produces the result- 
ant load affects only terms of zero and positive degree. His work 
therefore determines the order of approximation to which the 
formula? in question apply. In confirmation of these couclusious 
we may cite the work of Mr Chree ' who has arrived at solutions 
of the same general character ae those given by Prof Pochhammer 
in his memoir of 1875'. 

The theory of a continuous beam resting on supports was at 
lirst very diflScult, as a solution had to be obtained for each span 
by Navier's method, and the solutions compared in order to deter- 
mine the constants. The analytical difficulties were very much 
reduced when Clapeyron ' noticed that the flesural couples at 
three consecutive supports are connected by an invariable relation. 
This relation has been generalised by various writers, including 
Bresse ', Herr Weyrauch ', Prof. Pearson *, and Mr Webb ', but the 
analytical difficulties of any particulai- case of vai-ying section and 
discontinuous load are still formidable. A method of graphical 
solution has however been invented by Mohr', and extended by 
Culmana °, and it has to a great extent superseded the calculations 
from Clapeyron's Theorem of Three Moments. 

This problem of the continuous beam is only one of the appli- 
cations of the theory of thin rods to structures. Many applications 
to problems of frameworks will be found in such books as MUller- 
Breslau's Die neuereJi Methoden der Featigkeitalehre (Leipzig, 1886), 

' ' On the EqtuttianB of an Isotropic Elastic Solid...'. Camb. Phil. .Inc. Tmni. 

UT. isaa. 

' Crelte-Borohardt, luxi. 1876. 

" Comptta Rendiu, iLv. 18fi7, p. 1076. The hiatory of Clapejron's theurem U 
given hy Mr J. M. Heppel Id Proc. P. S. Loitd. us. 1869. 

' Couri df Mfcanique Appliquie. t. ni. FbHb, 18Ua. 

» Sobiamileh's Zeiltehri/t, ivni. iii. 1873 — i. Bee also Weyrauch's .iufgaben 
lur Theorit ela>tiKh/r KOrper, Leipzig, 1885. 

' MeamgtT of Maihemalio, xu. ltJ90. 

' Ptoc. Conit. Phil. Sot. ti. 1886. 

* 'Beitrag zar Theorie des Fachererka', ZtiUchrift da Arcbittklen- und la- 
gtnieuT-Vertint lu Hannover, 1874. This is the reference given b; Hiiller-Brealaa, 
bnt I have not aeen the vork. L^vy gives an accotut of (he method in his Siafijue 
Qraphiqve, \. il., uid attributes it to Mohr. A slightly difFerent account ia given 
b; Canevazzi in Mrmorie deW Atcailmia di Bolojiwi (4). i. IBBO. 

• Die yraphiKht Shirik. lid. I. ZUrich, 187J:i. Sac also Hitter, Die cUulUehe 
Linie und ihre Anaendiim .m/ de» continuirUclu-n Bnlkeii. Ziirioh, 1883. 
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Weyrauch's Tbeoi-ie ehMischer Korper (Leipzig, 1884), aud 
Hitter's Anweudungen. der graphischen Statik, (Zlirich, 1888). 
An immense literature has recently sprung up in this subject, 
but the use made of elastic theory ia small. 

The theory of the vibrations of thin rods deduced by Euler 
and Daniei BemouUi from a special hypothesis is verified as an 
approximate theory by an application of Kirchhoffs results. Here 
also Prof. Pochhammer has done useful work by seeking exact 
soUitions, He investigated' the modes of vibration of a circular 
cylinder which are periodic in respect of the coordinate measured 
along the axis, and he found that the simplest modes could be 
fairly described as longitudinal, torsional, and lateral. The ex- 
pressions for the displacements involve Bessel's functions with 
arguments proportional to the distance from the axis, and, when 
these are expanded in series and the lowest powers retained, the 
frequency-equations are identical with those given by the ordinary 
theory. When higher powers are retained corrections are found 
to the frequency, and it appears that the velocities of longitudinal 
waves are only approximately independent of the wave-lengths. 
This correction has been obtained independently by Mr Chree", 
who has given an exhaustive account of longitudinal vibrations in 
a cylinder of finite thickness. 

The vibrations of a curved bar whose Initial form is a circle 
have been investigated by Prof. Lamb', MrMichell'.and Mr Basset'. 
The modes of flexural vibration of a complete circular ring which 
vibrates in its plane were discussed much earlier by Prof. Hoppe'. 
When there is flexure perpendicular to the plane of the ring there 
must be a comparable torsion, but the pitch is very nearly the 
same as in the corresponding mode involving flexure in the plane 
of the ring. There are also extensional and torsional modes of high 
pitch. 

The principal problem arising out of the theory of longitudinal 
vibrations is the problem of impact. When two bodies impinge 
one of the effects produced is that each body is thrown into a state 

' ' U«ber die FortpflanKont^Bgesahwitidigkeit Ueiner Schwingungsn in einent ud- 
bagTSDztea uatropen KreiBoyliiider '. CreUe-Borahardt, i.iixi. IS76. 

* QuuTlerl}/ Journal, xa. iS8«, sini. I88fl, and mv, isao. 

* pTiK. Loud. Hath. Soc. iii. 18S8. 

* Mfiengcr of ilaOumatict, in. 1B90. 
f • Proc. Land. Math. Soc. Iim. 1892. 

' VibrutioncD eines Kiuges in seiner Ebene ', Crelle-Borchardt, liiiii, 1871. 




of internal vibration, and it appears to have been hoped that a 
solution of the problem of the vibrations set up in two bars which 
impinge longitudinally would lead to an explanation of the laws of 
impact. Poisson' was the first to attempt a solution of the problem 
from this point of view. His method of integration in trigonome- 
tric series vastly increases the difficulty of deducing general results, 
and by an unfortunate error in the analysis he arrived at the para- 
doxical conclusion that when the bars are of the same material and 
section they never separate unless they are equal in length. Saiot- 
Venant^" treated the problem by means of discontinuous functions 
and arrived at certain results of which the most important relate 
to the duration of impact, and to the existence of an apparent 
"coefficient of restitution" for perfectly elastic bodies'. This 
theory is not confirmed by experiment. A correction suggested 
by Prof Voigt', when worked out, led to little better agreement, 
and it appears that the attempt to trace the phenomena of impact 
to vibrations must be abandoned. Much more successful was the 
theory of Prof. Hertz", He suggested that the phenomena may 
depend on a local statical effect gradually produced and gradually 
subsiding. The problem becomes a particular case of that solved 
by M. Boussiuesq and Signor Cerruti which we have discussed in 
I, ch. IX. Prof, Hertz made an independent investigation of the 
particular ca^se required, and found means of determining the 
duration of impact, and the shape and size of the parts of the 
surfaces of the impinging bodies that come into contact. His 
theory yielded a satisfactory comparison with experiment. 

The theory of vibrations is capable of application to problems 
of resilience, or of the determination of the greatest strain pro- 
duced in a body by forces suddenly applied. The particular 
problem of the longitudinal impact of a massive body upon one 
end of a rod was discussed by MM. S^bert and Hugoniot' and by 
M. Boiissinesq'. The conclusions arrived at were tabulated and 



Liouville'a Journal, 




' In his Traiie de Mfcaaique. 1833. 

' ' Sur le choc longitudinal de deui bures fUstiqaee. 
«i. 1867, 

' C{. HopkinaoQ, Mtitenger of Mathtmalict, iv. 1675, 

' WiedeniaDn's Aimalen, int. 1682. Sae »1bo HttnaroaDinger in W 
AnmUTi, iiT. 1885, 

' ' Uebet die BerilhruoK fester elMtiaoher KSrper ', Crelle-BorchftnJt, 

' Compttt liendui, xcr. 1882. 

' Applieationt dii PutaiiifU..,, Puis, 1SS6, The nsultB wrere given i 
the Comptti Bendui, xcvn. 1883. 
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graphically ilhistrated by Siiint- Venant '. But problems of re- 
silience under impulses that tend to produce flexure are perhaps 
practically of more importance. When a body strikes a rod 
perpendicularly the rod will be thrown into vibration, and, if 
the body move with the rod, the ordinary solution in terms of 
the normal functions for the vibratioDS of the rod becomes in- 
applicable. Solutions of several problems of this kind in terms 
of the normal functions for the system consisting of the rod and 
the striking body were given by Saint- Venant'. 

Among problems of resilience we must note especially Willis's 
problem of the ti'avelling load. When a train crosses a bridge the 
, strain is not identical with the statical strain when the same train 
is standing on the bridge. To illustrate the problem thus pre- 
sented Willis' proposed to consider the bridge as a straight wire 
and the train as a heavy particle deHticting it. Neglecting the 
inertia of the wire he obtained a certain differetitial equation which 
was subsequently solved by Sir Q. Stokes'. Later writers have 
shewn that the effects of the neglected inertia are very important. 
The solution has been finally obtained by M. Phillips' and Saint- 
Venant', and an admirable precis of their results may be read in 
Prof. Pearson's Elastical Researches of Barre de Saint- Venant. 

The success of theories of thin rods founded on special hypo- 
theses appears to have given rise to hopes that a theory might be 
developed in the same way for thin plates and shells, so that the 
modes of vibration of a bell might be deduced from its form and 
the maimer in which it is supposed to be supported. The first to 
attack this problem was Euler. In a note "De Bono Campa- 
narum'" he proposed to regard the bell as divided into thin 
annuli each of which behaves as a curved bar. This leaves out 
of account the change of curvature in sections through the axis of 

' In papers in Comptei Rtmiiii, xcvii. 1863, reprinted as an appendix to his 
translation of Clebsch'a Theorie der Elaiticillit /enter Kiirper. 

* In the ■ Annotsted Clcbaoh ' juBt referred to, Nate du g Bl. 

' In an appendix to the Report 0/ the Commiiuiontri appointed to enquirf into the 
appHcatian of Iron to Pailaay Strucluree. 1849. 

* • DiaausHioD of B DiQereiitia] Eqantion lelntiDg to the Brenkiog of Railway 
Bridges ', Camli. Phil. Sot. Trans, vui. 1849. (See abo Sir Cr. Stokes's Math, and 
Fbyi. Faperi. vol. ii.) 

' "Cakul de la rfsistancG dcg pootres droiles..,BouH I'lifition d'une charge en 
mODvement '. Ann. det Slinet, vii. 1S6d. 

* In the ' Annotated Glebsch ', Hotr da % I1I. 
» Kovi Comnitiitarii...Petropolitant, x. 17G4. 
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the beli. James Bernoulli' (the younger) followed. He a^umed 
the shell to consist of a kiud of double sheet of curved bars, ttt) 
bars in one sheet being perpendicular to those in the otiu 
Reducing the shell to a plane plate he found an equation < 
vibration which we now know is incorrect. 

James Bernoulli's attempt appears to have been made i 
the view of discovering a theoretical basis for the experimeab) 
results of Chladni concerning the nodal figures of vibrating plal 
These results were still unexplained when in 1809 the FretM 
Institut proposed as a subject for a prize the investigation i 
the tones of a vibrating plate. After several attempts the pri 
was adjudged in 1815 to Mdlle. Sophie Germain, and her w(h 
was published in 1821". She assumed that the sum of tbj 
principal curvatures of the plate when bent plays the sam 
part iu the theory of plates as the curvature of the elastic centra 
line does in the theory of rods, and she proposed to regard 1 
work done in bending as proportional to the integral of the squai 
of the sum of the principal curvatures taken over the sur& 
From this assumption and the principle of virtual work she t 
dueed the equation of flesural vibration in the form now generalM 
admitted. Later investigations have shewn that the form asaumec 
for the work done in bending is incorrect. Navier^ followed Mdll<|| 
Germain in her assumption, obtained practically the same differc 
fcial equation, and applied it to the solution of some problems c 
equilibrium. 

After the discovery of the general equations of Elasticity littl 
advance seems to have been made in the treatment of the problenj 
of sheila for many years, but the more special problem of plate 
attracted much attention. Poisson* and Cauchy' both treated tbl 
latter, proceeding from the general equations of Elasticity, \ 
supposing that all the quantities which occur can be expandei 



' ' EsBU thtorigue hot lea vibratiODS des plaques ^lastiques...'. Nova Acta,,, 
PttTopoHtamr, v. 1787. 

* Reehercha >ur Ux tMorie dts mrfaca fUutiquei. FmIb, 1S91. 
" 'Bitmit dea Techerches but U flezion dea plans ^laatiqnei', BnU^ttiiJ 

PhiloTnaligae. 1833. 

* In the memoii of 1828. A large part of the iDTestigstioD is teprodooed ii 
Todhuntar and Pearson's Hiitory of tlie ElailieiCi) and Streitijtk af MalfriaU, voL vl 

° tn an artii^le ' Sui I'^qoilibre et le mouiement d'nue plaque Bolide ' in th^J 
Exercicet df MathfmaUqua, Tol. m. 1838. Host of (his article slao it k 
by Todhuuter aod Pearson . 
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in powers of the distance from the middle- surface. The equations 
of equilibrium and free vibration when the displacement is purely 
normal were deduced. Much controversy has arisen conceming 
Poisson's boundary-conditions. These expressed that the resultant 
forces and couples applied at the edge must be equal to the foi-ces 
and couples aiising from the strain. In a famous memoir* Rirch- 
hoff shewed that these conditions express too much and cannot 
in general be satisfied. His method rests on two assumptions, 

(1) that line-elements of the plate initially normal to the middle- 
surface remain normal to the middle-surface aftrcr strain, and 

(2) that all the elements of the middle-surface remain unstretched. 
These assumptions enabled him to express the potential energy 
of the bent plate in terms of the curvatures produced in its 
middle-surface. The equations and conditions were then deduced 
by the principle of virtual work, and applied to the problem of the 
flexurai vibrations of a circular plate. 

The theory of plates comes under the general theory (referred 
to above) of bodies some of whose dimensions are infinitely small 
in comparison with others. The application of KirchhotTs method 
of treating such bodies to the problem was made by Gehring", a 
pupil of Kii'Dhhoffs, at the suggestion of the latter. The method 
is precieely similar to that adopted by Kirchhotf in the case of thin 
rods. The conditions of continuity of the plate when deformed 
are expressed by certain differential equations connecting the 
relative displacements of a point within an element with the 
unstrained coordinates of the point referred to axes fixed in the 
element, and with the position of the element in reference to the 
plate as a whole. These equations are replaced by approximate 
ones retaining the most important terms, and from these a general 
approximate account of the displacement, strain, and stress within 
an element is deduced. To the order of approximation to which 
the work is carried there is no stress across planes parallel to the 
middle -surface. An expression for the potential energy is obtained. 
This expression conaists of two parts, one a quadratic function of 



■ ' Vebet dsB Qleiohgewiobt mid die Bewegaus eioec eUatischen Sabeibe '. 
OrBlla'B JouTTuil. XL. 1B60. 

- ' Da £qiiaUaDibDB differentialibnH quibuB equilibrium et motus lamins 
oryatalliiuB deficiimtur '. Burlin, 1S60. The a-nalysia maj be read in KirdihoQ'B 
Vorlewungrn Bber nalhematUche. Phyiik, Michanik, kod some part of it also in 
ClebBoh's Theorit dcr Ehuiieitdt Jettn KHrper. 

L. II. 2 
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the quantities defining the extension of the middle-surface witbl 
coefficient proportional to the thickness of the plate, and the other 
a quadratic function of the quantities defining the flexure of the 
middle-surface with a coefficient proportional to the cube of the 
thickness. The equations of small motion are deduced by an 
application of the principle of virtual work. When the displace- 
ment of a point on the middle-surface is infinitesimal the flexure 
depends only on normal displacements, and the extension only on 
tangential displacements, and the equations divide into two sets. 
The equation of normal vibration and the boundary-conditions are 
those previously found and discussed by Kirchhoff". 

In his Theorie der Elastidtat fester Kdrper Clebsch gare a 
much more detailed investigation of the theory. He adopted 
Gehring's method as far as the discussion of the interior equi- 
librium of an element, with the result that to a certain order of 
approximation there is no stress across planes parallel to the 
middle- surface. After a geometrical discussion of the developable 
into which the middle-surface is transformed by bending, he pro- 
ceeded to form the general equations by aid of the principle of 
virtual work. In this process he introduces a number of arbitrary 
multipliers, as the variation has to be made subject to certain geo- 
metrical conditions. The work is very intricate but I think it 
contains a flaw. The equations are ultimately transformed into- 
a shape in which they represent the statical conditions of equi- 
librium of an element bounded by plane faces perpendicular to the 
middle- surface. Now Clebsch has retained the supposition that 
the stress-components parallel to lines on the middle-surface 
exerted across plane-elements parallel to the same surface vanish, 
and it follows that the stress-resultants normal to the middle- 
aurface exerted across planes which are also normal to this surface 
vanish. The latter stress -resultants are known not to vanish, but to 
be of the same order as the stress- couples across the same faces'. 
This is the point on which I conceive that Clebsch has fallen into 
error, and I cannot find that the arbitrary multipliers which he has 
introduced enable him to evade the difficulty. 

The equations for a plate slightly bent in terms of stress- 
resultants and stress-couples appear to have been first correctly 

' In his memoir of 1850. See ilso VarUnmgm fibtr mathtmatiKht Phytik, 
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given in the Natural Philosophy of Lord Kelvin and Professor 
Tail. These authors make little use of the theory of Elasticity, 
but deduce the values of the stress-couples by a method similar to 
that which they employed in the case of thin rods. More recent 
expositions of the same theory have been given by Saint- Venant', 
and by Mr Basset' and Prof. Lamb'. The two latter were led thereto 
by the difficulty in the subject of thin shells to he referred to 
presently. 

We have already noticed that the boundary-conditions obtained 
by Kirchhoff differ from those found by Poisson. The union of two 
of Poifison's boundary- conditions in one of KirchhofTs was first ex- 
plained in the Natural Philosophy above referred to. It was re- 
marked that the couples acting on any element of the edge can be 
resolved into tangential and normal components ; of these the 
latter may be replaced by pairs of foi-ces normal to the middle- 
surface, and the difference of these forces in consecutive elemeuts 
gives rise to a resultant force in the direction of this normal. 
Thus there is no equation of couples about the normal to the edge. 

M. Boussinesq* has applied to the theory of plates a method 
similar to that by which he treated the theory of rods. He shewed 
in a very elementary manner from the equations of Elasticity that 
the stress exerted across any section of the plate parallel to its 
middle -surface must be small compared with that which is exerted 
across a section in any other direction. Taking the equations thus 
derived as a basis of approximation, he deduced equations and 
boundary-conditions which agree with Kirchhoffs, The method 
of considering the boundary-conditions iavented by Lord Kelvin 
and Professor Tait was rediscovered by M. Boussinesq. In a later 
memoir'^ the same author has proposed to modify his theory by 
assuming only that the stresses are alowly varying from point to 
point of the middle-surface. 

Loid Rayleigh' has gathered up the threads of the theory so 
far as it relates to vibrations. Starting from Kirchhoflfs expres- 
sion for the potential energy of strain, be proceeded to deduce, by 
the method of virtual work, the differential equations and boundary- 
conditions for free vibrations. He followed Kirchhoff in the dis- 
cussion of the circular plate, and gave the solutions of the 

' LioQviUe'H Minimal, xvi. 1871. 

» Ibid. T. 1879. 

' Tlitory of Sirand. »ol. I. ob. i. 
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frequency-equatioD for the lowest tones and the character of t 
nodal lines. He remarked that if there are any materials wlue| 
are not laterally contracted when they are slightly extended looj 
tudinally, rectangular platee of such niateriala can vibrate like b 
without being supported at the edges. The theory of the vibi 
tions of a free rectangular plate has not been made oat ezoe 
in tiiese cases. 

The first attempt to solve the problem of thin curved plates 
or shells by the aid of the general theory of Elasticity was made 
by Herr Aron'. He expressed the geometry of the middle -surface 
by means of two parameters after the manner of Gauss, and he 
used the method employed by Clebsch for plates to obtain the 
equations of equilibrium and small motion. The equations found 
are very complicated, and little result can be obtained from them. 
It is however to be noted that the expression for the potential 
energy is of the same form as in the case of the plane plate, the 
quantities defining the curvature of the middle-surface 
replaced by the differences of their values before and 
strain. 

M. Mathieu' adapted the method of Poisson for plane platfl 
to the case where the middle -surface is of revolution, and ( 
deformation very small. He noticed that the modes of vibratioi 
possible to a shell are not separable into normal and tangentia 
modes as in the case of a plane plate, and the equations that h 
found are those that would be deduced from Herr Aron's form < 
the potential energy if only the terms depending on the stretchi 
of the middle-sur&ce were retained. For a spherical shell v 
circular edge he obtained the solution of his equations in termB a 
functions which are really geneialised spherical harmonics. 

Lord Rayleigh' attacked the problem of open spherical shd 
from a different point of view, He concluded from physica 
reasoning that in a vibrating shell the middle- surface i 
unstretched. When this is the case the component display 
must have certain forms. He assumed that the potential energy it 

I 'Das Gleiahgewidht nnd djo Bewegung einer uoendlioh diionen beliebig g 
irimmten elaBtiscbea Sdiale'. Crelle-Botchardt, lxxtiu. 1S74. 

' 'Mfimoira Bur le monvement vihratoiro des Clochea". Joum. de l'& 
Pulyltchn. u. 1883. 

* ' On Che InGnitaiimal Bending of Burfooee of Bevolntion '. Proe. 1 
Son. XIII. 1883. 
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a quadratic function of the changes of principal curvature. From 
this he easily deduced the form of the normal functions and the 
frequencies of the component tones. 

By an adaptation of Gehring's theory of plates I found' 
that Lord Kayleigh's solutions bil to satisfy the boundary- 
conditions which hold at the edges of a shell vibrating freely, 
and I proposed to adopt for bells M. Mathieu's theory that the 
extension is the governing circumstance. This raised a discussion 
in which Mr Basset and Prof. Lamb took part. Their researches, 
as well as later researches by Lord Eayleigh, have done much to 
elucidate the subject. It has been shewn to be probable that the 
extensional strain, proved to exist, is practically confined to a 
narrow region near the edge, and within that region is of such 
importance as to secure the satisfaction of the boundary -conditions, 
while the greater part of the shell vibrates according to Lord 
Rayleigh's type. For the developments of the theory the reader 
is referred to chapters XXI. and XXll. of this volume. 

Wbenever very thin rods or plates are employed in constructions 
it becomes neceasaiy to consider whether the forces in action can 
cause such pieces to buckle. The flexibility of a long shaft held 
vertically must have been noticed by most observers, and we have 
already seen that Euler and Lagrange treated the subject. One 
of the forms of the ektstica included in Euler's classification is 
a curve of sines of small amplitude, and Euler pointed out' that in 
this case the line of thrust coincides with the unstrained axis of 
the rod, s<j that the rod, if of sufficient length and vertical when 
unstrained, may be bent by a weight attached to its upper end. 
Further investigations' led him to assign the least length of a 
column in order that it may bend under its own or an applied 
weight. Lagrange* followed and used his theory to determine 
the strongest form of column. He found that the circular cylinder 
is among the forms of maximum efficiency, and for small departiires 
from the cylindrit«l form it is actually the strongest form of column. 
These two writers found a certain length which a column must 
att^ to be bent by its own or an applied weight, and they 



> 'On the Smftll Free Vibrations tnd Datormation of a Tliiu Elwtio Shell'. 
I'kil. Traiu. R. S. (A), 1888. 

» HUt. Btrlin. Acad. iiu. 1757. 

' Acta Acad. Ptlropoiitaiia for 1779, Fart Prior, pp. 121—193. 

* JUi«. Tour. V. 1773. 
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concluded that for shorter lengths it will be Bimply i 
while for greater lengths it will be bent. 

The problem of Euler was the only problem in Elastic StabilityJ 
attempted for many years. It found its way into practical treatisee J 
on the 'Resistance of Materials', as Heim's Oletcligeiincht utut\ 
Bewegung gespannter elastischer fester Korper' and 
Cours de Mecanique Appliquee\ Meanwhile Laraarle' pointed i 
out that, unless the length be very great compared with the f 
diameter, a load great enough to produce buckling will be more j 
than great enough to produce set. The problem was taken up J 
again by Prof. Greenhill, who assigned a slightly different limit tO'l 
Euler's for the height consiHtent with stability*, and extendeds 
the theory to the case where the rod is twisted, and to the c 
where it rotates', with applications to the strength of screw- -^ 
propeller shafts. Mr Chree" has recently shewn that, unleas ; 
the length be very great compared with the diameter, there i 
a danger, at any rate in hollow shafts, of set being produced by a I 
smaller velocity of rotation than that which Prof. Greenhill asaigna 
for the commencement of buckling. He has done for Pro£ Green- 
hill's problem of the rotating shaft what Lamarle did for Kuler'B 
problem of the column. 

M. L6vy ' and Halphen ' have treated the case of a eiroulap 
ring bent by uniform normal pressure. Unless the pressure 
exceed a certain limit the ring contracts radially, but when the 
limit is passed it bends under the pressure. M. L^vy appeals 
to think that the result gives the limiting pre.ssure consistent 
with stability for a circular cylindrical shell, but he has omitted to 
notice that the constant of flexural rigidity for a curved bar ia 
quite different to that for a cylinder. 

In all the researches that we have mentioned the methods 
employed have been tentative. Two modes of equilibrium have 



' Statlgart, 1838. 

' Prenare Partit. Pftria, 1859, 

■ ' M^moice Bnr In Beiion du bota 
'. 1846. 

• Camb. Phil. Soc. Ptoc. iv. 1881, 

• Proe. Intl. M/ch. Enginter; 1883. 

• Carnb. PUl. Soc. Proe. vn. 1892. 

' *U6maire «ur un nonveau cas int^grable du probl^r 
a appliOBtions '. Lionville'B Journal, i. 1881. 

■ Cimpttt Jttndui, icvni. 1884, 
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been known, one involving flexure, and the other involving simple 
compression or simple torsion, and it waa concluded that in 
such cases whenever flexure is possible it will take place ; but 
there existed no theory for deterniining a priori when two modes 
of equilibrium are possible, or why flexure should take place 
whenever it is a characteristic of one possible mode. 

These defects were remedied by Mr G. H. Bryan '. In regard 
to the first point it had been shewn by KirchhofF that when a body 
is held in equilibrium by given surface -tractions the state of strain 
produced is unique. The exceptions to which we have alluded 
are more apparent than real. KirchhotFs proof depended on the 
variation of the energy, and he considered only first variations. 
In the cases we have mentioned a small displacement really 
changes the character of the surface -tract ions, and it becomes 
necessary to consider second variations. Take for example the 
slender vertical column supporting a weight. When it is simply 
compressed the weight gives rise to purely longitudinal tractions. 
But now let the column be slightly displaced by bending ; there 
will be a component of the weight tending to produce longi- 
tudinal traction, and a component tending to produce transverse 
traction ; the surface -tractions are really changed in character by 
the displacement. For a short thick column the change is of the 
kind which it is legitimate to neglect, for a long thin one it 
becomes important. 

Now Mr Bryan has shewn that there are only two cases of 
possible instability, (1) where nearly rigid-body displacements are 
possible with very small strains, as when a sphere is put into 
a ring which fits it tightly along a great circle, and (2) where 
one of the dimensions of a body is small in comparison with 
another, as in a thin rod or plate. He proceeded by taking 
the second variation of the energy -function, and he pointed out 
that, as in every case the system tends to take up the position 
in which the potential energy is least, modes involving flexure 
will be taken by a thin rod or plate under thrust whenever such 
modes are possible. Mr Bryan has given several interesting 
applications of his theory which we shall consider in our last 
chapter. 

Cam*. Fhil. Soc. Froc. VI. 1888. 




CHAPTER XIII. 

THE BENDING OF RODS IN ONE PLANE. 

212. The " thin rod " of Mathematical Physics is an elongated 
body of cylindrical form. The sections of the rod perpendicular to 
the generating lines of its cylindrical bounding surface are called 
its normal sections, the line parallel to these generating lines 
which is the locus of the centroids of the normal sections is called 
the elastic central-line or a^xis of the rod. The principal axes of 
inertia of any normal section at its centroid and the elastic central- 
line are called the principal torsion-flearure axes of the rod at the 
point where the normal section cuts the elastic central-line, and 
the planes through these principal axes of inertia and the elastic 
central-line are called the principal planes of the rod 

When the rod is deformed the particles that initially were in 
the elastic central-line come to lie on a curved line which will be 
called the strained elastic centraUline, and the particles that 
initially were in a normal section come to lie in general on a curved 
surface which is not truly normal to the strained elastic central- 
line. We may define the principal planes at any point of the 
elastic central-line of the strained rod to be two perpendicular 
planes through the tangent to the strained elastic central-line, 
of which one contains the tangent to the line of particles that 
initially coincided with one principal axis of inertia of the noimal 
section ; the principal torsion-flexure axes of the strained rod will 
be the tangent to the strained elastic central-line and the inter- 
sections of the normal section by the principal planes. 

When forces in a principal plane are applied to the unstrained 
rod it can be proved by an application of the general theory of 
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Elasticity that the straiued elaatic central-line is a curved line 
lying in that plane. In the present chapter we shall for the raoat 
part coDfine our attention to the bending uf the rod in a principal 
plane, which plane will be called the plane o/fiexure. 

In case the normal Bectioug of the rod have kinetic Bymmetiy, 
e.g. when the section is a cii-cle, a equai'e, an equilateral triangle, 
the principal planes are indeterminate, and any plane through the 
elastic central-line is a principal plane, 

213. Stress System. 

Suppose that the rod is held bent in a principal plane by forces 
and couples suitably applied, and consider the stress across any 
normal section. Let P be any point on the strained elastic 
central -line, and suppose the normal section at P drawn. The 
actions of the particles on one side of this section upon the particles 
on the other side can be reduced to a force and couple at P. The 
force can be resolved into two components : T along the tangent 
to the strained elastic central-line at P, and N along the normal 
to the same line drawn inwards towards the centre of curvature. 
The axis of the couple is perpendicular to the plane of flexura 
The couple will be denoted by G, and it will be called the Jietcural 
couple or bending moment at P. The forces T and N will be called 
respectively the tension, and the shearing force at P. 

By an application of the general theory of Elasticity it can 
be shewn that the flexural couple G is proportional to the curvature 
of the strained elastic central-line at P. so that if p be the radius 
of curvature of this line, 

Sis a constant depending on the nature of the material and 
form of the section. This constant is called the fiexural 
rigidity for the plane in question. Further it can be shewn that 
the constant S is the product of the Young's modulus E of 
the material, and the moment of inertia /i of the normal section 
about that principal axis at its centroid which is perpendicular to 
the plane of flexure, so that 

'3=EI, = Etak,\ 
where <u is the area of the normal section, and k, its radius of 
gyration about an axis through its centroid perpendicular to the 
■boe of flexure. 
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When the initial form of the elastic central-line ia a plane 
curre in a principal plane of the rod, and the strained form is a 
different plane curve in the same plane, the flexural couple at any 
point is proportional to the change of curvature of the element 
of the elastic central-line at the point, so that 

G-9(l/p-l/ft), 

where pt and p are the initial and final radii of curvature. 

We postpone to ch. xv, the proofs of the propositions that 
depend on the general theory of Elasticity. 

214 Oeneral Bqnatioiii of Sqnllibiiiini. 

The general equations of equilibrium of the rod, when held 
bent by forces X, Y per unit of length directed along the tangent 
and normal at any point, and a couple M per unit length about an 
axis at the same point perpendicular to the plane of flexure, 
can now be written down. 

Let PI" be an element of the eUstic central-line of length da, 
and take as temporary axes of coordinates x, y the tangent 
and normal to the elastic central-line at P. Then the external 
forces applied to the element may be reduced to a force at P 
whose components are Xds, Yds parallel to the axes x, y, and 
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3 couple Mda which tends to turn the element PF fi-ona x 
towards y. 

The forces that act on the element PF arising from the action 
of neighbouring elements are shewn in the diagram (fig. 19). The 
part to the left of P gives ua forces T, N, and a couple Q. the part 
to the right of P' gives lis forces T + dT, N+dN, and a couple 
G + dG, in the directions shewn. 

If d4> be the angle which the tangent at P to the elastic 
centml-iine makes with the tangent at P, these forces and couples 
reduce to a force at P whose components are 

- 2* + (2* + df) cos rf0 - { W+ diV) sin d0 parallel to a:, 
-N+{N+dN) cos d^ + {T-¥dT)s,iQd^-paM\G\ to y, 
and a couple whose moment is 

-G->r(G-\-dG) + {N'+dN)ds. 
Adding together all the forces parallel to x, all the forces 
parallel to y. and all the couples, and equating the results si 

Iiiero, we obtain the equations of equilibrium in the fom 
L ds 

which p = ds/d<fi is the radius of curvature of the elastic central- 
line at P. 

In addition to the equations of equilibrium (1) that hold 
at every point of the rod there are certain conditions to be 
satisfied at the extremities. When given forces and couples 
are applied at the extremities these conditions take the form of 
equations connecting the values of T, N, G at the extremities with 
the given component forces and couples. When an end is free 
T, N, and G have to vanish there. When an end is fixed the 
constraint which fixes it may be such as to allow of the extremity 
taking up diflferent directions or it may be such that the direction 
is fixed. In the former case the end will be described aa simply 
supported, in the latter as built-in. 



- + X = 0. 
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216. Horizontal Rod very UtUe bent. 
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We shall consider in the first place the very important case 
of a Btraight rod reating on rigid supports at the same level, and 
slightly bent by vertical forces supposed to act in a principal 
plane. In this case l/p is always veiy small, and X everywhere 
vanishes, so that by the first of equations (1) the tension 7* need 
not be considered. We may therefore suppose the stress-system 
to reduce to the shearing force If and the couple 6. In accord- 
ance with a remark already made we may take (? to be pro- 
portional to the curvature l/p of the elastic central-line, and, 
if the axes of x and i/ be taken horizontally and vertically, we may 
replace l/p by ±d^yldj?, the sign being determined so that the 
sense of G may be that of a couple tending to increase the 
curvature. 

With regard to the terminal conditions it is to be noticed that 
at a simply supported end G vanishes, so that ^jda? vanishes 
while y has a given value. At a built-in end y and dyldx have 
given values. 

In problems of the kind we are now entering upon the fact 
that G is proportional to rPy/ds?, and the ordinarj' priuciples 
of Statics, are together sufiiicient to determine the form of the 
strained elastic central-line, and the pressures on the supports can 
be deduced. (Cf. i. art. 107.) 

Since there is no applied couple M, the third of equations 
(1) becomes 

dO 



dx 



+ N = 0, 



where dx is written for ds since the strained elastic central- 
line very nearly coincides with its unstrained position. This 
equation gives the shearing force at any point. 

216. Rod loaded at one end. 

We shall first investigate the form of a rod initially straight 
which is loaded at one end with a weight W while the other 
end is built-in horizontal, the vertical plane through the un- 
strained elastic central-line being a principal plane of the rod. 

Taking the origin at the built-in end, the asis y downwards, and 
the axis x horizontal, and writing y for the vertical displacement 
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at any point of the elastic central -line, the flezural couple 
is Sd'y/rfic', and the equation of equilibrium found by taking 
moments about a point P for the part between P and the loaded 
end in 





Fig. 20. 

where a; is the distance of P from the built-in end, and I is 
the length of the rod. 

Since y and dyjdx both vanish when ar = 0, this equation gives 
the deflexion y &t any point in the form 

The shearing force at any section is clearly equal to W. 

When the vertical plane through, the elastic central-line is not 
a principal plane of the rod, we may suppose that W is resolved 
into two components, one in each principal plane. There will be 
two constants of flexural rigidity B,, B, proportional to the two 
principal moments of inertia /,, 7, of the cross-section at its 
centroid. The displacements y,, y, in the two planes are given by 
the formube 

%, = iWcos^a!*(i-ia:). 

where 6 is the angle between the vertical plane through the 
elastic central-line and the principal plane in which the displace- 
ment is y,. 

We may regard y,,y,,x oa Cartesian rectangular coordinates of 
a point on the strained elastic central-line and it then appears that 
this is a plane curve but not in a vertical plane. The plane in 
which it lies is given by the equation 

yjy^ = tan ^ B,/5,. 
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If ^ be the azigle which the plane perpendicobur to the pljuie of 

the curve makes with the principal plane in which the dispUoonent 

is f/i, we have 

tan ^ tan ^ - - Bj :B, = - /^ '/„ 

where /,, /, are the two principal moments of inertia of the 
normal section at its centroid, so that this plane and the vertical 
plane cot the normal section in lines which are conjugate diameters 
of the ellipse of inertia. This is the theorem of Saint-Tenant 
and Bresse given in L art. 108. 

In the remaining problems that will be here ccmsidered the 
plane of flexure will be assumed to be a principal plane of the rod. 

217. Uniform Ifoad, aappoited ends. 

Suppose a long rod or beam of uniform section and material 
simply supported at its extremities, and bent by its own weight. 
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Fig. 21. 



Let I be the length, 9 the flexural rigidity, Fe and T^ the 
pressures on the ends, w the weight of the beam per unit of 
length. 

Take the point of support A as origin, and the axes as in the 
figure. 

We have the equation of equilibrium of the part between A and 
any point P by moments about P, 

9^ + F^-iw*»=0 (2). 

where the last term is I (^ — ^ wd^ the moment of the weight 
of the part AP. 
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Since d^yjda? = when x = l, the particular form of this equation 
when x=l \s 

^^^0 that Yg = ^l as is otherwise obvious. 

^^^1 We may integrate the above equation in the form 

^^r ^{y-xi&na) + ^T^'--^wx' = Q (3), 

where a is the angle the axis at A makes with the horizontal ; and 
since y = when x = I 

'^l\a;aa = ^YJ^-^wl* = -^wl' (4). 

Hence the deflexion y is given by the equation 

ffly = ^ww (a.-* + i' - 11a?) = ^wx {l-x)[f + Lc-!d'].. .(5). 

If we refer to the middle point of the beam as origin and write 
x' + ^l for X, we have 

3), -A» «!=-«••) (}(■-»-■) (6), 

and the central deflexion is 

y^=i^^m (7). 

218. Uniform Load, buUt-ln endi. 

When the extremities are built-in, and horizontal, and the 
beam is bent by its own weight, let M be the bending moment at 
A or B, the rest of the notation being the same as before. 



Kg. 33. 
> We have at once the equation of moments 



■(8), 
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'here 



from which 



(10): 



with the terminal cooditioois that y aad dy dx wa^ when x s I 
and when x = l. We have on i^tegtatiog 

?y = iJ/x»-tr^*^i» , 

r. = i;rf ; 

And M before, referring to the middle point as cmgin and writinf 
^4^ + ^f^ for jr, we find 

»y=A«-'K'-'V (11), 

and the central deflexion is j^tr^ 9 cw* i of what it woakl be i 
the enrk were simply supported. 

The reader will find it eas}' to prove in like manner that for i 
beam of length I supported at its middle point the deflexion y a1 
a &i3itJknf:f; z from the middle point is given bv the equation 

Hff that the terminal deflexion is j{^wl\ib or | of that at the 
rni/ldle fK^int of the same beam when its ends are supported. 

Another particular example will be found by taking a beam oj 
U:Uf(th I without weight having one extremity simply supported 
and a given bending couple J/ being applied at the other. It will 
\)f: found that the pressure on the support at the end at which M 
in apfilied is M/l, while the other extremity must be pressed in the 




Fig. 28. 

opfKiHiU; dirc^ction with the same force. The equation of the 
o<intrul-lirie referred to the extremity where the couple is applied is 

g3y = « ^Mx {I - x) (21 - x)/l 
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219. Isolated load, BUpported endr 

Suppose the beam weightless aud supporting a weight TT at a 
point Q distant a from one end. and 6 from the other, where 
a + b = t, and suppose the ends simply supported. 




f.y integrate these in the forms 
iB(y-«tana).-JF^, ) 
81j-(i-.)tanfl).-t7,(i-«)') 



ice y and -^ are the same on either side of Q 



S« tan a - i F,fl* = 396 tan ,9 - J7,6'. I 
SB tan a-4F,(<'- -8 tan,3 + 4F,6"J ■ 
By ordinary Statics Y,a = F,6, F^ + F. = W. 
Whence F, - Wb/^a + 6), . F, = ira/(o + 6). 

Solving (15) for tan a and tan/9 we have 

Wab(a + 2b) ] 

6(a + 6) 
Wab (S + 2a) 



i tan a = - 



Stan;9 = 

The deflexion in .iQ is given by 
IFoii 



6(a + 6) 



6(o + i) 



(» + 26)-i- 



..(15). 



..(16). 
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and that in BQ is given by 

This can be throwo into the form : — 



-i 



Wa il-xf 
a + 6 



The deflexion y at P when the weight is at Q and P is in ^Q 
is given by 

^y = k J^BQ . AP US' - BQ^ - AP') (17). 

When P is in BQ the formula becomes 

»y = ij^^e.BPU5»-^Q»-5P») (18X 

We see that the deflexion at P when the weight is at Q is the 
same as the deflexion at Q when the weight is at P. 

220. Isolated load^ built-in ends. 




Fig. 25. 

When the beam is built in horizontally at both ends let M^ be 
the bending moment at A and If, at B. Then we have in ^Q 



and in BQ 

Hence in AQ 
in BQ 

with the conditions 



99g-Af.+ F^ = 0.... 
93*^-if,+ F,(i-a;) = 



(19). 



(20). 






3f,a - i F.a» = - Mfi + i r,6».. 



..(22). 
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Ya and y, are given by taking momenta for AB about B ami 
A, and we find 

Y, (a + 6) - ro + «. - Jf, - 
Hence we obtain 

iMji-l.a+h)-ia'(,Wb-tM.-M,)-iilJ,-(a+h)-yf(Wa-M.+iU). 
MM<'+h)-ia'{,Wi+M,-M,) — MM<'+i) + V>'(Va-M.+M,); 



givmg 

and thus Y 






..(24), 



(<i + 6)"' 
If iSn + b) ■.•(3i + 0) 

(« + !,)• • ■'' " (a + i)- ■ 
Hence in AQ the deflexion y at a point P ia given by 
W 

and in BQ the deflexion ^ at a point P is given by 

!d)-i^BP-.A(f(SBQ.AP-A(i.BF).. 

and we notice that the deflexion at P when the weight ia at Q ia 
the same as the deflexion at Q when the weight is at P. 

The points of inflexion are given by d'i//dx'=0, and we find 
that there in an inflexion &t Pj in AQ where 

AP, = AQ.AB!(SAQ + BQ). 
In like manner there ia an inflexion at P.^ in BQ where 
BP.^BQ.ABliUBQ + AQ). 

The point where the central-line ia horizontal is given by 
dyjdx^O. If such a point be in AQ it must be at a distance 
from A equal to twice APi, and for this to happen AQ must be 
> BQ. Conversely if AQ<BQ the point is in BQ at a distance 
from B equal to twice BP„ 

The verification of these statements will serve as an exercise 
for the student. 

221. The Theorem of Three Moments. 

Passing now to the case of a uniform heavy beam reating on 
any number of supports at the same level we proceed to investigate 
Clapeyron's theorem of the three moments. 
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Let,,. A, B, C.be the sapports in order from left to right, 
let I JIB be the length of the span AB,.,Mj^, ifs... the bending 
moments at the supports, ... F^, F^... the pressures on the sup- 
ports, A^, Ax the shearing forces estimated upwards to left and 
right of il and indefinitely near to it, B^, Bi similar quantities for 
B and so on. Then F^ = -4* 4- ili, F^ = fi, + A and so on. 

Let w be the load per unit length of the beam. 



BoA aB, 




9 
Fig. 26. 



In BA measure y downwards and x to the left from B, 
in BC measure y downwards and x to the right from B. 

Considering the equilibrium of any part BP of BA, and taking 

moments about P, we have 



8^-Jf^ + fiaa;-Jwj:* = 0. 



.(25). 



Integrate this twice, and put y = and dyjdx ^ tan fi when d? = 0, 

where fi is the angle the tangent at B makes with the axis of x, we 

get 

»(y-artan;8)=iJ/B«*-ifi,a;» + ^ti«c* (26). 

Again, by taking moments about P' for the part BP* of BC, we 
have 



^^-Ms + BxX-iwa^^O, 



.(27). 



Integrate this twice and put y = and dyjdx = — tan fi when a; = 0, 
and we get 

»(y + xtan/3) = iJfBJ:»-i5rC» + ^ti;a:* (28). 

Now in (25) ^ j^ = ^a when a: = /^^ 

and in (27) 93 tJ = i/c when x= V. 



Hence 



J/,. - Mg + B.lgf. - 1 wl„c' = ) 



.(29). 



..(31). 
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These equations give B, and fi, in terms of the bending moments 
at A, B, C, and the pressure Y^ on the support B la given by the 
equation 

Again in (26) y = when x = 1^b> and in (28) y = when iB = lan- 
Hence - S tan ^ = i^M^l^B - hB^ho^ + aV «'^jb' 

®tan/3 = ijW^ifln -iB^lgc^ +^vil„c» 
Adding these equations, and substituting for £„ and £, from (29), 
we find 

U (-3^^ + 2#a) + ij,^ (Jtfc+ 2Jtfa) = iw (fV + isc"). . -(32). 
so that the bending moments at three consecutive supports are 
connected by a relation of invariable form. This is the TheoTem of 
Three Moments. 

We may express the result by saying that the bending moments 
at the supports satisfy a linear difference equation of the second 
order. 

The solution of the equation would involve two constants to be 
determined from the terminal conditions. The bending moment at 
every support can therefore be Civlculated. The shearing forces 
across the sections at the supports can be found from such equations 
SB (29), the pressures on the supports from such equations as (30), 
the inclination of the central-line of the beam at the supports 
from such equations as (31), and the deflexion at any point from 
such equations as ('26). 

222. FonnB of the Equation of Three Momenta. 

We shall now consider the form assumed by the theorem iif 
three moments for some other distributions of load. 

1". For uniform flexural rigidity when the load on each spau 
is unifonnly distributed but the load per unit length varies from 
span to span, it is easy to shew in the manner of the last article 
that the equation of three moments becomes 

i..* (-1''^ + 23/a) + iat/ {JWp + 2M fl) = i(w^ „/jb' + Wfic^iflc')- -(33), 
and the pressure on the support B is given by 

where w^h is the load per unit length of the span AB. 



"...(3*), 




3^ BESDDEG OF BOW IS OXE 

2'. F<7 imiform flezcnl ligiditr a&d an iscJated load IT mt a 
ffAiAi Q between B and C 

'^ — SI ^„ 

Pa 

w 

Let 50 = 6 and CQ = c. 

Id £Q measure y downwards and x to the right ; 

in CQ measure y downwards and x to the left. 

Suppose the tangents at B and C to make angles fi and 7 with 
the horizontaL 

The equation of moments fix- any part BP of £Q is 

»g-jr^ + ^ = (35X 

and the equation of moments for any part CP' of CQ is 

»§-J^c + C^ = (36); 

fix^m which we find 

ini^<? »(y-xtany3) = JJf^-tBrr^,) 

in CO »ry-xtan7) = iJ[/^-iC^| ^"^'^ 

When X = 6 in BQ, and x = c in CQ, the y*s are the same and 
the sum of the dy dx's is zera Hence 

99 r6 tan /9 - c tan 7) = - ^M^b' + iJfcC» + j5,6»-iCV?.| 
«( tan/8+ tan 7) = - (J/,6+ Jfcc) + i(B,6» + CW 
Now, by taking moments about C and B for J3C, we find 

B, (b+c)-We+iIc-ilB = 0;i , 

(7,(6 + c)-F6 + lf|,-i/^r = 0) ^ '' 

Thus 

»(t+c)tan/S=iTr6c(6+2c)-K2Jfi, + Jfc)(fr + c)*.l /^ov 
© (& + c) tan 7 = i TTfcc (c + 26) - J(2i^c + I^b) (6 + cf y"^^^ 
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Now in the span AS of length a preceding B measuring x from 
B we have 

^'^-M^ + B^^O (41), 

and M^~Ms + B^ = (42); 

integrating (41), and putting y = and dy/rfa: = — tan yS when a; = 0, 
we find 

S(y + a:tan/S) = i3/Bfl?-i(J/a-if^)a^/a (43), 

and since y = when x = a, 

^tau0 = ia(2Ms + Mj) (44). 

In like manner by considering the span of length i:^ succeeding C 
we haye 

^tmy = id{2Ma + Mo) (45). 

By (40) and (44) we find the equation of three moments for 
A, B, Gin the form 

ABiM^+2M^) + BC(M^ + 2M^) = ^BQ.CQ(BQ + 2CQ)...{iG), 
and the equation for B, C, D iain like manner 



SC (Mb + 2Jtfc.) + CJ) (Mr, + 2 



BC 



BQ.CQ(CQ+2BQ)...(4n 



the weight 1^ being at Q between B and C. 

223. Equation of Three Moments generalised. 

The theorem of three momenta may be generalised so as to 
include the cases of variable flexural rigidity and variable load'. 
For this we begin with the case where there is no load between A 
and B or between B and C, but the flexural rigidity 58 is a function 
of a 



4^ 



-X- 



f 



' Webb. Camb. Phil. Soe. Pmc. y 
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In the span AB we have, measuring w towards B, 

^t-"'*"-^-" w 

since as in equation (42) of the last article we may express the 
shearing force to the right of A by taking moments about JB. 

Now multiplying this equation by xj^ and integrating, we 
find 

Since y = and dyldx — tan fi when x = AB, we have 

^ o %r ("^ x (AB - x) dx ,, M» a? dx .,„ 

In the next span BC take C as origin and measure x towards 
B and we find 

. Q „ r^'^xiBC-x^dx ,„/•«<? a? da; ,_,, 

Now measuring x towards A from a fixed point in BA 
produced we have 

„ fO» (x-0A){0B-x) dx „ toc{x-OB)(OC-x)dx 

^^*Joa ili'' ^^ "Job BC* fQ-'^-^^^)- 

This is the equation of three moments for this case and we 
shall denote the left-hand member by [ABC], 

If now we suppose that there is a weight IT at a point Q 
between B and C and no load between A and B, we have in BQ 

^^-Ms + B,ix-OB) = (53), 

X being measured from a fixed point ; and in CQ 

^^-J^/c+C,(OC-a^) = (54). 

Also, by moments about C and B, 

BC.B,-W.CQ-i-Mc-Ms = 0,\ 
BC.C,-W.BQ + M„~Mc = 0l ^ '' 

We multiply equation (53) by {x— OBySd and integrate from 
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OB to OQ, and equation (54) hy(OG- 
to 00, and we get 

m 



41 



t)/3} and integrate from OQ 






.jf. 



"(Oc- 






(56) 



By subtracting these we find an expression for (dylda:\. But 
another expression for this can be found by dividing (.iS) by S 
aiid integrating; we get thus 



(ii--^=<s-*i: 



Equating the two expressions for (dy/(ic)g we obtain the equation 

+ "']„. BO a+'^'J,,, 'Bc 8-''''- 

But by equation (50) we have another expression for tan^, 
and, using (55) and equating these, we obtain an equation which 
can be written 

■> (OC-» )(.-OB )ii. ^ ^ „ r^ (OC-if da: 
B BG' © Jog 



[^BC] = If . ec 



BC 9 

(59). 

where the left-hand member is the quantity expressed on the left- 
hand side of equation (52). 

If there be any number of loads the results may be found by 
summation. 

The extension of the theorem to the case where the 
supports are not on the same level will be found in M. Levy's 
Statiqua Graphique, t. Ii., and the case where the supports are 
slightly compressible has been treated by Prof. Pearson in the 
Messenger of Mathematics, xix. 1S!>0. 

224 Basis of Graphic Method'. 

We have seen how a knowledge of the bending moment at 
every point of a beam resting on supports leads to a determination 
of the form assumed by the beam and the pressures on the supports, 
' For Tefcreiice9 se? lutroduction p. 13. 
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and further how the bending moment at any point can be deter- 
mined from those at the extremities of the span containing it, and 
we have given the equations by which the bending moments at 
consecutive supports are connected. We shall now shew how the 
calculation can be superseded by a graphical construction. 

The construction in question rests upon two theorems as 
follows : — 

Theorem I, The form assumed by a beam in which the 
bending moment is given is identical with that of a catenary 
or funicular curve when the load per unit of length of its hori- 
zontal projection is proportional to the given bending moment. 

For the equations of equilibrium of the string under a load 
Odx on an element whose projection on the axis of x ia dx are 

T-T- = const. = T say 

ds \ ds) da 

where T is the tension and da an element of the arc. The elimina- 
tion of T between these equations leads to the equation 

of the same form as the equation of the beam 

Theorem II. The tangents at the extremities of any span are 
the same as the tangents to the funicular that would be obtained 
by replacing the forces Odx on that span by any equivalent 
system. 

For if we measure x from one extremity of a span of length { 
we have by integration of the above equation 



X 



g-y=/%|d^ 



rfy| _ [' ^ 



and thus Z ^1 = \ x^^dx 

dx\i Jo TV 

and this integral is the same for the actual system of forces pro- 
portional to Odx and for any equivalent distribution of force. 
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225. The equivalent system of forces. 

Let AB be auy span supposed subject to a given distribution 
of load, and draw a curve whose ordinate at any point represents 
the bending moment iit the con'espouding point of AB. This may 
be conveniently effected as follows i — Draw from A and B vertical 




Fig. 23. 

lines AA' and BB' proportional to the bending moments at A and 
B, and draw through A, B the curve whose ordinates are the 
bendinjf moments at the points of AB when this span is isolated 
and simply supported at A and B and is under the given distribu- 
tion of load. Let the verticals through the centroids of the triangles 
AA'B and BA'B meet AB in g and g'. they are the vertical tri- 
sectors of the line AB, and let the vertical through the centroid 
of the curve of the bending moment when A and B are simply 
supported meet AB in 0. 

The funicular whose extreme sides are the directions of the 
central-line of the beam through A and B is that for vertical 
forces ^, <p' , and F acting through g, g', and G proportional 
respectively to the areas of AA'B, BA'B", and to the area of 
the curve of the bending moment when A and B are simply 
supported. This funicular being construined to pass through A 
and B is completely determinate when all the bending moments 
are given. 

If funiculars be constructed in this way for each span then the 
extreme sides of two consecutive funiculars which meet in a point 
of support, as B, must be in the same straight line. This remark 
leads to the determination of the bending moments at the 
supports. 
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226. Development of tlie method. 

Suppose to fts ideas that A., A,, A,... are the pointa of support' 
^abeingaimplf support«d, and that foraoTSpao.J, Jr+, the 
at the beoding moment when A, sod ^r+i siv sunplr supported 
has beea dtawn. Let ^',, ^, ^'f.. be the (broes that set in the 
vertical trisectors of ^, J,, J, J^..,^' acting through the point 
gi nearer to A,,^, and ^' through the points 9,, and g,' and so 
on (see fig. 30). Let J*,, F,.„ be the (broes that act throogh 
Gi, Gf.. wb«v the line A„ Ai... meets the rertkcsls thnnigh the 
ooitroids of the areas of the corree of the bendii^ moments for 
the varioas spans when their extremities are simply supported. 
Then F„ F,... are given in magnitade and line of action, while 
^', ^... are given as r^ards line of action onlv. 

If now we supposed the problem solved, and these forces 
quentlj' fixed in magnitode, we ooold draw the funiculars f 




Sappooe 1, 2, 3... are the ades of the fuoicolars of which 
and 3 bdong to the ^lan A, A^, 3, 4, 5 and 6 to the ^lan A, A^ 
and so on. The sides 1, 3, 6, 9... pan throagh the points of 
snpport. 

Let the sides S and 4 meet in F^ Then in the tnangle whose 
sidee are 2, 3, and 4 the vertex F, must be on the line (A action of 
the resoltant of ^'1 and ^, u«. on a fixed vertica] meeting Ai in a, 
where a, g^^Ai ^f The triai^e whose aides are 2, 3, and 4 
therelbrc has its vertices on three fixed tines. We can dtew that 
its sides pass tfatoogh thi«e fixed points. For the nde 3 passes 
through the fixed point Af If the side 3 meet the verlica] 
throvgh J, in C^ we shall see that C, is a fixed point For the 
triangle whose side* ai« I, 2, and the rertical thiuu^ J, is a 
taciai^le of (broes for the point of intersectiock of 1 and i. and 
At Ct repwseaits J*, 00 the scale on which we repreasBt fotces by 
tinea. Since tm sdes 2 and 3 of the triangle formed tnr !t 3, 4 
pass throogfa fixed ptunte C, and A^ while the rertioes move on 
three fixed parallel lines, the remaining side 4 also pa^es throagh 
a fixed point C, which is on the line C, A^ This point C* maj be 
fiMind bj trial br drawii^ anjr tariangle which fulfils the other five 




In the same way we may pn>Te that the triai^le whose tides 
5. 6, 7 has its vertices in three fixed vertical lines (viz. those 
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through g\, g,, and a,, where a,gs= A,g',.) and that its sidea pass I 
through three fixed points. In fact to find the fixed point (7, on the J 
side 5 we have to take on the vertical through C^ a length C, G, f 
which has to the line representing the force F, the same ratio as the | 
horizontal distance of G, from the vertical through (7, has to the] 
horizontal distance A„ G, of G, from the vertical through A,,. Fm 
the triangle formed by 4, 5, and the vertical through C, is then iM 
triangle of forces for the point of intersection of 4 and 5, but thej 
scale on which its sides represent forees is changed in con 
with that of the triangle formed by 1, 2 and the vertical throughfl 
A„ in the ratio stated. C, being determined the fixed point C, ( 
the side 7 may be foimd by trial, and we can in this way determiiu 
two series of points C,, C„... Cj^-i and C,, C,,... Cm_i. 

Consider the case where the further extremity A„ of the nth 
span is freely supported. Find the above two series of points. 
Join Cta-\ to A,„ this determines the last side of the funicular. 
From the point where it meets the line of action of F^ draw a line 
to (?in-s, and produce this to meet the vertical through iv-i ' in 
V^-i- Join Vji_, to (7j,_( and proceed in the same way, and we 
obtain the funicular. The side (3n - 3) of the funicular will be 
found by joining the points where (3n — 2) meets the vertical 
through jf„ and where (3n — 4) meets the vertical through 5r',i_,. 
This side must pass through A^^. The sides (3n — 6), (3n — 9)... 
may be constructed in like manner. 

The bending moments at the supports may also be found 
graphically. Let the vertical through A, meet the side (3r + 1) 
in St, then A, SrjA, A',-^, is proportional to the bending moment 
at A,. We have seen that If A^ A'r be drawn to represent the 
bending moment at A, then (ft, is proportional to the area of the 
triangle A, A'r Ar+\ and acts vertically through its centroid 
Thus if Mr be the bending moment at A^ 

<pr<xMr.ArAr+,. 

But since the aides 3r, (3r+ 1), and the vertical through A^ are i 
triangle of forces for the intersection of 3 and 4 and the breadUiil 
of this triangle ia ^ j4, A^+j we have 

Hence if, x A^ SrlA,A\+,. 

' o,_i is Bueh that n«-j/7„ = .^,-l.'7',_l. and a,_,p',_, = J„_,j, 
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For details in regard to the scale on which the lines are drawn 
to represent forces, and the extensions of the method to cases 
where the extremities are built in, or the supports ai'e not all on 
the same level, the reader is referred to U. Levy's Statiqrie 
Oraphiqae, t. ii. A paper by Professors Perry and Ayrton in 
Proc. R. S. Land. Nov. 1879 may also be consulted. 

227. The Elastlca. 

We shall now consider the problem presented by a thin rod 
which is held in the shape of a plane curve by forces and couples 
applied at its ends alone. The forms of the elastic central-line 
under this condition are the curves of a certain family to which 
the name of Elastica has been given. 




" Fig. 31. 



Afl in art. 214 let T, N, be the tension, the shearing force, 
and the flexnral coiiple at any point P of the strained elastic 
central-line, and let i^ be the angle which the tangent at P makes 
with a fixed line; aa the figure is drawn the curvature of the 
elastic central-line at /* is — d<t>!ds, and the couple ff is — B dtftjds 
where B is the flexural rigidity. 

Let A be any fixed point of the rod, and R the resultant of N 
and T at A, if we consider "the equilibrium of the part of the rod 
between A and P, and resolve all the fui-ces acting on this part in 
the direction of R. we shall find that N and T a.t P must have a 
resultant which is equal and opposite to R. Hence the magnitude 
and direction of R are fixed, and they are identical with the 
magnitude and direction of the force applied to the end of 
the rod. 
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If therefore ^ be the angle which the tangent to the rod at P 
makes with the line of action of the force applied at the end of 
the rod we have 

T=-iJcofl^, ^^=-/^8in^ (60). 

The general equations of equilibrium are known from art. 214 
to be 

dN T ^ 
-T- + -=0. 
as p 

The first two are identically satisfied since 1/p = — d^/ds, and the 
third gives us 

B^'^Rsm4>^0 (61). 

This equation can be identified with the equation of motion 
of a heavy rigid body moving about a fixed horizontal axis as 
follows : 

Let 8 represent the time, B the moment of inertia of the rigid 
body about the fixed axis, and R the weight of the body, and let 
the centre of inertia of the body be at unit distance from the fixed 
axis, the above equation (61) is the equation of motion of the 
bo<ly when the plane through the centre of inertia and the fixed 
axis makes an angle <f) with the vertical 

Hence if a rigid pendulum of weight R be constructed to 
have its moment of inertia about a certain axis equal to B, and 
its centre of inertia at unit distance from that axis, and svring 
about that axis under gravity, and, if the centre of suspension of 
the pendulum move along the tangent to the elastic central-line 
of the bent rod with unit velocity, a line fixed in the pendulum 
will be always a tangent to the elastic central-line at the point of 
suspension of the pendulum. 

This is a case of a general theorem known as Kirchhoffs 
Kinetic Analogue. (See below art. 236. ) 

The motion of the rigid pendulum is the same as that of a 
simple circular pendulum of length gBjR, where g is the accelera- 
tion due to gravity. As is well known, the integration of the 
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equation of motion of the pendulum involves elliptic functions, 
and there are two cases according as the pendulum oscillatea or 
makes complete revolutions. The corresponding forms of the 
elastica are distinguished by the circumstance that in the first 
case there are points of inflexion, and in the second case there are 
none, since the angular velocity of the pendulum is identical with 
the curvature of the elastica. We shall be able to give a 
particular fomi to our results by assuming that in all cases the 
rod is held in the shape of the elastica by equal and opposite 
forces }i applied to its two extremities. In the first case the 
forces will be supposed directly applied, and the ends of the rod 
will be inflexions on the elastica ; in the second case they will 
be supposed to be applied by means of rigid arms attached to the 
ends. The two cases will be distinguished as the infiexiuTial 
elastica corresponding to the oscillating jienduJum, and the von- 
inflexional elastica corresponding to the revolving pendulum. 
The line of action of ii is called the line of thrust. 

In both cases we have a first integral of the equation (61) in 

fimn 

jfl/^Y=flco8<t + const (62), 

ict the two cases are distinguished according to the value taken 
by the constant. 

228. Inflexional Elaitlca. 

Suppose first that the pendulum of the kinetic analogue 
oscillates through an angle 2a, We have 

ifi(^)' = ii(co3^-cosa) (63). 

Introducing elliptic functions of an argument u and modulus k, 
where 

tt = *V(ii/fi), /-^siniK (64), 

r S-"Vs"<"^'^'} m. 

sin J^ = ian(w + if) ) 

Now referring to fixed axes of x and y, of which the axis x 
coincides with the line of action of the force H we have 

dx dy . , 

T- = cos a. -r- = am A. 

as ^ dH ^ 

I t. II. 4 
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Of these the first gives us 
X = [[1 - 2ifc»8n«(u + Z)] da 

where E is the elliptic integral of the second kind defined by 

Edjn. u = I dn' u du, 

Jo 

the path of integration being real. 
The second equation gives us 

y = 2k I sn (u + K)dii (u + K)d8, 



or 



y = -2k ^^cn (u + K)^ (67). 



The constants have been so chosen that the origin is at a point of 
inflexion on the curve. Since the flexural couple at the ends 
vanishes when the rod is subjected to terminal forces only, 
the origin may be taken at an end of the rod in this case. It 
follows that with our choice of axes the axis of x is the line of 
thrust. 

Wherever the curve cuts the line of thrust we have a point of 
inflexion, and the tangent is inclined to the line of action of R at 
an angle a. 

The form of the curve depends on the value of a, and we shall 
suppose a to vary from to tt and find the corresponding forms of 
the curve*. When there are two inflexions the force JR, the 
length /, and the angle a are connected by the relation 

I y/(RIB) = 2K (mod. sin J^a). 
Forms with more than two inflexions are probably unstable. 

^ Notice by way of yerifioation that Ry= -Bd^ldt^O as is obviously the case. 

' Hess, * Ueber die Biegung und Drillong eines unendlich dilnnen elastisoben 
Stabes mit zwei gleicben WiderstaDden...'. Math, Ann. xzv. 1SS5. The classifica- 
tion was first made by Eoler. (See Introduction.) 
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1°. Wheu a = 0, <^ is constantly zero and the rod remains 
straight, 

2°. When k < ^x, the curve always makes an acute angle with 
the line of action of R, and we have the figure 



k 



Fig. 32. 



This incUides the case where the rod is infinitely little bent, 
corresponding to the case where the pendulum makes indefinitely 
small oscillations. In this case <^ is always very small and it 
can be easily shewn that the equation of the curve is of the form 

SO that the limiting form, when a is indefinitely diminished, is a 
curve of sines of very small amplitude. 

3°. When a = Jtt, the curve corresponds to the limiting case 
of the above when the inflexional tangents are at right angles to 
the line of action of R. 

y 

^^^" We thus obtain 

cos ^ + COS j8 = 2fc° on' (k + K), 
and as u increases cos^ is at first negative and approaching zi 
Also COS (p vanishes when 

en' 0( + A^ = cos ^/(H- cos /3). 
<In'(» + A') = f 

+—2 




When a > Jtt, we may take w — a = and then 
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Suppose Ui is the least positive value of u given by this 
equation. Then the x of the curve vanishes with u, and as u in- 
creases ^ is at first negative and its absolute value is a maximum 
when II = 1^1. When 

X vanishea It then becomes positive and has a maximum when 
u = 2K — t/i. When u = 2K we have 



x^^2x^^2j^{2EBXxiK^Ky 



.(68). 



Further we have 



X. 



There are three cases according as or^ is positive, negative or 
zero. 

(1) x^>0 or 2EB,mK>K. In this case x^, x^,... are all 
positive and the curve proceeds in the positive direction of the 
axis of X, There are three subcases. 

(a) Xg>—x^^ the curve does not cut itself. 




Fig. 34. 



other. 



(/8) afjr = — ^1., the successive parts of the curve touch each 




Fig. 85. 



228] 



other. 
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(7) ^K<''^ui *fa® successive parts of the curve cut each 




Fig. 36. 

(2) 0?^ = or 2EamK=^ K, This is the limiting case of the 
last when the double points and inflexions all come to coincide 
with the origin ; the curve may consist of several exactly equal 
and similar parts lying one over another. 

The value of a for this is about 129«-3. 




Fig. 37. 

(3) x^<Q or 2E sluiK < K. The curve proceeds in the 
negative direction of the axis of x. 




Fig. 3S. 

5^ When a = tt. This is the limiting case of the last when 




Fig. 39. 



/ 
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the rod of very great (ultimately infiDite) length forms a single 
loop. 

229. Non-inflezional Elastica. 

Next suppose the pendulum of the kinetic analogue makes 
complete revolutions. The equation (50) takes the form 

i5@y = ieco8^ + ij(l + 2^-^ (69), 

where k is less than unity. 

Then we have, writing uior tS »J{RjB\ 



-^ = -y/-gdnM (modA;),! 
sin J<^ = sn i* J 



d; = ifcV5 ' '' (70), 



and the values of x and y are given by the equations 

Since there are no inflexions these forms are not possible 
without terminal couple. 

The form of the curve is 




Fig. 40. 

The limiting case when A; = 1 is that mentioned in no. 5® of 
the last article. It corresponds to the case where the bob of the 
pendulum starts from the lowest position with velocity which will 
just carry it to the highest position in an infinite time. 

We have in this case 

i(S)'-i-i <"). 

and writing u for 8'\/{R/B) we obtain 



sin^^ = tanhtt 



,(73). 



NOBHA.L POBCES. 



..(74). 



I«=^ 



The figure is given in no. 5° of the last article. 

The particular case where R vanishes and the rod is held bent 
by terminal couples corresponds to the motion of a pendulum 
whose centre of suspension coincides with its centre of inertia. 
The terminal couple corresponds to the angular momentum of the 
pendulum, and the flexural couple is the same at all points of the 
Since d<f>/da ia constant the curve is a circle. 

The circle and the series of figures given in the last two 
articles include all the typical forms of plane curves in which a 
tliin rod initially straight can be held by terminal forces and 
couples only. 

It may be shewn that the same series of curves include all the 
plane forms in which a rod whose elastic central-line is initially 
circular can be held by terminal forces and couples. The proof 
kJB left to the reader. 

230. Rod bent by Normal Forces. 

We have just seen that if no bodily forces be directly applied 
to a thin rod the plane forms in which it can be held belong to a 
certaui definite family of curves. In order to hold the rod so that 
its elastic central-line is of any form which is not one of the ela^tica 
family, forces will have to be applied directly to its elements. We 
can now see that purely normal forces are always adequate to hold 
the rod in any required form, or in other words that the form can 
be obtained by bending the rod against a smooth rigid cylinder. 

e equations of equilibrium under purely normal foi-cea 1' pei- 
Billit of length are 



dT N 



= 0, 



^ + -+Y=0.'} 



i which G = Bjp, so that N = 
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psi 



Substituting for If in the first equation and integrating we 
have 

T + iBlp'-T. (76), 

where T^ is the tension at a point of inflexion. 
The second equation now gives 



-Y.TJp-iBI^-Bj. 



i' ^l^ 



df\p, 



..(77); 



'e 

I 



ao that the required normal force and the tension at any point are 
determined in terms of given (quantities and a single oontitant 7*, 
depending on the terminal conditions. 

As an example we may find the pressure when a wire is fitted 
roimd an elliptic cylinder of semi-axes a, b and its ends joined. 
The pressure at either end of the minor axis vanishes, and the 
pressure at either end of the major axis is 

iS{n' - }>'){ba' - «'6' -I- hl^)ja'b'. 

[Math, Tripos. 188.5. 

231. Uniform Normal Force. 

In further illustration of the general equations we may consider 
the forms in which a rod can be held bent by uniform normal 
pressure. For this case M. L^vy' has given an interesting theorem 
as follows : — 

When a plane rod or wire is held in a plane form by uniform 
normal pressure, the tension and shearing force across the normal 
section through any point of the strained elastic central-line have 
a resultant which is perpendicular and proportional to the line 
Joining the point to a fixed point in the plane. 

Let Y be the pressure per unit length, T and N the tension 
and shearing force at any point P of the strained elastic central- 
line and take as temporary axes of x and y the tangent and normal 
at P, and let F be the resultant of N and T. 

The equation of a line through P perpendicular to the direction 
of J* is 



The equation of a line through a neighbouring point P" per- 
pendicular to the direction of F there, the new F being the 



Liouville'g Joumat, : 




A 
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resaltttnt of T-^-dT and N-^-dN' along the tangent and normal 
at P', is 

y 0? — pd<l> 

T+dT^Nd<l>"-N''dN^Tdil>' 

where p is the radius of curvature of the strained elastic central 
line at P, and dff> the angle of contingence of the same curve. 




Fig. 41. 

Now hy the equations of equilibrium the equation of the line 
through P' is 

and this line meets the corresponding line through P in the point 

x^N/Y, y = -T/Y, 

Hence, if through P a line PO be drawn perpendicular and 
proportional to /* so that Y. OP = F, the line similarly drawn 
through a neighbouring point P^ will terminate at the same 
point 0. The point may be called the elastic centre of pressure 
for the curve. 
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Now taking the fixed point as the origin of polar coordinates 
we have for the shearing force N 

as as 

and by the third of equations (75) we have for the fiexural 

couple G 



'^=-^-=rr^ 



'^=- = — 

ds de' 

80 that G = i IV + const. 

This equation has the same form whether the rod be initially 
straight or initially curved, and supposing that initially the rod 
was of curvature 1/po, a given function of s, we have 

if (1/p - lip,) = jrr" + const. 
which is an equation to determine the form of the curve. 

M. Levy considers particularly the case of a rod initially 
circular, for which p„ is constant and equal to a. If p be the 
perpendicular from the point on the tangent to the strained 
elastic central-line p is rdrldp, and we have the equation 

rdr a^ B^^ B ■ | 






..(78), 



where and G' are constants. This is the general (p, r) equation 
of the curve in which an initially circular rod or wire can be held 
by unifonn oormal pressure Y per unit length. 

It has been shewn by M. L^vy that the arc s and the vectorial 
angle $ of the curve are elliptic integrals with argument r*, and 
conversely r" may be expressed either in terms of elliptic functioos 
of s or of elliptic functioos of 6. 

If the wire initially form a complete circular ring two con- 
ditions must be satisfied, viz. the real period of r" as a function of 
$ must be 2w/n where n is an integer, and the arc s corresponding 
to this period must be 2iraln. 

The complete integration in terms of elliptic functions was 
effected by Halphcn', and he deduced that no deformation from 
the circular form is possible unless the pressure Y exceed ZBja*. 

We shall return to this result in connexion with the theory of 
elastic stability. 

' Complfi RfHdus, JCT11I. 1884, 
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232. Klnematica of Wires'. 

Thk kind of deformation experienced by a thin rod or wire 
which is bent or twisted depends in part on the shape assumed by 
the aids or elastic central-line and on the twist. Suppose that iu 
the unstrained state the wire is straight and cylindrical or prismatic, 
and let any generator be drawn upon its surface. Let P be a 
point on the elastic central-line, i.e. let P be the centre of inertia 
of a particular normal section, and suppose three line-elements 
1, 2, 3 of the wire to proceed from P, of which (1) is in the 
norma) section and meets the generator G, (2) is in the normal 
section and perpendicular to (1), and (3) is perpendicular to the 
normal section, i.e. along the elastic central-line of the wire. JS P' 
be a point on this line near to /■*, line-elements drawn through P' 
in the same manner will be initially parallel to the line-elements 
1, 2, 3. When the wire is bent and twisted these sets of line- 
elemeuts no longer remain rectangular, but by means of them we 
can construct a system of rectangular axes of it, y, z— thus e is to 
be in the direction of (3), the plane (^, x) is to contain the elements 
(3, 1) and the axis y is to be perpendicular to this plane through 
the new position of P. If a system of rectangular axes be drawn 
in the same manner through the new position of P, the lines of this 
system will not in general be parallel to the corresponding axes 
through /", but can be derived from them by an infinitesimal 

' Kircbhoff, Vvrlttungen itber Mathematiiclu Phyiik, Methaaik, and Thonuoa 
and Tail, Sal. Phil. Part [. arls. 119 sq. 



rotation about an axis through P. Let S^i, Sfl,, Sff, be the com- 
ponents of this infinitesimal rotation about the axes x, y, i at P, 
then it ia clear that fSJPP" will be in the limit the curvature 
of the projection of the arc PP' on the plane (y, z), hB^PP" 
will be the curvature of the projection on the plane {x, z), and 
Sfl,/PP' is called the twist. 

If a rigid body move so that one point of the body describes 
the elastic central-line or axis of the wire in the strained position 
with unit velocity, and if the body rotate about this point so that 
three lines fixed in the body are always parallel to the axes of 
x, y, s, the component angular velocities of the body about these 
axes will be ie.jPP', S0„'PF. B8,/PP', i.e. they will be identical 
with the component curvatures' and twist of the wire. We shall 
in future denote these by k, X, t respectively. 

It is important to observe that in the above PP' is the length 
of the element of the elastic central-line after strain. In general 
this ditTers by a very small quantity from the length before strain. 
If ds be the length PP" before strain and ds' after strain, then 

ds' = da{l+e) (1). 

where e is a very small quantity of the order of elastic strains in a 
solid. The quantity e is the extension of the elastic central-line of 
the wire at P, 

Now suppose we have constructed a system of fixed axes of f, 
»j, f. and the system of moving axes of x, y. z whose origin b any 
point P of the elastic central-line of the bent and twisted wire, and 
let the axes of x, y, z be given with reference to the axes of f, t^, f 
by the scheme of nine direct! on -cosines 

fir 

X I, m, 

y f~i «h 



where I,, m,, ii, ... are direction-cosines. 

The axes of x, y, a at a neighbouring point P' will be given b 

' The curvature of a curve ma; be regarded as a vectoi directed along tl 
binormBl. The cuivature of the projection on any place through the tangent i| 
the oamponent uf tliis vector aloDg the normal to the plane. 
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a siniilar scheme in which ^i ia replaced by li + dl, and ao on, and 
we have the set of nine kinematicai forinulie 

dt,= IM,- i,Sff„\ 

rfn,= v^BO,- n^SeA t^^" 



From these we can express x, X, t in the fornia 

"'tis" 
dn. 



I 

Also we bave 



, dl, 



PF 



''•jP + '"--Ji>+'^ 



dm. 



"•ds' 



"(fo' 



"d? 



where e ia small, 30 that we can replace the dififerential coefficients 
with respect to a' by differentia! coefficients with respect to s 
provided the results be multiplieJ by (1 -e). 

If the wire be unex tended the correction disappears, and, if it 
be infinitely little bent and twisted the correction is unimportant, 
while if it be finitely bent and twisted the correction is again 
unimportant. It has been introduced here in order that the exact 
analytical expressions for k, X, t may be obtainable from the 
kinematieal definitions of these quantities. The correction first 
becomes important when the theory is extended to wires initially 
curved. 

233. Twlrt. 

The line-elements such as (1) are called transversea of the 
wire, and when the wire is bent and twisted they form a ruled 
surface. 

In the Natural Philosophy of Lord Kelvin and Professor Tait, 
integral tuii/it of any portion of a straight twisted wire is defined to 
be the angle between the transverses at its ends. If we divide the 
integral twist of any portion of the wire by the length of the 
portion we get the average ttinst of that portion, and when the 
portion of the wire is mfinitesimal the limit of the average twist is 
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the rate of twist or simply the twist of the wire. Thus the twist 
of a straight twisted wire is the rate of rotation of the trausverse 
about the elastic central-line per unit of length of that line. 

We have already deBned the twist of a bent and twisted wire 
by means of a rigid body exponent which moves along the strained 
elastic central-liue with unit velocity, so that one axis fixed in the 
body always coincides with the tangent to that line, and one plane 
fixed in the body always contains the tangent to that line and the 
transverse. The rate of rotation of this piano about the elastic 
central-Hoe per unit of its length is the twist of the wire. 

Now the elastic central-line when strained forms in general a 
tortuous curve, and if it be simply unbent by turning each element 
through the angle of conlingence in its osculating plane, and each 
osculating plane through the angle of torsion about the tangent, it 
will not in general be found to be untwisted. Suppose ^ is the 
integral twist of a portion of the wire when its elastic central-line 
is thus unbent', so that d(f)/ds' is the rate of twist of the wire when 
unbent. Then t is not in general equal to dip/ds'. 

Let l/o- be the measure of tortuosity of the elastic central-line 
in the strained state. If the element PP' of the wire of length 
ds' be simply unbent it will undergo rotations — S^,, —S0,, and 
— ds'/a to make it a prolongation of the neighbouring element in 
the neighbouring osculating plane. The angle between the trans- 
verses at its ends will now be d<l>. It follows that to twist the 
wire through d<l> and afterwards bend it requires a rotation about 
the tangent to the elastic central-line equal to dtp + ds'jtf, and this 
is 5(9,. Hence we have _ 

'^ds'^di'^a '^^ ^ 

It is geometrically obvious that if the wire be so bent that the 
plane through the line-elements (I) and (3) ^t ^<^h point becomes 
the osculating plane at that point <^ will he zero, and in general we 
are led to expect that ^ is the angle which the plane through these I 
two line-elements makes with the principal normal. This may bel 
analytically verified as follows : — 

If K, \ be the component curvatures about the axes x and yj 
' This is the 'ftngnlm displaoement " introdooed into the tbeoi? by a 
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the direct ion -cosines of the binormal of the elastic central-line at 
P referred to the axes of x, y, z &l P are I, m, n, where 

I = Kp, VI = Xp, n — 0, 
kod \jp ia curvature of the elastic central-line, so that 
l/p' = «»+\>. 
The direction-cosines of the binormal at P' referred to the axes 
at P are l + dl,m + dm, n + dn, where 
dl = d (icp) — \p , rda', 
dm = d (Xp) + Kp . -rda', 
dn= ~ "P- ^*' + ^P ■ "^'^ 

since the axes at P' are obtained from those at P by infinitesimal 
rotations xda', Xds', rds'. 

Now l/<r = \(dl)' + {dmy + (rf«)'] Vrfs'. 

tLet Kp = sin 1^ and \p = cos ^, then 
— = fcos^ -li — CO8 0t) -t- ( — sin 0-j? -t-sin (At! 
t 






that we can have at once 
and I 



~da''^ 



1^ = tan-" {«/X) (6). 

It is scarcely necessary to remark that if the wire be twisted 
without bending this relation disappears. 

234 Oeoeral Equations of Equilibrium. Finite Dla- 
placementi. 

Now suppose a thin r<jd or wire, naturally straight, is finitely 
bent and twisted, and held in its new state by certain forces and 
couples. Let a system of moving axes of x, y, z be constructed as 
in art. 21+, and let k. \, t be the angular velocities of the moving 
axes about themselves as the origin moves along the axis of the 
wire with unit velocity. Consider the equilibrium of an element 
of the wire contained between two normal sections at a distance da^, 
of which the first passes through a point P on the elastic central- 
line and the second through a point P' on this line. Let Xds, 
> Ab we are treatmg finite deformatioDi we may neglent the difference between 
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Yds, Zda be the external forces applied to the element in the direc- 
tions of the axes of or, y, z at P. Let the part of the wire on the 
side of the normal section through P remote from P' act on the 
part between P and P' with a resultant force and couple whose 
components along and about the axes of x, y, ^ at P are respectively 
— iVi, — i\r„ — T for the force, and — Oi, — Ot,—H for the couple^ 



T+dT 



G.4<fG 



N.+JN 




i-KfN, 



Fig. 42. 

80 that Ni, Ni are the components of the shearing foix;e and T the 
tension at any point, and Oi, 6, ^u:^ the components of the flexural 
couple and H the torsional couple. Then, remembering that the 
axes at P' are obtained from those at P by small rotations xds, 
Xds, rda about the axes x, y, z dX P and a translation da along the 
axis z, we can write down three equations of equilibrium by resolu- 
tion parallel to the axes as follows : — 

The forces parallel to the axes of x, y, z At P exerted on the 
element PP' by the part of the wire beyond R are respectively 



N^ + dN^-TKds +J\riT(fo, 



(n 
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f« the equations of resolution 



dN, 
it' 
dT 
da~ 



Jf,r+rj. + X-0, 



r« +jJ,T+F-o, 



ff,X. + if^ + Z-0 



Again, the forces (7) act at a point whose coordinates referred 
to the axes of x, y, e at P are 0, 0, ds. The couples at P are — (?, . 
— G„~H, and the couples at P' are respectively 

0, + dO,-G,Td3 + HUa. 

G, + dG, - HKde + Q,Tda, 

E + dH-G,\ds+0^da. 
Hence the equations of moments about the ases at P are ultimately 



-0,Tt H\-N,. 



dOj 

dt ' 
dH 

da ' 



VN,- 



,..(9). 



G,X + G.JC 



Equations (8) and (9) are the general equations of equilibrium of 
the wire under the action of the forces X, F, Z. 

More generally if in addition to the forces X, T, Z couples L. 
M, iV per unit length be directly applied to the wire the equations 

twill be replaced by 
^ - G,T + m. - jV, + i . 



do. 



Hk+ 0,t + N', + M = 



~ Gi\ + G^ 



hN-0 



..(10), 



Equations equivalent to these were first given by Clebsch in 
faja Theorie der Elasticitat featsr Korper. 

Ik 236. The 8tT«as-couples. 
\ To express the flexural and torsional couples G,, G„ H in 
terms of the components of curvature le, X, and the twist T we 
K II, 6 




make a particulur choice of the line-elements (1) and (2) of art. 232 
in terms of which thtise quantities were defined, viz. we assume 
that (1) and (2) coincide with the principal axes of inertia of the 
normal section at its centroid. With this choice of directions it 
may be shewn by an application of the general theory of Elasticity 
that when the rod is bent and twisted the flexural and torsional 
couples can be expressed in the forms 

G, = Ak, G, = BX, H=Ct (U), 

where A, B, C are definite constants depending on the material 
and the shape of the normal section. The constants A and B are 
called the principal fiexiiral rigidities of the rod, and C the 
torsional rigidiiy. It can be shewn that 
A=EI,. B^EI,. 
where E is the Young's modulus of the material for pull in the 
direction of the elastic central-line, and /,, 7i are the moments of 
inertia of the normal section at its centroid about axes respectively 
coinciding with the line-elements (1) and (2), The definition of C 
is less simple but it is a quantity of the same dimensions as ^ or 
B. For an isotropic rod of circular section it can be shewn that 
G is about four-fifths of A or B'. 

When the section of the rod has kinetic symmetry A and B 
are equal, and the line-elements (1) and (2) may be in any two 
directions at right angles in the normal section. la this case the 
two Hexurai couples give us a resultant couple about the binormal 
of the elastic central-line equal to B/p, where p is the principal 
radius of curvature. In the general case when A and B are 
unequal the resultant flexural couple ia not proportional to the 
curvature, but its two components about principal axes are pro- 
portional to the component curvatures. 

The directions of the two principal axes of inertia of the 
normal section and the tangent to the elastic central-line at 
any point P will be called the principal torsioii-Jiexure axes of the 
rod at P. 

236. Klrchhoff'a Kinetic Analo^e'. 
We proceed to consider the very important case where the rod 
is subject to terminal forces and couples only. 

' Soppoaing PoLBBon'B ratio equal to i thin raUtion ia exact. 
' Vorlerungen tiber matliematiiflie Pkyiik, Mechanik. 
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I Xet R be the fi>i-ce applied at one end P, of the rod, and R' 
SSe resultant of N, , 2f^, T at any point P. Then by resolving the 
forces that act on the piece P„P we find that R' ia equal and 
opposite to R, so that JVi , JV„ , 3" are the components in the direc- 
tions of the principal torsi on -flex lire axes at P of a force R' which 
is jrisen in magnitude and direction. 

If we refer to the fixed axes of f, i;, J; (art. 232) the equations 
lution become three such as 



^^Hneol 



PaJV^,+ yV, + i,7') = 0. 



which are easily reducible to the forme assumed by (8) when X, 
Y, Z all vanish. Hence these equations lead only to the conclusion 
just stated, viz. that N,, JV",, T have a resultant which is constant 
in magnitude and fijed in direction. 

The equations of moments (9) become by using (11) 



B 



da 



■{C-A)tk = 
(A-B)kX = 



^J 



-JV,. 



-(12), 



^^ Tl 

^Hk which JVj and — Ni are equal to the moments about the axes 
^™Ee and y at P that the force R would have if it were applied at a 
point on the axis z at unit distance from P. 

These equations are similar to the equations of motion of a 
heavy rigid body about a fixed point. 

If s represent the time, and we conceive a rigid body whose 
moments of inertia about axes a:, y, z fixed in it are A, B,0 to 
move about the origin of n:, y, z under the action of a force equal 
and parallel to R applied at a point on the axis z at unit distance 
from the origin, then k, X, t given by (12) will be the component 
angular velocities of the rigid body about the axes of x, y, z. We 
may take fl to be equal to the weight of the rigid body, and the 
direction of R to be vertical. 

If a rigid body be constructed whose weight is equal to the 
terminal force applied to the rod, whose moments of inertia about 
principal axes through a certain point fixed in it arc equal to the 

6—2 



principal flexural and torsional rigidities of the rod, and whose 
centre of inertia is at unit distance from the fixed point on one of 
the principal axes; and if the fixed point of the body be moved 
along the strained elastic central-line of the rod with unit velocity, 
and the body turn about the point under the action of gravity, 
the axes fixed in the body will always coincide with the principal 
torsion-flexure axes of the rod, and, in particular, that axis which 
contains the centre of inertia will alwaj's coincide with Ihe 
tangent to the strained elastic central-line. 

This theorem is known as Kirchhoffs Kinetic Analogue. 

237. Tenninal Couples. 

Every result of the theory of the motion of a rigid body about 
a fixed point admits of translation into a result concerning the 
equilibrium of a bent and twisted wire. 

Consider first the equilibrium of a wire under terminal couples' 
of which the kinetic analogue is the motion of a body under 
no forces. The principal torsion -flexure axes of the wire at a 
distance s from one end are parallel to the principal axes of the 
rigid body after a time s from the beginning of the motion. 

The terminal couple 6 applied to the wire is identical with 
the impulsive couple required to start the rigid body or the 
constant angular momentum of the body. The component couples 
G„ Gj, H at any point of the wire are identical with the com- 
ponents of angular momentum of the rigid body about the 
principal axes at its centre of inertia. The component curvatures 
and twist of the wire at any point distant s from one end are 
identical with the component angular velocities of the rigid 
body about its principal axes at time s. 

If we introduce a quantity = V(*' + >■'' + t'X and regard 8 as 
a vector-quantity whose components parallel to the principal 
torsion-flexure axes at any point are the «, X, t at the point, then 
is identical with the resultant, angular velocity of the rigid 
body, and the direction of the vector is identical with that of 
the instantaneous axis. We may call the total toraion-JlexaTe 

' Hees, 'Ueber die Biegitng und Drillung einea unendlich diianen elastiftchen 
Stabea, dessea einea Ende von einem Kiiiftepaar lug^riSen wird'. Math. Ann. 



237] TEEMINAL COUPLE. 69 

at any point, and the direction of the vector Q the twnfl of 
instantaneous torsion-Jiexure. 

We have two first integraU of the equations of equilibrium 
obtained from (12) by putting N, and N, equal to zero. These are 
^-e + B\» + C'r' = conat= W.M .j„. 

jiV + S^' + CV = const = 0' J 

so that the potential energy per unit letigth and the couple acroas 
any normal section are the same at all points of the wire. 
If the ellipsoid 

roll on a fixed plane whose direction is normal to the axis of the 
couple G at a distance WjQ from its centre, its principal axes will 
move so as to be parallel to the principal torsion-flexure axes of 
ihf wire. The instantaneous torsion -flexure axis at any point 
will be parallel to the central radius-vector to the point of contact 
at the corresponding instant of time, and the total torsion -flexure 
© will be equal and parallel to this radius- vector. This radius- 
vector traces out a cone in the ellipsoid and a cone in space. 
The latter intersects the plane on which the ellipsoid rolls in a 
curve called the herpotkode, the former intersects the ellipsoid 
in a curve called the jxtlhode. 

If now the cone of the instantaneous axis fixed in the ellipsoid 
be drawn, and the principal axes of the ellipsoid be given with 
reference to it, and if this cone roll on the cone whose vertex is the 
fixed point and base the herpolhode we shall have a representation 
of the motion of the rigid body. 

Now suppose that at every point of the straight axis of the 
wire in the unstrained state a line is drawn parallel and propor- 
tional to the vector that will represent in magnitude and 
direction the total torsion-flexure at the same point when the 
wire is bent and twisted by the terminal coiiple G, i.e. the 
projections of this line on the line-elements 1, 2, 3 of art. 232 
are proportional to «, \, r. These lines will form a skew surface 
which we may call the surface of the polkode. If in like manner 
a line be drawn from each point of the stiuined elastic central-line 
' \W is the po(«iiliBl eneigy per unit length of the atitined wire. Thia will be 
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of the wire whose projections on the aies of m, y, g are proportional 
to K,\r these lines will trace out a akew sur&ce which we may 
call the surface of the herpolhode. If the former surface (supposed 
flexible) be now placed in contact with the latter along a generator 
so that cijrrespondiug points of the axes coincide, and the suc- 
cessive tangent planes be made to turn about the generators so 
that the former surface comes to lie upon the latter, the origioally 
straight axis of the wire will. come to lie upou the bent axis in the 
strfuned state. In other words, the passage of the axis from the 
unstrained to the strained state may be conceived to take place 
by the bending of one skew surface so aa to lie upon another. 

Further, since the generators of the suriace of the polhode are 
fixed in the unstrained wire, and those of the surface of the 
berpolhode are fixed in the bent and twisted wire, it can be 
easily seen that not only the axis but also eveiy transverse of the 
wire will pass from its old to its new position as successive 
elements of the surface of the polhode are fitted to the corre-^^ 
sponding elements of the surface of the herpolhode. \ 

238. Symmetrical Case. 

Whenever the two principal flexural rigidities A and B are 
equal, as in the case of a rod of uniform circular section, the 
third of the equations of equilibrium (12) becomes 

da 
so that T is constant' ; and the first of the integral equatious (13) 
becomes 

4 (/(> + X') = Tf - Ct= = const., 
80 that ic" + X' ia constant and the curve of the axis of the wire is 
of constant curvatnre, while the twist of the wire is uniform. 

Now the first two of the equations of equilibrium (12> 



A^-{A-C)t\ = 0, 



+ {A-C)T 



' Poisaon in his Traili de MtcaniqMt foaod the torBioaal couple Ct aonataaX. 
Relerring to the third of eqOBtioiia (13) we lea that in geaeral thii remit reqoireft 
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Again, we have proved in art, 233 that if l/w be the measiu-e 
of tortuosity of the elastic central-line of the wire 



asd the measure of tortuosity of the curve ia constant. 

Hence the elastic central-line of the wire being of constant 
earvature and constant tortuosity is a heUx. This is the only 
poBBible form for a wire held deformed by terminal couples whon 
the two principal flexural rigidities of the wire are equal. 

The particular case of a straight wire bent into a circular arc 
by terminal couples can be included by taking the constant t 
equal to zero, 

Returning to the case of the wire bent into a helix by a couple 
G and fixed at one end, let a be the angle of the helix and r the 
radius of the cylinder on which it ties, then 



w 



«' + V 



cos* St 





IT r ' 


so that 


AcoBasina 


and the c 


ouple G is given by 




G'^A'{^ + X') + C-'T' 


1 


.,.-., 




o.a'-^ 



^^o 
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su that a is the angle between the plane of the applied couple and 
the tangent to the wire ; in other words, the axis of the couple by 
which the wire can be held in the form of a helix when there is 
no terminal force is the axis of the helix. 

239. Analogy to the motion of a Top'. 

The problem of the motion of a heavy rigid body aoout a fixed 
point has been solved in three cases, (1) when the fixed point is 
the centre of inertia, (2) when two principal moments of inertia 
at the fixed point are equal and the centre of inertia is on 
the third principal axis, and (3) when two principal moments 
are equal and each twice the third, while the centre of inertia 
lies in the plane perpendicular to the axis of symmetry '. Of these 
the first corresponds to the case already investigated of the equi- _ 
iibrium of a wire under terminal couples, and we shall proceed to<l 
consider the second. The wire must have its two principal flesun^ 
rigidities equal, and must be under the action of a force in a fixed 
direction applied at one end, the other end being fixed, and this 
force may be taken qqual to the weight of the corresponding rigid 
body, supposed to have its centre of inertia on the axis of 
sj'nimetry at a distance unity &om the fixed point. 




Let us take the direction of the terminal force R for the 
negative direction of the axis of f and use the Eulerian coordi- 

■ Kirchhoff, VorUiungen eber malhematUche Phyiik, Meehanik. 
' Sophie Kowalevflky, Acta Hathemntica, in. 18S9. 
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latee 0, 0, ^ explained in Dr Routh's Elementary liitfid Dynamics 

) deteTmine the directions of the axes of x, y, z at any point of 

F the wire dbtant s from the end to which the force R is applied, 

I Let axes be drawn from a fixed point parallel to the axis of f 

F and to the axes of x, y, z at any point of the wire. Then the forces 

2^1, N., T at any point of the wire have a resultant which is equal 

I and opposite to R, and the rigid body in the kinetic analogue is of 

veight R. 



The equations of equiJibriui 



\t{A — C)= RcoRyt=Rsin Bsia <p. 



The geometrical equations connecting k, X, t with 8, <f>, ^ 



= — « cos d 



..(16), 



da da 

We can write down three i 
forma : 



itegrals of the equations in the 



A sin'tf ,- + 01" cos tf = const, ,,-« 

ds v.. .(17), 

)[A |(^)' + sin' e (g) j + i Ct» + fl cos ^ = const. ) 

of which the first follows at once from the third of (15), and the 
other two correspond respectively to the equations of constant 
moment of momentum about the vertical and constant energy in 
.the kinetic analogue. 

We shall proceed to consider the case where the motion of the 
Top in the kinetic analogue is steady. 
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dylt 



r 



.(18). 



240. Wire strained into a helix. 

It is clear that all the equations can be a^tisfied by making 

and T constants, and then we have 

/K sin ^ + X cos ^ = 

— /Kcos^ + Xsin^ssind "^ 

Also /ic" + X* = sin*d[-Xj , so that sind-^ is the constant 

curvature of the curve assumed by the elastic central-line of the 
wire. This we shall denote by l/p. 

Now solving the first two of equations (18) we find 

tc = - co8<f>/p, \ = 8in<f>/p (19), 

hence cot ^ = — /c/X, so that the third of equations (18) becomes 

d /. ,tc\ cot 

P 

If 1/a be the measure of tortuosity of the curve assumed by 
the elastic central-line of the wire we know that 

Hence 1/a is equal to cot 0/py or o- is constant, and the curvature 
and tortuosity of the curve assumed by the elastic central-line are 
both constant, so that this curve is a helix. 

By equations (18) and (19) we have 

^ = ^^^ = xfr-C08d§^). 
as p da \ daj 

Thus the first of equations (15) becomes 

A\ (t-cos ^^] - (il ^ C)Xt = iJ sin ^ sin0; 

or by (19) 

(7t sin ^//D — -4 cot dsin^/p" = iJsindsin<^. 

Assuming that sin ^ does not vanish we deduce 

CT/p-Acot0lp^=-RBm0 (21). 



-IKD-^' » 



! forma i 
3 termini 



f and 0. We have 



helix of angle a on a 
I force and couple be R 



\jp = cos'a/?*, l/o- = sin a cos a/r. 



The force R is parallel to the axis of the helix and its 
I amount is 

fi._A»''~y°?^' + CT225' (22). 

The couple G has coDipoDents Aao^ajr about the binorma! 
I and Gr about the tangent at the end of the wire. 

If the wire be attached to rigid terminals to which forces and 
I couples arc applied we may suppose the force and couple reduced 
I to a wrench applied to the terminal. The force of the wrench is 
\Rt and the couple K is the component of about the line of 
I action of R, so that 

^ = ^cos"a/r+CTBina (23). 

The axis of the wrench is parallel to the axis of the helix, and 
l<<Hie point on it can be found by drawing a line (the principal 
I normal at the end) perpendicular to the plane of R and G, and 
I'lOarking off upon it a point such that the moment of R about 
TIa equal to the other component of G. The distance of this point 
f from the end of the wire is 

[— sin o 4 cob' ajr + cos a Ct] -i- R 
I which is r. so that the axis of the wrench coincides with the axis 
I of the helix. 

A given wire of equal flexural rigidity in all planes through 
i elastic central-line can be held in the form of a given helix 
Pvilh a given twist by the application of equal and opposite 
r wrenches about the axis of the helix to rigid terminals. The force 
I M and the couple K of either wrench are given by the equations 
Ls2) and (23). 

If the wire be held by couples only we must have 
A sin a cos a 
"0 -r 
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as in art. 238. but if the ivire be held by forces only we must h 
_ A cos" a 1 
C sill a r ' 
so that the same wire can be held in the sarae helix by force 
alone, or by couple alone, or by a wrench of given pitch, but in 
each case the twist must be properly adjusted. 

241. Problems on the EqulUbrlum of Wlrei. 

The problem of determining the foi-ces by which a given wire 
can be held in the form of a given curve can be investigated from 
the general equations (8) and (9) of art, 234, but in general it will 
be found impossible to hold the wire by terminal forces and 
couples alone. 

From the third of equations (9) it appears that when no , 
couples are directly applied except at the ends the two component 
curvatures and the twist cannot be given arbitrarily. Suppose 
the curve given so that the measure of curvature 1/p and the ' 
measure of tortuosity l/o- are given functions of s, and let 
K=smif)/p and X = coB^/p, Then the third of equations (9) 
becomes 

an equation to determine ^ as a function of s. We may express 
this by saying that a given wire cannot be held in the form of a 
given curve unless either a certain torsional couple be applied to 
it directly at each section, or the wire have a certain amount of 
twist. This twist is indeterminate to the extent of an arbitrary 
constant, so that if a wire can be held in a given curve with a 
certain twist it can still be so held when the. twist is increased 
uniformly. 

Suppose now that the wire is suitably twisted and held in the 
form of the given curve, the components A", and JV, of the 
shearing force are given by the first two of equations (9). We 
have then three relations (8) connecting the four quantities 
T, X, Y, Z. We may therefore impose one condition which these 
forces must satisfy ; e.g. we may find the forces in order that the 
tension T may be a given constant, or we may suppose the wire 
to be acted upon by purely normal forces so that Z vanishes. 
(Cf. art. 230.) 



..(24) 



M 
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As an example of a plane curve with uniform twist we may 
iappose a straight wire uniformly twisted and bent into an arc of 
a circle. It may be easily shewn that the wire can be in 
equilibrium in the form of an arc of a circle under terminal forces 
and couples, or in the form of a complete circle, and there will be 
a thrust T across each section equal to (B - (7) t", where B and C 
are the flexural and torsional rigidities, and r the twist. The 
shearing force at any section is perpendiculai- to the plane of the 
circle, and equal to (B — C)rjp, where p is the radius of the 
circle. 

As an example' of equations (10) of art. "Hi we may suppose 
a wire bent into a circle without twisting so as to have one of the 
principal toi-sion- flexure axes in any section directed along the 
normal to the circle, and then suppose that each normal section is 
turned through an angle ^ in its own plane round the elastic 
central-line. Technically speaking this is not twisting the wire 
but readjusting the plane of flexure with reference to the 
material. 

Let r be the radius of the circle, 
then X = cos ^/r, k = sin ^/r, t = 0. 

The couples L and M will not be required, and we may put 
them each equal to zero, but the couple N will be given by 

{A-B)e,m^aQB^Ir^ = N (25). 

No couple will be necessary if the sections be turned through 
a right angle or through two right angles, or if the two principal 
flexural rigidities be equal. 

242. Theory of Wires tnltlally curved. 

The theory of naturally straight prismatic wires may be 
generalised so as to cover the case where the wire in its natiii'al 
state is curved, and is such that if its elastic central-line were 
transformed into a straight line by bending through the angle of 
contingence in each osculating plane and by turning each oscu- 
lating plane through the angle of torsion about the tangent it 
would not be prismatic. We shall consider a wire whose normal 
sections are of the same shape throughout, and we shall suppose 
that in the natural state its elastic central-line forms a cui-ve 

' ThomBon and Tail, Kat. Phil. Part ii. art GZ3, 
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whose principal curvature at any point is 1/p and wl 
of tortuoeity is l/c. We shall further suppose that tu the natural 
slate one of the principal axes of inertia of the normal section at 
its centroid makes with the principal normal to the elastic central- 
line an angle t^^. Then ^^ is a variable which is supposed to be 
given at every point of the curve, and we shall assume that ^ 
varies continuously according to some assigned law. 

In the natural state let P be any point on the elastic central- 
line of the wire, and let three line-elements of the wire 1, 2, 3 
proceed from P, of which (3) lies along the tangent to the elastic 
central-line at P, and (I) and (2) he along the principal axes of 
inertia of the normal section through P. Then at every poiut the 
line-elements drawn in this way are at right angles. We shall 
suppose that the line-element (1) makes an angle ^^ with the 
principal normal to the elastic central-line of the wire at P. The 
system of line-elements forms a system of moving axes, and we 
shall suppose that the line-elements drawn thi'ough a neighbouring 
point P" distant ds from P can be obtained from those at P hy 
infinitesimal rotations Kds, Xds, rds about the axes at P. Then 
K and \ are the component curvatures of the elastic central-line of 
the wire about the line-elements (1) and (2), and .^ differs from 
tail"' («/X) by a constant, so that we have 

-f+^sK1)-l (^«)- 

Now when the wire is further bent and twist-ed the line- 
elements 1, 2, 3 do not remain rectangular, but by means of 
them we can construct a system of rectangular axes of x,y,slo 
which we can refer points in the neighbourhood of P. Thus P is 
to be the origin, the line-element (3) is to lie along the axis «, 
sftid the plane through the line-elements (1) and (3) is to contain 
the axes of x and e. 

Suppose now that the axes of x, y, x &i P" drawn as above 
described could be obtained from those at P by elementary 
rotations K'da', X'ds', r'ds' about the axes at P, where ds' is the 
length of PP" after strain, then *' and \' are the component 
curvatures of the strained elastic central-line of the vrire, and 
t' — T measures the twist. 

The originally curved wire could be held straight and prismatic, 
and there would be at every section couples —Ak, — 5X, —Ct 



lose measure ^H 
1 the natural ^H 

I 
I 



about the line-elements 1, 2, 3, where A and B are the two 

piincipal flexural rigidities, and C is the torsional rigidity. These 
quantities depend only on the size and shape of the nonnal section 
and on the elastic constants. The straight prismatic wire could 
be transformed into the bent and twisted wire by the application 
at every section of additional couples Ak', B\', Ct'. It follows 
that when the naturally curved wire is bent and twisted the 
stress-couples at every normal section about the axes x, y, z are 
A^k'-k). B(X'-\). C{t'-t)'. 

It is to be noticed that the resultant flexural couple cannot be 
proportional to the change of curvature unless A=B, or the wire 
is of equal flexural rigidity in all planes through its elastic 
central-line, and the couple will not be proportional to the change 
of curvature, even when A = B, unless k\' = X'lc, i.e. unless the 
angle between a principal axis of inertia of the normal section at 
any point and the principal normal to the elastic central-line is 
unaltered by the strain. In other words, the necessary condition 
is that the same set of transveraes of the wire which were initially 
principal normals are principal normals after strain. If this 
condition he satisfied the twist is equal to the difference of the 
measures of tortuosity of the curve assumed by the elastic 
central-line before and after strain. 

243. Bquationi of EquiUbrium. 

We are going to treat the finite deformation of naturally 
curved wires, As k, \'. ajid r are finite we may now neglect the 
difference between ds and ds', or regard the elements of the elastic 
central-line as unextended. 

Let Gi, G-j. and H be the components referred to the ajces of 
as, y, z of the flexural couple and the torsional couple at any 
section, iV,, iV,, and T the components of the shearing force and 
the tension referred to the same axes. Then, remembering that 
«'ds, Xds, r'da are the component rotations executed by the axes 
about themselves as we pass from point to point of the strained 
elastic central-line of the wire, we see as in art. 234 that the 
equations of equilibrium under forces X Y, Z per unit length 
parallel to the axes of ir, y, z can be expressed in the forms: — 
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three equations of resolution 



N,r' + 1\' + X = 0, 



da 

-J- -Ni\'' 
as 



..(27); 



and three equations of moments 
dO, 
ds 
dO, 

d8 

dH 



O,T+ff\'-N, = 0.\ 



ds 



G,\' + G^' 



These are the general equations of equilibrium of the wire 
under forces X, Y, Z per unit length. If there be also couples 
L, M, N per unit length we shall have to add L,M, N to the left- I 
hand sides of (28). 

In these equations 

G, = 4 (*'-*),] 

ff, = fi(V-X), (29). 

ff = C(T'-T) I 

Equations equivalent to those given in this article were i 
obtained by Clebsch in his Theorie der Elasticitdt fester Korpet: 

In the case where the wire is under the action of terminal 
forces and couples only we may simplify the equations (27) by 
omitting X, 1' and Z, and then these equations shew, as in art. 
236, that the force whose components are N,, N.j, T &t any section 
is equal and opposite to the force R applied at an end. 

244. Extension of KlrchholTB Kinetic Analogue. 

Mr Larraor' has given an interesting extension of Kirchhoffa 
theorem of the kinetic analogue to the case of a wire initially 
helical and without twist. 

Suppose that the natural form of the elastic central-line of the 
wire is a helix, and that if the wire were simply unbent into a 
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straight rod its surface would be priBmatic, then * 



If we write 

1 (.'-,) = *„ B(\'-\)-h,. C'('-'-')-''..l .(30), 

K = 6„ X' = 8,, T =8,\ 

and suppose k, X, t constant, equations (28) can be transformed 
into 



..(31). 



If we could find a dynamical ayatem whose moments of 
momentum referred to a determinate set of axes rotating about a 
fixed origin with angrilar velocities tfi, 5„ 8^ were }<-,, A,, Aj, then 
equations (31) would be the equations of motion of the dynamical 
system under the action of the force R, applied at a point on the 
axis (3) at unit distance from the fixed origin, and the system 
would move so that the axes 1, 2, 3 would be parallel at time 
» to the principal torsion- flexure axes of the bent and twisted 
wire at an arc-distance s from the end of the elastic central-line 
of the wire at which the force R is applied. 

The required dynamical system can be constructed by mount- 
ing a rigid fly-wheel on an axis fixed in a solid which rotates 
about a fixed point, the fly-wheel being free to rotate about the 
azia. 

Suppose that when the fly-wheel and the rigid body move as 
if rigid the momenta of inertia of the rigid body and fly-whee! 
about principal axes through the fixed point are A, B, G, Let the 
centre of inertia of the fly-wheel be at the fixed point, and let it 
rotate about its axis with constant angular momentum h, and 
suppose the axis of the fly-wheel to make with the principal axes 
of the rigid body and fly-wheel (whose position is unaltered by the 
rotation) angles whose cosines are I, m, n. Then if we take 

-hl = AK, -hm = BK, -hn = CT 



I 



A and I, m, n will be detemiinato, and the momenta of momentum 
of the vigid body and fly-wheel about the fixed point will be 
h„k„h,. 

If now the ripd body and fly-wheel be of weight R, and a 
point on one of the principal axes at its centre of inertia at unit 
distance from that centre be the fixed point, the body will move 
under gravity so that its principal axes at the fixed point at 
time s are parallel to the principal torsion -flexure axes of the 
wire at an arc-distance s from a fixed point on its elastic central- 
line. 

246. Particular Casei. 

The above includes the particular case of a circular wire bent 
in its own plane by terminal forces and couples. The kinetic 
analogue is the motion of a pendulum about a fixed horizontal 
axis on which a fly-wheel is symmetrically mounted. It is clear 
that the motion of the pendulum will not be aS'ected by that of 
the fly-wheel, and that the form assumed by the naturally circular 
wire must therefore be one of the forms of the elastica. There is 
no difficulty in verifying this from the equations of equilibrium of 
the wire. The only way in which the fact that the wire is 
naturally circular affects the problem is that the terminal couple 
required to hold the wire in the form of a given elastica is 
diminished by the terminal couple that would be required to 
bend a naturally straight wire into the given originally circular 
form. 

Another particular case is that in which the wire is naturally 
straight and of uniform section but appears uniformly twisted, 
i.e. where k and \ vanish while t is constant. We shall consider 
especially the case where the wire ia of uniform flexibility in all 
planes through its elastic central-line. The condition that t is 
constant means that the normal sections are not similarly situated 
but homologous lines in them form a helicoid of given pitch. In 
this case the h^, A, of art, 2+4 become A0„ AO^ but /i, is not C0^ 
The equations become identical with the equations of motion of 
an urdinary gyrostat or top referred to its axis of figure and to two 
perpendicular axes not fixed in the top. The steady motion of the 
top will correspond, as we shall see, to a helical form of the bent 
auH twisted wire. 
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The equations of equilibrium (28) become 
. die' 
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in which N„ Ni are the components of the force R reversed 
parallel to the ases oi x and y, while k' and X' are the component 
curvatures about the same axes. 

With the notation of art. 239 we see that, when the elastic 
central-line makes a constant angle 9 with the line of action of the 
force R reversed, 

iV, = flsinflsin^, -iV, = ii3in^co3^, 
«' = — cos ^Ip, X = sin 1^1 p, 

where p is the radius of curvature of the strained elastic central- 
line, 80 that 1/p' = «'' + W 

Hence the equatiooB 

Np^' + N,K' = RBme/p]' 
Take equations (32). multiply the first two of them by k and 
\' respectively, and add. We find by the first of (33) 



(33). 



..(34). 



K -J— + ^- ,- = 0, or « ' -I- \ ' = const. = l/p' . 

Again, multiply the first and second of equations (32) by V and 
— K and add. We find by the second of (33) 
' ,dK' ,d\'\ 



:'^j-^T'(X''-l-ic'') + 0(T'-T)(X''+»c'') = ^ain^ 



^ X'- 



«r, dividing by («'' -|- X''), which is equivalent to multiplying by p', 
we have 



^^(•""^S 



) ~ At' + C(t' -t) = Rpsine 



Again, the third of equations (32) gives 
t' — t = const 



..(36). 



Now by supposition t is constant so that t' is constant, and 
therefore by (34) and (35) it follows that -r (tan~' — ,J is constant. 



J 



This quantity is identica,! with t' — 1/<t, where Ija is the 

of tortuosity of the strained elastic central-line. Hence this line 

is of coQBtaDt curvature and tortuosity, and it ie therefore ii 

helix. 

It is DOW easy to shew that if a and r be the angle and radius 
of the helix, the terminal force and couples are : 
a force R given by 

Ti .-. , , . COS a , Binoco3^a ,„», 

R = C{t'-t) — - -A (37), 

a couple K about a line parallel to the axis of the helix given by 

K T^ C (j' -T)s\iia + Acos'ajr (38), 

and a couple Rr about the tangent at the end of the wire to 
circular section of the cylinder on which the helix liea 

If, as in art. 240, the wire be attached to ligid terminals the 
system of forces applied to the terminal reduces to a wrench {R, K) 
about the axis of the helix. 

The results of that article apply equally therefore to a prismatic 
wire and to one in which homologous lines in the normal sections 
form a helicoid of given pitch, provided the sections have kinetic 
symmetry. 

246. Helical wire bent Into new helix. 

Consider the caac tif a vara of p(|U)iI flexibility in all planes 
through its axis, and suppose the initial form is a helix, and that 
if the wire were simply unbent it would be straight and prismatic. 
Then we may take k = 0, \ = 1/^, t = l/o- where \jp and l/<r are 
the principal curvature and the measure of tortuosity of the initial 
helix. It is clear that a possible final state of the wire will be 
given by «' = 0, X' = l/f)', T' = \ja, where p and a' are constants, 
i.e. the wire is simply bent into a new helix. 

The first two of the equations of equilibrium (28) become 

\p pi & W IT/ p 

■ N, = 0. 
while the third is identically satisfied. 

Again, the first two of equations (27) with X, Y, and Z put 
equal to zero are identically satisfied, while the third gives us 
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or T= if, tan a', if a' be the angle of the new helix. This condition 
expresses that the terminal force is parallel to the axis of the 
helix. 

It can now be shewn without difficulty that the forces and 
couples at a rigid terminal reduce to a wrench {R, K) whose asis 
coincides with the axis of the helix, and whose components of force 
R and couple K are given by 

„ C COB a' f sin a' cos a' sin a cos a] J sin a' f cos' a' cos'al 
* .^1—7 T r^r^t^T r~I 

X--0«na' j"5-«^«?i-»' -SiliiHf J + ^ CO. .- {!^ "■ -J^" 

(39). 

where a' and / are the angle and radius of the helix into which 
the wire is strained, and a and r are corresponding quantities in 
the natural state. 

247. Spiral Sprin^B'. 

We cau hence obtain a theory of the small deformation of 
spiral springs, by taking as variables the length of the axis 
between the terminals and the angle through which one ex- 
tremity rotates about the axis. 

If i be the length of the elastic central-line and s the length 
between the termiuals, and if 

^ = / sin a, ^ = Z cos a/r ; 
then s-\-^z = laiDa', ^+S^ — l coa a'lr 

will be the values of z and <}> in the new spiral. 

We get ^C08a = V(''-*'), 

lcoea' = s/{l^-(z + Szy\. 

Hence ljr = ^j-J(P-z''), 

In ca.se &^ and hz are very small we get approximately 
I cos a! = 1 cos a — tan aZz, 

I/r'-l/,+ r^+*^^. 
' (COS a t'coB'a 

' Thomson aod Tail, Nat. Phil. Part 11. aria, 604—607. 
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..(40). 



Hence we should find from (39) that the force and couple at 
the termmals are 

^ " T' I" (*^ ■*■ "^ /^?5') *'^^ "•" ' ^ ~ ^ * *^^'^] 

K = j^ Uc-A) <f,sSs + [A(l*- 2') + &=] Sif> 

If the couple be put equal to zero we have the vahie of S(/i in 
terms of Bz and can hence find the force required to produce a 
given axial displacement Sx. If on the other hand S<^ be put 
equal to zero we can find the force and couple required to produce 
a pven axial displacement when the terminal is constrained not 
to rotate. 

248. Problems on the Equilibrium of Wires '. 

As an example of the application of the equations of equi- 
librium when couples are applied directly to the wire we may 
consider the following problem : — A wire, which when unstrained 
is in the form of a circular arc of radius a with one principal 
torsion -flexure axis of each section along the normal to the circle, 
is simply bent into a circiilar hoop of radius r, and then each 
section is turned through an angle <ji about the elastic central- 
line; it is required to find the torsional couple that must be 
applied to hold the wire. 

The initial state is expressed by 

« = 0, X=l/o, T = 0, 
and the final state is expressed by 

K = sin <^/r, X' = cos ip(r, ; 



' Thodsoa sad Tait, Nal. Phil. Fart u 



^H 



248] 



CIRCULAR HOOP. 



The equation determining the toraioiial couple N h 
A(k'-k)X'-B(\'-\)k' = N, 
ip cos 1^ 



N=B"-^'^ + (A-B)'- 



..(41). 



(Cf. art. 241.) 

As a further example suppose that when the wire forms a 
circular arc of radius a the principal torsion-flexure axis for which 
the flexural rigidity is A is not in the plane of the circle but 
inclined to it at an angle 0„. Suppose that the wire is bent into 
a circular hoop, and that the same axis in the strained state is 
iuclined to the plane of the hoop at an angle <f>, it is required to 
find <p so that the hoop may be in efiuitibrium without any applied 
couple. 

The initial state is expressed by 

«r = sin (pja, \ = cos 0„/o, t = 0, 
and the final state is expressed by 

/c = sin (/>/r, X' — coa ^jr, t = 0. 

The condition that the hoop may be in equilibrium without 
any applied couple is by the third of equations (28) 
-A{k'-k)\' + B{\'-\)k! = Q, 

. coa </) / aia^ _ ^P ^A _ d s'P_^ (^°^ ^ _ <^"s ^A ,491 
r\r a J~ r \ r a/'"^'' 




BaatB of Kirchtaoff's Theory. 

The modern theory of thin rods or wires, as also that of thin 
plates, was founded by Kjrchhoff, starting from the remark that, 
when different linear dimensions of a body are of different orders 
of magnitude, the genera! etjuations of equilibrium or small 
motion given by the theory of Elasticity apply, in the first 
instance, not to the whole body but to a small part of it, 
whose linear dimensions are all of the same order of magnitude. 
In the general equations of Elasticity infinitesimal displacements 
are alone regarded, wbOe a little observation shews that a very 
thin rod or plate may undergo a considerable change of shape 
without taking any set, and therefore without experiencing more 
than a very small strain. To investigate the changes of shape of 
auch a body by means of the elastic equations it is necessary to 
suppose it divided into a very large number of small bodies whose 
linear dimensions are all of the same order of magnitude, and 
to consider the small relative displacements of the parts of each 
such small body. For example, in the case of a straight cylindrical 
rod whose length is great compared with the greatest diameter of 
its cross-section, it is necessary to consider the rod as divided into 
elementary prisms each of length comparable with this diameter. 
If the length of the rod be regarded as of the same order of 
magnitude as the unit of length, we may say simply that each 
of the linear dimensions of one of these prisms is small, and 
speak of these prisms as elementary. Kirchhoff*s theory is an 
approximate one obtained by regarding the elementary prism as 
infinitesimal. 



m 



KIRCHBOFP'S THEORY, 



h regard to the equilibrium of an elementarj prism of a 
of any small body whose linear dimensions are all of the 
same order of magnitude and small compared with the unit of 
length, we can state at once the principle which forms the founda- 
tion of KirchhofFa method', viz. the internal strain in such an 
element depends on the surface-tractions on its /aces and not on the 
bodily forces nor on the kinetic reactions arising from its inertia. 
The argument in i. art. 13 by which, from the consideration of an 
elementary tetrahedron, a relation was found among aurface- 
stresaea applies equally to any small body or element of a body 
such as those considered in KirchhoflTs theory, and shews that 
when the dimensions of the body or element are infinitesimal the 
principle above stated is exact. Kirchhofl's proof of the principle 
|»oceeda thus :■ — 

The surface-conditions'' such a.s 

lP + mU+nT=F (1), 

shew that the parts of the stresses due to the surface-tractions are 
of the same order aa those tractions, while the equations such as 

Sir dy ds '^ '^ dt^ 
shew that the parts of the stresses due to the bodily forces and 
kinetic reactions are of a higher order than those forces in the 
small quantities x, y, z. which are the coordinates of a point in 
the elementary body referred to axes fixed in it. 

The principle shews that for a firat approximation we may 
reduce the equations determining the stress within the element to 
the forms 

ax oy cz 

dx dy de ' 
dT dS , dR „ 



dx dy dz 



and proceed to solve these subject to the boundary-conditions. 

A second principle of equal importance is that of the Elastic 
equivalence of statically etpiipollent systems of load. This has 

I Crelle lvi. ISliO, and Vorlaangen iiber mathematUche Phy$ik, Idechanik. 



iilrea<)y been fully explained in I. arts. 107 and l.i2. The appli- 
cation of it to the theory of thiu rods will be fouud in the 
statement that it can make very little difference to the form 
assumed by the elastic central-line of the rod how the forces that 
deform it are distributed over an element, provided they give rise 
to the same resultants and momenta, and we may therefore regard 
the forces applied to an elementary prism from without as replaced 
by their force- and couple -resultants at th« centre of the prism. 
The same will hold of the stresses across the normal sections of 
the rod that arise from the action of contiguous prisms. A 
particular deduction from this principle, of great importance, ia 
that we may always regard the cylindrical or tubular boundiug- 
surface of the rod as free from stress. When the deformation is 
produced by tractions actually applied to this surface, they may, 
without affecting the results, be replaced by a bodily distribution 
of force and couple acting through the substance of each ele- 
mentaiy prism, the only condition being that the actual distribu- 
tion and that which replaces it must be statically equivalent. 1 

260. Explanation of the method. 

We are now in a position to explain the method by which the 
values of the stress -couples Gi , G,, H of art. 235 can be calculated. 
Referring to art. 232 we see that the form of a bent and twisted 
rod depends upon three quantities, k, X, t, which define the 
curvature of its elastic central-line and the twist. The deforma- 
tion of any elementary prism will clearly be in part dependent on 
the same quantities, and certain relations must obtain among 
the relative displacements of the particles of such a prism in order 
that the various prisms may after strain continue to form a 
continuous rod of curvature and twist expressed by «, X, t. 
The first step is the investigation of these relations ; we shall 
call them Kirchhoffs differential identities. In virtue of these 
relations the strain in an elementary prism will be partly 
determined, and the second step ia the establishment of a 
method by which approximate values of the components of strain 
can be deduced. We shall find that the first approximation can 
be very easily carried out, and that, for the purpose of finding the 
values of the stress -couples, it ia unnecessary to proceed to a 
second approximation. 

We recall here the notation of art, 232. We there supposed 
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i* to be any point of the elastic central-line of the rod, and ttiat 
three line-elements (1, 2, 3) of the wire proceed from P. We 
shall take the line- elements (1) and (2) to be the principal axes at 
P of the normal section through P, and (3) the tangent to the 
elastic central-line at P. By means of these three line-elements 
we constructed & system of moving rectangular axes of <c, y, i, 
having the origin at the strained position of P, the axis t 
along the tangent to the strained elastic central-line at P. and 
the plane (iC, g) through the line-elements (1) and (3). When 
the rod is deformed any element PP' of the elastic central- 
line whose unstrained length is ds will become an element of the 
strained elastic central-line whose length is ds', where 

ds' = ds(l4-«) (4), 

€ being the extension of the elastic central-liue at P. The 
quantity e can be of the order of magnitude of small strains in au 
elastic solid. The axes of x, y, x nt P" constructed in the same 
manner as those at P will not be parallel to the axes at P after 
strain, but can be derived from them by infinitesimal rotations 
*rfs', Xdn', Tds' about the axes of x, y. z at P. The quantities «, X 
are the component curvature.^, and t the twist of the rod at P, 

261. Kirchhoff's IdentitleB. 

Let Q be the position of any particle of the rod near to P, and 
let the coordinates of Q referred to the line-elements at P before 
strain be x, y, z; after strain, referred to the axes of x, y, z let 
them be x-\-u,y-\-v. z-\-w. Then u, v, w are the displacements of 
Q, and if s be the distance of P from a fixed point on the elastic 
central-line w, v, w are functions of a;, y, z and s. 

Suppose P is a. point on the elastic central-line near to P. 
then we might refer Q to P' instead of P. The coordinates of Q 
before strain referj-ed to P" will be x, y, z — ds, where ds is the 
unstrained length of PP'. To obtain the values of the displace- 
ments of Q referred to P' from the values of the displacements of 
Q referred to P we must in u, v, w replace e by s -f da and z by 
g — da. It follows that the coordinates of Q referred to i*" after 
strain will be 
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3SC at P by ^H 
'tations kA^, ^H 



.(7). 



r{x + M)](l + e), 

e(if+ti)l{l+«) + 

ntial ideutities aiid the above 
to M. Bouasiuesq '. 



Now since the axes at P' are obtained from those t 
a translatioii ds' = (l ■\-e)is along the axis z, and rotationa kS£, 
"Sdd, Tcis' about the axes m, y, e, the coordinates of Q referred to P 
are 

a; + u + (y + b) rds' — (,? + «)) Xds', ] 

(/ + «+(« +w)«d«'- (a; + w)Tda'. > (6). 

Hence comparing the expressions (5) and (6) for the coordi- 
nates of Q referred to i", and remembering that ds' = ds {\ + e), 
we find 

These are Kirchhoft"a difler 
method of pn)viiig them is due 

2S2. Method of approximation. 

By these equations the displacements u, v, vi become to a 
certain extent determinate, and if the equations could be solved 
we should obtain a certain amount of information in regard to the 
possible forms of the displacements. We proceed to indicate a 
method of solution by successive approximation depending on the 
fact that X, y, z are everywhere small, and u, », w are small in 
comparison with .t, y, e, while e is a small quantity which is at 
most of the order of strains in an elastic solid. 

There are three classes of cases to be considered. In the first 
some at least of the quantities k, X, t defining the curvature and 
twist of the rod may be finite. In this case we may reject terms 
in E as small in comparison with terms in i^, Ky where k is taken 
to stand for any one of the quantities it, X, t which is finite. 
There will exist modes of infinitesimal deformation continuous 
with these for which k, \, t are very small and e so small as to be 
negligible in comparison with terms of the order of the product 
K X (diameter of normal section). In the second class of cases 
terms of the order icx are negligible in comparison with e. This 

' '^tude Donvelle ear r£qiiiUbre,,.dGa solides,,.dont oertkinei dimenaiona Bont 
tr^B petileB...'. LiouviUe'B Journai, : 
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corresponds to simple exteusion of the rod uiiacc</mpanied by 
flexure. In the third class of cases € and Km are of the same order 
of magnitude. It is clear that if we retain quantities of the order 
e and quantities of the order kx we shall be at liberty to reject at 
the end those terms which may be small in consequence of the 
case under discussion falling into the first or second class. 



If with Poisson ' and others we regard u, v,vi b& capable of 
expansion in powers of u:, y, b with coefficients some functions of », 
then it is clear that ^ . ^ , ^- can also be expanded in the same 



^z' 



• dz^ 



form, but the terms that occur are of a lower order in x, y, z than 
the corresponding terms of u, u, vi. The differential coefficients 
a~ ' a~ ' a~ ^'^' ^^ replaced by aeries of the same form as n, v, to, 
and the terms that occur will be of the same order. We may 
therefore for a first approximatioD neglect the terms 3" . 5" i 5~ 
and the terms such as — th + Xw. Without however introducing 
the idea of series for u, v, w we can see at once that as u, v, w are 
small compared with a;, y, z we ought for a first approximation to 
neglect the terms that are linear in u, v, w in comparison with the 
terms that are linear in x, y, z. With a little consideration we 

can also see that the differential coefijcients such as ;:- are email 

OS 

compared with the differential coefficients such as 5- . For ^ is 

the limit of a ratio in which the numerator is the difference of the 

values of u at homologous points of contiguous elementary prisms, 

and the denominator is the length of such a prism ; while 5- 

represents the rate of variation of w as we pass along a line 

parallel to the asis z from point to point of a single prism. Now m 

vanishes at the centre of each prism, and at homologous points of 

contiguous prisms the values of u are much more nearly equal 

than at the centre and an extreme point of a single prism \ 

' liftn. Parii Acad. viii. 1829. 

* TbJB eipluiatioD wa« given b; Baint-Teaant in ■ footoote lo the ' Annotated 
ClebMb,' p. 422. M, Booaaineeq in his inenioir of 1871 attar obtaining KirohhofTB 
identities deolares that in his opinion thin process of apptoiim&tion is wanting; m 
rigour. He RdmitB that teims like kv may be negleoted in oompariaoii with terms 
like cy, bnt he mya that there is nothing to shew that du/d) is not actuall; of the 
same order as t, uid be oonlends tbnt in aach a case t and hv^/ai should both be 
retained. A reference to onr olabsi&cation of cases vill remove this objeotiou. 



Both lilies of argument thiia lead to the same method of 
approximatiou, and we proceed to Bketch the process. First 
leaving out in equations (7) the tenns such as^ , —rv, Xw, and 
replacing (1 + e) by unity, we obtain equations which can be 
solved and which give a first approximation to the forma of a, v, vt 
as functions of z. The solution will contain arbitrary functions of 
X and y. From the solutions obtained we may deduce approxi- 
mations to the components of strain involving the arbitrary 
functions. The equations of equilibrium or small motion, and 
the boundary-conditions at the free surface of the prism will 
enable ua to determine the arbitnuy functions. Thus a first 
approximation to the values of h, v, w will be found. To obtain 
a second approximation ' we may Buhstitute the values found as a 
first approximation in the terms of equations {7) previously neg- 
lected and solve again. Recourse must again be had to the 
differential equations of equilibrium or small motion and the 
boundarj'-conditions in order to determine the arbitrary functions. 
It is evident that the process might be continued indefinitely, 
but would become very laborious. The first approximation may 
however be easily obtained and the work is very much simplified 
by using Kirchhoff's principle esplained in art. 249, according to 
which it will be sufficient for this approximation to reduce the 
differential equations to a form independent of bodily forces 
and kinetic reactions. 

263. First approzlmation. Internal Strain. 

According to the method explained we reduce equations (7) to 



' = — Ty + Xz, 



..(8), 



= — \x + Ky + e 



c and ifuijdt Are reaily of the 



[ of magiiilQdB, Uien both ara unall 
in comparison »itb eacti termB aa Ky; and e as well aa Sajdt aught to be rejected. 
No harm however is done bj retaiuing e tomporarilj and rejecting it at the end of 
the flrat approximation. The problem would be one of flexnre and this would ba 
the oonrat! which «c should aotaall; pursue. 

■ The second approiimation is not required in our method, but the reader vho 
wishes to see how it might be carried out is referred to the oorrespoDding part of 
the theory of thio shells in ch. iii. 
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3« 



by omitting terma containing such quantities as u, , and replac- 
ing 1 +e by unity. Integrating these equations we get 

v = v^-^Kz'+-rzx, I (9). 

W = Wo — X«fl! + Kit/ + (Z ] 

in which Up, Po Wq are functions of 3; and y. 

From these we deduce the strain -components in the forms 

Site 9«Jo 

e=_-, a=-°4 

gar 

and we notice that, to the order of approximation to which the 
work has been carried, the strains, and therefore also the stresses, 
are independent of z. The order of approximation in question is 
such that the strains are of the first order in the Bmatl quantities 
X, y, z. 

The stresses being independent of 2 the equations of equi- 



- Xa: -I- «ry. 



SWr, 

c = =- -I 



librium take the forms 
9P 91/ 



tx 



- = 0, 



3Q 



= 0, 






^ = ...(11). 



'by ' dx dy ' dx dy 
in which bodily forces and kinetic reactions are omitted for the 
reasons explained in art. 249. 

If I, VI be the cosines of the angles which the normal to the 
cylindrical boundary makes with the axes of x and y, the conditions 
that hold at this boundary, when no external surface-tractions are 
applied to it, are 

lP + mU = (i, i(7+mQ = 0, lT+m8 = Q (12). 

2M. Torsional Rigidity. 

In what follows we shall assume that the plane of (a:, y) which 
is perpendicular to the elastic central-line of the rod is a plane of 
symmetry of the material. In this case the potential energy per 
unit of volume ( W) can be written in the form (I. p. 81), 
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Also the componeuts of stress are the partial differential 
coefficients of W with respect to the components of atrtun, and 
thuB in particular S and T are linear functions of a and b. Tha 
third of the equations of equilibrium (11) becomes 



I 

36 /da lb\ da 



°"3? + »"V+^''-Sdj'°-.- "'>• 

Also tbe third of the boundary-conditions (12) becomes 

a^lb -t- o« (la + vib) + a„ ina = (16). 



yjdsi \ " St/ '^ dxjdsi 

= r(auy-aax)£ + (a^x-a^y)^ (17), 

where dsi is the element of arc of the bounding curve of the cross- 
section. 

From this it appears that Wo contains t as a factor, and is 
independent of «, X, e. In other words w„ depends simply on the 
twist T ; and the strains a and b, and the stresses S and T are 
linear in t. This result holds to the same order of approximation 
as equations (10). 

It follows from what has just been said that there esiats a 
quantity C such that 

SfiSa + Tb)dj:dy = CT' (18), 

where the dimensions of C are those of the product of a modulus 
of elasticity and a moment of inertia of the cross-section of the 
rod. The quantity is called the torsional rigidity of the rod. 
For the more symmetrical case there treated it is identical with 
the quantity introduced in i. art. 93. 

256. Saint-Venant'B Strew-condltloiiB'. 

We may shew that the expressions (10) for the strain-com- 
ponents lead to Saint- Veiiant's stress-conditions that P, U, Q 
vanish. 

For let if> and -^ be any two functions of x and y continuous 
> See 1. p. 148, equations (3). 
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within the bouoding curve of the cross-section of the rod, and 
CQQBider the integral 

the integmtion extending over the cross-section. 

Using Green's transformation (I, p, 58) we can express this 
integral in the form 

j\(lP + 7nU)i> + {tU + mQ) f] ds, 

The surface -integral vanishes identically by the first two of 
equations (11) and the line-integral by the first two of equations 
(12), so that the integral in question is equal to zero whatever 
continuous functions ^ and ^ may be. 

If in the integral we write successively -^ = and ^ = x, y, a?, 
xy, y, and i^ =0 and ■^ = x,y, a?, cey, y, we find formulae which 
may be written 

fJ{P, or Q. or U){1, or «, or y)dady = (19). 

Again, if we put ^ = «, -^ = u, we find 

IKPe + Q/+Uc)dj:dt/ = (20). 

Now the expression (13) for the potential energy W may be 
written in the form 

R' = i(^„, A^. A„. A„, A„ JP. Q, R. Iff 

+ ^Uu.A«.^<.fS.T)' (21), 

where the A'a are reciprocal coefficients to the a's in the expresaiou 
(13), and the quadratic function 

(An, A^. A„, A„. A^ JP, Q, R, Uf 

is therefore essentially positive for all real values of P, Q, R, V. 
Consider the function V defined by the equation 

7= Pe + Q/-)- Uc -.7 (vl„P -(- AJi -t- A^U)IA„. 

in which e = A,,P-\-AaQ + A^R + A^U. 

/=A^P-i-A.M + -A^R + -^»U, 

g = A„P + A„Q + A^ + AuU. 

c = A„P + A„Q + A^ + At,U, 

and Ar, = A„, (r, « = 1, 2, 3. 6). 

L. II. 7 
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We find at once that 

+ 2{A^^-A„A„)QU-i-2(Ar^„-A,^„) UP 

+ 2(A,^„-A,.A„)PQ. 
and it can be readily verified that the conditions that V may be 
always positive are identical with the conditions that 

(A„. A^, A„. A„. A„ JP, Q, R. Uf 

may be always positive '. 

'Nov/ ffdicdyg {AuP + AnQ + A<aU)/Aa mnishes identically by 
(19) since 3 is a linear function of x and y. Hence 

!S(Pe+Q/+Uc)d^dy 
ifl equal to the integral over the cross-section of a quadratic 
function of P, Q, U which is always positive. It can therefore 
vanish only if P = Q= U= 0, and it has been proved to vanish in 
equation (20). 

It thus appears that Saint- Ven ant's stress- conditions 
P=Q=U=0 

are analytically deducible from the first two of the equations of 
equilibrium (11), the first two boundary-conditions (12), and the 
fact that the strain -compiment 3 is a linear function of the coordi- 
nates je, y of a point on the cross -section. 

This proof is equivalent to that given by M. Bouaainesq. In 
his work the first two of the equations of equilibrium in the forms 
given in (11) and the fact that j is a linear function of a; and y are 
arrived at by considerations different from those here advanced*. 

The most general values of u, v, w which satisfy the equations 
of equilibrium' subject to Saint- Ven ant's stress-conditions have 
been given in I. ch. Vli. If in these solutions all terms above the 
second order in a;, y, z be omitted they will be found to be 
included in the Forms given for u, v, 10 m (10). 

' The verifioatian involies a particular case of a tLeorem eoQiiciHted bj Proressor 
Sflveal^r and proved by Mr R, F, Scott, * On Compaond DetermiuaDta ', 
Malh. Soc. Kiv. 1883. 

' Lioaville's Journal, xvi. 1871, pp. U8— ISl. 

' A particular kind of Bymmetrj of the material wa« aBBDmed. 



lea oj iToiessor ^^_ 
iB ', Proc. Load. ^^| 
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It is to be noticed that, although the expreaaions that we have 
obtained, and those that we shall obtain in the next article, have 
been found on the express understanding that no tractions are 
applied to the initiiilly cylindrical bounding surface of the rod, yet 
they may still be used when such tractions are applied. In such 
a case the resultant for any elementary prism of the tractii>ns in 
question will have to be taken among the forces directly applied 
to the rod, i.e. it must be included in the system (X, Y, Z, L, M, W) 
of art. 234. 

206. StresB-iystem. 

The general expression for the potential energy per unit 
volume is \{Pe^- Q/+ Rg + Sa + Tb+ Uc). 

Since P = 0, Q = 0, and ^ = 0, we have R = Eg, where E is 
the Young's modulus of the material for traction parallel to the 
elastic central-line of the rod. From this reault and the remark at 
the end of art. 219 it follows that the potential energy of strain 
per unit length of the elastic central-line is 
JfiEg*dxdj, + ^Cr'. 

The supposition that has been made as to the situation of the 
axes of X and y in the cross-section, viz. that they are the principal 
axes of the section at its centroid, shews that, on substituting for y, 
the potential energy per unit of length will be expressed by 

i (iV,X' + EI,k' + Ct' + Etoe'). 
where to is the area of the section, and, as in i. art. 92, 
Ii = Sj^dxdy and 1^= jjy'dxdy. We thus have 

W = i;(£/,X'-l-£/^+C-r'-(-^we«)d« (22). 

the integral being taken along the elastic central-line of the rod. 
When the axes of x and y are chosen as above specified the axes of 
X, y, t are called the principal torsion-Jlearure axes of the rod. 

Since k, \ r, e are independent quantities we covdd at once 
shew by variation of the ener^-" that, to the order of approxi- 
mation to which the work has been carried, there exists a resultant 
normal stress across any section equal to ffEtdxdy tending to 
increase e, and three couples about the axes equal to El^it. EI,\, 
and Ct tending to increase the component curvatures k, \ and the 
twist T, This result may be verified directly. 

7—2 
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We have, for the restiltant stresses across the section z = 
the prism, forces 

SJTcUdy. jjSdxdy, jjRdxdtj 
parallel to the axes, and couples 

fJRydxdy, J}~Ita:dxd!,. Jf(Sx-Ty)dxdy 

about the axea. Now it is easy to shew that the first two forces 
vanish identicnily. Taking for example JfSd^di/ its value, by (13), 
ia equal to JJiau"- + "■J*) dxdy. aud this may be written 

since the differential equation (14) holds at all points to which the 
integration extends. 

The surface -integral just written can be transformed into the 
line- integral 

/j(i„»ia -\-aa(la-\- n*i) + aj-h] yds, 
taken round the bonnding-cuvve of the normal section, and this 
vanishes identically by (16). 

In like manner we may shew that ffTdxdy vanishes identically. 
The first approximation therefore reduces the stress across any 
section to a tension parallel to the elastic central-line of the rod, 
and three couples. 
The tension is 

fJUdrdy =}jE (£-\x + xy) dxdy 
= Ecae, 
since the origin is at the centroid of the section, so that this 
tension depends simply on the extension of the elastic central-line. 
The couples are easily seen to be 

EI^, EI,\. Ct, 
where the notation has been already ( 



2S7. Application of the method of approximation. 

In art. 252 we have explained a method of approximation 
whereby more exact values could be found for the displacements, 
strains, aud stresses. The additional terms in the displacements 
would be of the third or a higher order in the coordinates x, y, t. 
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.uld be of the 
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i or higher order in the same quantities, and the corrections 
to the resultant stresBes would consist of terms wliich could be 
of the same oixler of magnitude as the expressions already found 
for the stress-couples, while the corrections to the stress-couples 
would bo of a higher order in the linear dimensions of the cross- 
flection. 

We must conclude that in the first and third classes of cases 

I explained in art. 252 thero exist two resultant shearing stresses 

' JT], iV,, and a tension T parallel to the axes of x, y, z, which 

unknown without a second approximation, and couples 

G,, 6„ H about the same axes of which sufBciently appi^3ximate 

values are given by the formulw 

Q^ = EI^^Ak, G,= £It\ = B\, H=Ct (23). 

In the second class of cases there exists a tension jT which ia 
l^vea by the equation 

T = Et^e (24), 

[ and the remaining stress-resultants and stress-couples are unim- 
L portant. 

The quantities A and B are called as in art. 213 the principal 
fieaurai rigidities of the rod, and the quantity C is the torsiimal 
rigidity. 

The application of the method of approximation would also 
give rise to a correction to the expression (22) for the potential 
energy, but the correction is unimportant. In using this esprea- 
aion we must omit the term in e iu the first class of cases, and the 
terms in *, X, t in the second class of cases, while in the third 
class of cases both terms must be retained. With the notation 
(23) the expression for the potential energy per unit length of 
the rod is 

i[^«' + ^' + CT']-l-ljF<ue' (25), 

of which generally only the first term or only the second need be 
retained. 

In the theory of the equilibrium of the rod under given forces 
each particular case will fall into one or other of the three 
classes. The third class is very special and will only be met with 
in exceptional conditions. Excluding it we may say that cither 



the deformation is characterised by flexure or torsion unaccom- 
panied by extension, or else the extension is the governing 
circumstance. For example, if a straight prismatic wire or rod 
whose axis is vertical be supported at its upper extremity and 
loaded at its lower extremity it will be simply extended. If the 
same wire or rod have one extremity built in so as to make a 
finite angle with the vertical and be loaded at the other extremity 
it will be bent without stretching ; but if the angle it makes with 
the vertical be continually diminished we may come upon a series 
of positions forming a transition from conditions of simple flexure 
to conditions of simple extension, and these will fall under the 
third class. 

258. Kinetic Energy. 

We shall hereafter require an expression for the kinetic energy 
when the rod is in motion. For this we calculate the velocity of 
any point on a normal section and integrate over the normal 
section, this gives the kinetic energy per unit length of the rod. 

Let P be any point on the central-line whose coordinates after 
strain referred to fixed axes are f, jj, f, and let Q be the point 
whose coordinates before strain referred to the three line-elements 
at P are x, y, z. Then, by (2) of art. 232, the cwrdinatea of Q 
after strain referred to the axes of f, ij, f are 

f -t- ii (a; -nt) -t- i, (y + «) -i- ;, (^ H- w), 

ij -1- 7?ti {a; -f tt) -I- jii, (y -)- tp) -I- 7?i, (i: -I- to), 

f -I- n, (a: -!- u) -f- n, (i/ + o) + n, (« + «-), 

and if Q be in the normal section through P we may omit z. In 

these expressions f, t\, f, it, v, w, and the /'a, ma, and n'a are 

functions of the time. 

Now putting 2 = and omitting u, u, «j as email compared 
with x, y we obtain an approximation to the component velocities 
in the form 

Bi+ai' + ai"' 

Zri dm, 9ffl. 
St'^ dt "^ dt "' 
dt dn, dn. 
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fio that the kinetic energy per unit length is 
where p is the density of the material. 



CHAPTER XVI. 

THEORY OF THE SMALL VIBRATIONS OF THIN RODS. 

269. We propose in this chapter to deduce the equations of 
vibration of thin rods from Kirchhoflf's theory explained in chapter 
XV., and afterwards to sketch the process by which those modes of 
vibration of an isotropic circular cylinder can be obtained which 
correspond with the modes that we shall find for a thin rod. It 
is unnecessary here to enter into a minute discussion of the modes 
in question, as they are fully considered in Lord Rayleigh's Theory 
of Sound, vol. L chapters VIL and viii. For details the reader is 
referred to that work. 

260. The Variational Equation ^ 

According to I. art. 64, the general variational equation ot 
small vibration of a solid under forces applied at the boundary 
alone can be written 

/// "^i'^^^'^d^ ^^"^ S^ Bwjdxdydz — jll hWdxdydz 

+jj{F^ + OBv + H&w)d8 = (1), 

where W is the potential energy of the strained solid per unit 
volume, p is the density, and u, v, w are displacements parallel to 
fixed axes. In the case of thin elastic bodies such as bars or 
plates it is convenient to give a special form to the terms like 

-p^^da^dydz that arise from kinetic reactions, viz. we 

notice that these terms in the left-hand member of (1) are 

1 Eirohhoff, VorUsungen Uber Mathematische Phytxk^ Mechanik, 
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H''Mi)-^)'-{^)]^'y'- 
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^1* 



where the part in square brackets is to be taken between limits. 

It follows that the equations of vibration can be found by 
equating to zero the variation 

tjdtj{j{T- W)da:dydz (2), 

where T is the kinetic energy per unit volume, and W is the 
potential energy of strain. This is really the application of the 
principle of Least Action in Elasticity. 

261. Kinematics of small deformation'. 

Let n, V. w be the displacements of a point P on the elastic 
central-line of a thin rod parallel to fixed axes of f, ■>}■ C of which 
the axis f is parallel to the unstrained elastic central-line, and 
the axis f to the transverse (1), and let n-fdu, v + dv, w + dw 
be the displacements of a neighbouring point P' on the elastic cen- 
tral-line. Let f, 71, f be the coordinates of P after strain, and 
f +rff, V + dji. ^ + d} those of P', then 

, d^=du, rfij = rfv, d^=da + dw. 

I If ds' be the stretched length of PP" we have 

r <^.,H..)-[(g)V(S/.(..£)-]. 

If e be the extension so that ds' = ds(l + e). we shall have, rejecting 
terms of the second order in u, v, w, 

« = dw/d« (3). 

Let It, fft,, n, be the direction-cosines of the tangent to the 
elastic central-line after strain, referred to the axes of f, 17, f, 
then 

I, = d^/ds', in, = d7}/da', n, = d^/ds', 

■ See titi. 333 sq. for the notitiau. 
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Rejecting terms of the second order in u, v, w, these become 

l, = du!dx, m, = dvlds, n, = l (4). 

After strain the line -element (1) which was initially parallel to 
the axis f mil make an angle Jtt — 7 with the axis f, where y is 
small, and the plane through the line-elements (1) and (3) which 
was initially parallel to the plane ({, will make a very small 
angle jS with that plane. The direction -cosines of the strained 
position of the line-element (1) are 1, jS. 7, rejecting terms of the 
second order in the small quantities. To find the direction -cosines 
(li, m,, «i) of the axis x, which is in the plane through the linea 
(l„ m„ Ma) and (1, ff, 7) and perpendicular to {l„ m,, n,), we have 
the equations 

(., m„ 

1, A 

1,1,+ m.m. 



and 

Since /, and 



s well as (3 and 7 are small, we find ultimately 
= 1, m, = /3, n, = -i,= -du/d8 (5). 



I 



In like manner the direction-cosines I,, m,, n, of the axis y are 

found to be 

l,=--0. ■>th = l. n, = -m, = -dy/ds (6). 

We can now calculate the quantities «, X, t iatroduced and 
defined in art. 232, We defined ic and X to be the component 
curvatures of the elastic central-line about the axes of x and y, 
and T is the twist. We have, by equations (4) of art, 232, 
xds' = l^l, + JTV^wij -I- n^TUt = — (l^dli + m/lm, + n,dn,) 



[-^^(S 



= -\-0d 



+ <i^\ 



30 that, rejecting small quantities of the second order in 0, u, v, w 
we have 

—£ (')• 



Again, 




Xds' = l,dlt + m,dtn3 + n,rfn. 
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and, rejecting small quantities of the second order, we have 

^-S w- 

Lastly, we have 
and, rejecting small quantities of the second order, we have 

^=f <»>■ 

262. First method of forming: the equatloni of Vibra- 
tion. 

According to art. 257 the potential energy of the extended 
bent and twisted rod is 

where A and B are the principal flexnral rigidities, C the torsional 
rigidity, E the Young's modulus for pull in the direction of the 
elastic central-line, and w the area of the normal section in the 
unstrained state. 

By the result of art. 258 we have for the kinetic energy 



ijp U(u'- 



..(11), 



where p is the density of the material, and /,, /, are the moments 
of inertia of the normal section about its principal axes, and the 
dots denote differentiation with respect to the time. 

If we write 

/. = «M I,= w!c,\ I,i-I, = tali? (12), 

80 that the k's are the radii of gyration of the normal section 
about principal axes at its centroid, we have for the potential 

energy of strain 



..,-i/[.f|/.^.|.,(-)V.,(g)V0}]^...a3,, 




and for the kinetic energy 

^'.■(«)'+(lD'+'--©" 



^hm 



KV:)"-^(f)"]* <")■ 



./< 



To form now the equations of vibration we have to form the 
variation 

and equate separately to zero the terms in Su, Sv, Sw, and B^. It 
is clear that the terms in Su contain u but no v or w or 0, and 
similarly for the others, and therefore the vibrations fall into three 
classes :— 

(1) Extensional vibrations involving only w. 

(2) Torsional vibraiions involving only 0. 

(3) Fleamral vibrations involving only u, or v. The equa- 
tions for vibrations involving u are of the same form as those for 
vibrations involving v, the coefficients only being different. 

263. Eztenslonal VlbrationB. 

Taking first the exteueional vibrations we have to equate to 
zero the variation 



^/M-©'--S)V 



We thus obtain 



-//I' 



P-S-S»SUwrf^rfi = 0. 



dp di'i 

From the vanishing of the terms under the double sign of 
integration we obtain the equation of vibration 

The vibrations here considered are the " longitudinal " vibra- 
tions of Lord Rayteigh's Theory of Sound. We have described 
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them lis " extenaional" to avoid the suggestion that there is no 
lateral motion of the parts of the rod. The only resultant stress 
existing iu the rod ia the tension across the normal sections, and 
the extension in the direction of the elastic central-liue is accom- 
panied by lateral contraction. The terms of the kinetic energy 
arising from the inertia of the lateral motion are of the order 
neglected, the terms of the potential energy arising from the 
lateral contraction are of the same order aa those arising from 
tlie longitudinal extension. If the lateral motion were altogether 
neglected the coefficient o{d'«/df^ in (15) would not be Efp. For 
example, if the material were isotropic it would be (X + 2fi)lp. 

The functional solution of the differential equation (15) is 

w =/(^ - at) + ^ («+<»() (16), 

where a' = Ejp, and it represents waves of extension or contraction 
travelling along the i-od with velocity >/{E/p). 

The form of the normal functions depends on the terminal 
conditions. At a fixed end we have w = 0, and at a free end the 
tension Edvii'ds vanishes. For a rod of length I free at both ends 
the normal functions are of the form coBnirs/l, where n is an 
integer and s is measured from one end. The solution of the 
differential equation in terms of normal functions and normal 
coordinates is 

w = 2cosnirs/i [An cos mrat/l + BnSmnwat/l]. 



264. Torsional Vibratiotu. 

For the torsional vibrations we have to equate to zero the 
variation 



a//lJM-(f)--<^(|/}*.<. 



Proceeding as in the last case we find the differential equation 
of vibration 

-'^^-"^ <"), 

In this equation pot b the mass of a unit of length of the rod, 
k the radius of gyration of the normal section about the elastic 
central-line, and C the torsional rigidity. 



The solutions of the equation are of the same form as those of 
the equation for extensional vibrations, but the velocity of propa- 
gation of torsional waves is \f{Cjpmk'). 

Referring to the solution of the torsion -problem in i. ch. vi. we 
see that, in case the material has three planes of symmetry of 
which one coincides with the normal section of the rod, and the 
other two ai^e the planes through its elastic central-line (3) and 
the piincipal axes of inertia of its normal sections (1) and (2), and, 
in case the modulus of rigidity for the two directions (1, 3) is ident- 
ical with that for the two directions (2, 3), we have approximately 

where;* is the modulus of rigidity in question. Thus the velocity 
of propagation of torsional waves is approximately 



yy< 



40p' 

For a circular section of radius a 

C = i/i7ra*, 
and the velocity is -J^filp). 

For an elliptic section of semiaxes a, b 
G = ^■m'b'/ia' + b'). 

and the velocity is ^ — u'^if^lp)- 

If the rod have a free end. then the torsional couple Cd^/ds 
vanishes at that end. At a fixed end where the section is 
prevented from rotating about the elastic central-line j9 vanishes. 
The normal functions in the various cases can be easily investig- 
ated and are of the same form as in the corresponding ca^es of 
extensional vibrations. 



26S. riexiiral Vibrationa. 

For the fiexural vibrations |in which u alone varies we have to 
equate to zero the variation 
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111 Ibnning the variations we make use of the identities 
9]u a'Su _ 9^ t _ 3 [i^ 98u 

- /^3'_Su_^9*ii f \ 3./9'u 38u_ 
la«3{a»9( d^dP } daKdsdt dt dsdP"' 

d fd'u 38ii 



gsu). 



■Su 



dtxssdt ds d^dt J' 

IntegratiiJg (18) by parts, and equating to zero the coefficient 
of 8u under the sign of double integration, we obtain the differ- 
ential equatinn 

^{^.-^•^h^-^-" *''>■ 

In this equation the first term arises from the inertia of the 
lateral motion, the second term from the " rotatory inertia ", and 
the third term from the elastic resistance to flexure. 

The term arising from rotatory inertia is in general negligible 
in comparison with that arising from the inertia of the lateral 
motion, and the differential equation may be reduced to 

^"- -^-^^ (20). 



dt' 



' ds*" 



This is the equation for fiexuraj vibrations in the piano through 
the line-elements (1) and (3). 

In like manner the equation for flexural vibrations in the 
plane through the line-elements (2) and (3) is 



ail ^ ' ~ 






dt' 



hx"" 



..(21). 



To find the normal functions and the period-equation we shall 
have to introduce the terminal conditions. These are 

(1) for a built-in end, u = and 3u/5* = at the end; 

(2) for a free end, d'ujda' = and d'ujds' " at the end ; 

(3) for an end simply supported, u = and dhi/d^ = at the 
end. 

Let pj2ir be the frequency so that the equation ( 

and let Ek,'lpp^ = lim' 



..(22), 
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where I is the length of the rod. The normal functions are of the 
form 

A cosh-T- +58inh -j- + C cos-j- +Dsin -j- (23). 

The terminal conditions give four linear equations connecting 
the constants A, B, C, D, and the elimination of these leads to an 
equation for m. When m is found from this equation the frequency 
p/27r is given by equation (22). 

266. Particular casea 

If now we write u = S-^^u^ e'Pr* (24), 

Uf. is a function of 8 of the form 

A cosh -J- +B sinh -j- +C cos -^ + i/ sm -j- , 

where m is a root of a certain transcendental equation, and the 
ratios of A :B:C :D are determined by the terminal conditions. 

It is convenient to write down the equations for m and the 
forms of the normal functions in some particular cases. The reader 
may supply the proofs, or they will be found in Lord Rayleigh's 
Theory of Sound, vol I. ch. viii. 

(a) For a rod free at both ends m is given by the equation 

cos m cosh m = l (25), 

and for any value of m the corresponding value of u^ is 

(sin m — sinh m) f cos -j- + cosh -j- j 

— (cos m — cosh m)f sin -y- +8inh-T- j (26). 

(/8) For a rod built-in at both ends m is given by the 
equation (25), viz.: 

cos m cosh m = l. 

And for any value of m the corresponding value of u^ is 

COS -T — cosh -T- j 

— (cos m — cosh m)f sin -z — sinh-^- 1 (27). 
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(7) For a rod built-in at s = 0, and free &t s = l, the equation 
for m becomes 

cos m cosh m = — 1 (28), 

and for any value of m the corresponding value of u, is 
^^^K (sin m + sinh m) ( cos - -. — cosh -j- j 

^H - (cos m + cosh m) (sin y-ainh^) (29). 

^ (£) Foi- a rod freely supported at both ends we have 

>» = ■" (30), 

where n is an integer, and the normal functions are of the form 

sin"p (31). 

267. Second method of forming the Equations of 
Vibration. 

The equations of vibration may also be deduced from (8) and 
(10) of art. 234, if we replace the forces and couples X, Y, Z and 
L, M, N by those arising from kinetic reactions. 

(1) For extenaional vibrations there will be no couples to 
take the place of L, M, N, and, since «, X, t all vanish, G,, ff,. H, 
and therefore also N^ and iV,, all vanish. There will be no forces 
to take the place of X, Y and the equations reduce to 

where Zds is equal and opposite to the rate of change of momentum 
of the element between two normal sections distant da. 

Now in the notation of the present chapter this rate of change ^H 

of momentum is pmdi - , and T is £'01 ^ . Hence the equation ^^| 

(15) of art. 263, viz. ^H 

at' p d^' ^H 

(2) For torsional vibrations «,X, and e vanish. There are no 
couples L, M arising from kinetic reactions, and Nda is equal and 

opposite to the rate of change of the moment of momentum about ^H 

^1 



the axis z of the element between two normal sections distant As, 
and this is pa]c'dsc^^jdt\ The curvatures k, \ and the couples Gt, 
ff, vanish, while H = Cd^jds ; ao that N^ and JV, vanish, and the 
third of equations (10) of art. 234 becomes equation (17) of 
art. 264, viz. 

(3) For the flexural vibrations we may suppose k, t and e 
to vanish. Then H and G, vanish, and there are no couples L. N. 
The couple Mds is equal and opposite to the rate of change of the 
moment of momentum about the axis y of the element between 

two normal sections distant ds, and this is pwti'ds 57j ( a" ) ■ The 

couple G, is Emki'd'alde', and thus the second of equations (10) 
of art. 234 becomes 

S^tf^^ + N.-p.!,:'^^ (32). 

Observing that such products as N,\ are of the second order 
in u, we see that the equations (8) of art. 234 can be reduced to 
dN, d^ 



,.(33) 



by substituting for — Xds, the quantity padsd'uldf, which is the 
rate of change of the momentum parallel to x of the element 
between two normal sections distant ds. 

Eliminating N, from the equations (32) and (33) we obtain 
_ Ekl ^ _ a^u _ , , 3*u_ 
~^'cis*~ dt'~ '' ds~-dP ' 
which is the same as equation (19) of art. 265. 

Equation (20) can be deduced by neglecting the rotatory inertia 
or rejecting the right-hand member of equation (32), and in like 
manner equation (21) may be obtained by supposing X, t and e to 
vanish. 

It is worth while to remark that, if rotatory inertia be rejected, 
we have for the resultant shearing -stress Ni at any section 

--T- (flexural couple) (34). 

This equation holds equally for equilibrium and for small 

motions. 
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EXACT INVE8TIQATION. 

268- VibratioiiB of a circular cylinder'. 

The theory just given, being derived from KirchhoflTs theory of 
tbin rods, is confessedly a first approximation ; and it is interesting 
to see, in a particular case, how the same results may be deduced 
from the general equations of small vibration of elastic solids. 
For this purpose we shall consider the theory of the free 
vibrations of an isotropic circular cylinder, whose radius will not 
at first he supposed small. 

Referring to cylindrical coordinates r, 0, z the differential 
equations of small vibration in terms of displacements u, o, w 
along the radius, the circular section, and the generator through 
any point are, (l. p. 217,) 



Pfl;^ = (^ + 2M) 



dA If* 2x7, 



2"^ 



3% ,^ . „ ^134 „ 3n, 



89 '' dt ' 



V.-(35), 



r dr rdd bz ' 

' r \dS it I • 
du 3w 



2v,= 



de dr' 



1/8 (r.) d^\ 

^'•-rXSV -Si) 

, satisfy the identical relation 



8(r-,) 
8r 



3« 



..(S7). 



' Poohhanmier, 'Uaber die FortpflanzungHgegchwindigkeit kleioer Sohwing- 
ungen in einem nnbegrensten UotTop«n BreuojliQiler '. CieUs-BoiohBrdt, lxixi. 
1876. 



The stresseB across a cylindrical surface r = const, are 

and at the cylindrical boundary we shall suppose these to vanish. 

The conditions at the ends of the cylinder will not he supposed 
given, but we shall investigate certain modes of vibration and 
the conditions that must hold in order that these vibrations may 
be executed. 

The modes of vibration in question are those in which (as 
functions of z, d and () «, v and w are proportional to an ex- 
ponential g'(3*+^y«+p')_ where & ia zero or an integer, p a real 
constant, and 7 a real or imaginary constant. We write 

and classify the vibrations according to the values assigned to >3. 

269. Tonlonal Vibrations >. 

Supposing firet that >9 = 0. or that u, v, w are independent a 
ff, the second of the differential equations (35) reduces to 



r-^Hrs'}] 






IdV 

'rdV* 



W- 



-7"- 



The solution of tiiis for space containing theaxis(r = 0)ia 

where K--pp^jii-y* (40). 

J, denotes Beseel's function of order unity, and .i ia an arbitr 
constant. 

Now it is clear that all the differential equations of vihratioi 
will be satisfied by the solution 

u = 0, » * 0, B = jl./, («r) «■ W*"", 
where the constants k, 7, p are connected by equation (40). 



' Cf. I. p. 147, tootnole. 
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It' c be the radius of the cylinder the coDditions at the cylin- 
drical boundary reduce to 

which is satisfied by k = 0, or 

y = tvsHpl^) (*!)■ 

Since « = 0, we must reduce the Beasel's function to its first 



This solution gives us the torsional vibrations of a circular 
cylinder, and the velocity of propagation of torsional waves is 

The stress across a normal section z = const, at any point has 
components 3 = 0, w = 0, and 

The ends can be free if Aiffi' vanish at both ends. Thus for 
a free-free rod of length / we have the solution given by the 
ordinary theory, viz. we have 

where n is an integer, and z is measured from one end. 



■ 370. Extenalonal Vlbratloni. 

In the next place suppose v vanishes, but it and w do not 
vanish, ff being zero as before. The second of the differential 
equations (35) is satisfied identically, and the first two become 






TS^' 



tby difTerentiatiou we form the equations 
df r dr "^ d£' ~ \ + 2n dP ' j 
S**, 1 9or, w, 9^, p d'w. 



df r ^ 



d^ p. 9(' 
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and, by substituting — 7* for 3*/32:*, and — p* for 3*/3f, we find that 
V, is proportional to Ji {icr), where k is given by (40), and A is 
proportional to Jo ("cV) where 

ic^ = pfl{\ + '2,ii)-rf (43). 

To satisfy the equations 






we take 



and we find 






...(44); 



A = -ilJ,(«'r) 



\ + 2/*' 



2«r, = t5J, («r) ^ . 
The conditions at the cylindrical boundary become 
- A^ ^•^.(*»+ 2m (4 ^ J.(*V) + B^ I; J. («.)} = 0. 

ay^ ^ /. (*'r) + £ jyJ, («r) + |; [^ |; {rJ, (*r)}]} = 0. 

when r^c. 

From these, on eliminating A and £, we find the equation for 
the frequency 

-V»'^J,(«)^.'.(«'«)-0 (M), 

in which we have used the differential equation for J^ (/rr). 



Now writing 



Ji(/ec)=/ec(l-2j, + •••)' 
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we shall find that c is a faf!tor, and, on removing this factor and 
leaving out all terms containing c, we obtain ultimatety 

y p x + fi ' 

Hence p = y ^HEjp) (46), 

where E ia Young's modulus. This gives the same rate of propa- 
gation aa that found for estensional waves in art 263. 

If terms in <? be retained it will be found that, to a second 
approximation, 



where tr is Poisson' 



i ratio iX/(X + ^). 



4 }■ 



■ (47), 



This result was first given by Prof. Pochhammer in Crelle- 
Borchardt, Lxxx:. 1876, and afterwards apparently independently 
by Mr Chree in the Qmtrterly Journal, 1886. The latter writer 
has generalised it ' for any form of section, and for an seolotropic 
rod whose elastic central-line is an axis of material symmetry, 
shewing that the constants we have here called p and y are 
connected by the relation 

p-y^Elp) II -i^f] (48), 

where o- ia the Poisaon's ratio of the material for extension in the 
direction of the asis of the rod, and k ia the radius of gyration of 
the normal section about this axis. 

271. Terminal conditions. 

The solution just obtained is the esact solution for eztensional 
vibrations of a circular cylinder, and it shews that when these 
vibrations are being executed there is lateral motion of every 
element of the cylinder not initially upon its axis, and the lateral 
displacement at a distance r from the axis is, in a very thin 
cylinder, proportional to r. 

To find the conditions that obtain at the ends we form the 



'On the longitudio&l vibrations of leolotropic b&rs,...' Qaarlerli/ Journal, 



expressions for the stresses u,ir,'» across a normal section, 
atrees ? vanishes, and the other two are 

= - [| - AM,-r) j-fy"^^ + Smt-J - 2/»7 ^|: [rJ, (.r)]}] «■«*»», 

Suppose I is the length of the rod, and s is measured from one 
end, then for a i-od free at both ends we have to replace e'y by 
sin n-rnjl, where n is an integer. The solution will become real if 
A and B be pure imaginaries, and the real part be retained. 
Thus t) = 0, and 






."1 . n-jrs . . \\ 

r) 8in —p C08(p„( + e). 



J»^.(<.V) + 



Bnd 



i\'M:r)\\ 



(*9) 



COS -V— COS(p„i + €)l 



are equations expressing a possible mode of free vibration of a 
cylinder of length I and radius c with both ends free, provided p^ 
is a certain function of n-wjl, X, p, p, and c determined by a 
transcendental equation, while 

*„' = p'pjfi - n'w'/l', and «„'' =p'pl{X + 2^) - »V/i', 
and ftjrther j1„ : £„ is & determinate ratio depending on c. When 
c is small such modes are ultimately identical with the "exten- 
sional " modes of a thin rod. 

272. Flexural VibratloiiB. 

The modes of vibration of the cylinder that correspond to 
flexural vibrations of a thin rod are more difficult of investigation, 
but they can be included among the modes under discussion by 
taking yS = 1. We suppose then that 

„ = g.(«+,.+po ri (5oj_ 

and seek to determine U, V, W as functions of r. 

By differentiation of the equations (35) we obtain the differ- 
ential equation for A 

[Cf. I. p. 310. equation (5).] 



■ ^ (51)- 
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Since A is proportional to cM+f+p') this equation becomes 

which shews that A ia proportional to Ji («V), «' being the 
quantity defined by equation (43). 

Now, eliminating A from the differential equations (35), we 



a^ ISA , 



k 












^9^, _ 



)r\' dz)'^rdrK~dr)^rde\r dd) rdeKdz)) 

(53). 

and w, by means 



From the second of these we can eliminate 
of the identity (37), and we find 

P Eliminating w, from the first of (53) by means of the same 
identity we find 



,. (51). 



p 0*isr, 

;; w " 






(™,) + 






a«' ■ 



(55). 



Now, remembering that or, ia proportional to e'i*+T'+J"i, we 
easily find from (54) that it is also proportional to J^ {kt), whet« 
K is given by (40). Let us take 



2ir, - - .«"CU', («r)8"'*"*»« . . 



..(66). 



To satisfy equation (55), in which w, is proportional ti> 
gi(»+Ti+ini_ YiQ have to take a complementary fuuction, which 
satisfies the same equation when o», is omitted, and any particular 
integral. It oan be easily verified that, with the above value of 

■a,, one particular integral is given by 2w, = (77 — ^ -- , while 
the complementary function is proportional to - J^ (in-). 

We have now the forms of A, nr, and or, expressed in terms 




I 
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of Bessel's functions. To satisfy the equations connecting u, ! 
and v; with A, w,, and cr, we assume 



dr 



'dr 



W . i [A-iJ^ («V) - Bic'J, (<r)] 



dr 



and it is easy to veiify that 

A . - -^ AJ, («V) e-i'*"*", 
2w,= 






...(58). 



The conditions at the cylindrical boundary are 

"Tt" 

dfV\ 



when r= c. These are linear in A, B, C, and if we eliminata 
A, B, C we shall obtain an equation connecting p, y, p, \, 
This is the frequency-equation. 

The general frequency -equation ia very complicated, but if we 
suppose c small, and substitute for the Besael's functions their 
expressions in series of ascending powers of c, and in the equation 
keep only the lowest powei^ of c, we shall find that p and c are 
&ctors, and, on removing them, the equation can be reduced to 

i-'-if^A- w- 

where E is Young's modulus fi, {S\ + 2fi)/(X + fi). 

It follows that each of the displacements satisfies an equation 
of the form 

I .Ed*u a*u 



..(61). 
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SO that the vibrations is question are ultimately identical with 
those considered in art. 205. 

The above is the exact solution for those modes of vibration of 
a circular cylinder which approximate to the flexural vibrations 
usually considered in the caae of a rod supposed very long and 
thin. It appears on inspection of the formuIiB that the lateral 
displacement is accompanied by a displacement parallel to the 
axis at all points not initially on the axis of the cylinder. 

273. Terminal conditdoai. 

The discussion of the boundary -condition a at the ends of the 
cylinder is more difficult than in the preceding cases, and it is 
convenient to change to a real quantity in place of (7. We have 
found that approximately 

7* = ip'plEc', 
and, if we call the real positive fourth root of this quantity mil, we 
can verify that there exists a. solution of the form 

^^ni''\A^J,(k-r)+B~^J,{hr)+C^J,{hr)]e""i''^^0coa{pt-\- 

W={Aj J, (h'r) - Bk'J, (hr)] 6"""^^^^ compt + e) 

(62), 

where k' = p'plfi. + m''ll', and A'' = /)'p/(\+ 2/*) + m7i'...(63), 
and the ratios of A : B : C are determinate from the boundary- 
conditions that hold at the curved surface of the cylinder. 

There exist like solutions in e~"^", the sign of mjl being 
changed throughout. 

There also exist solutions in simple harmonic functions of 
^nzjl. Of these one can be obtained from the above by writing 
COB mzjl instead of e""" in v. and v, and - sin mzjl in w, and at the 
same time putting *" and *'' in place of h? and A''. The other 
will be obtained by writing sin mzH instead of e""" in u and v, and 
vosmsjl in w, and at the same time putting k' and «'' in place of 
A» and h\ 



"=[■ 
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se where both ends ai-e free we have 



[27» 



dzdr ■ 

at J = and at 2 = /. 

It is not generally possible to satisfy theae six conditiona by 
any linear combination of the four forms of aolution obtained, in 
other words, the solutions do not give a system of normal func- 
tions for free vibrations of a cylinder of finite thickness and finite 
length ; but when the cylinder is very thin the third of these 
conditions is approximately satisfied by each of the forms. It is 
in fact identically satisfied when r = c; and, c being supposed 
small, the condition n^ = when r = c gives riae to equations of 
the form 

2Ayk' + B (h' + y') h +Cyh + [terma involving c=] = ; 
80 that, if the terms involving c" be rejected, the stress ^ is 
identically zero at all points of the cylinder. 

If we simplify the boundary-conditions (64) by omitting the 
last of them, JT = 0, the remaining four give rise to four relations 
connecting the four ai'bitrary constants and containing e", e~", 
sinw and cosm, and on elimination of the constants we should 
obtain an equation to determine m. The work would be very 
complicated, and, after what we have said about the normal 
functions and period equation for flexural vibrations of a thin rod, 
it is not vforth while to go through it. But it is important to 
notice that the boundary-conditions at free ends cannot be satisfied 
exactly in the case of theae modes as they can in the torsional and 
ex tension al modes. 

We might investigate other modes of vibration possible in an 
infinite cylinder by putting /8 = 2, 3, , . . and supposing 7 real, but 
tbey would have no reference to thin vibrating rods under ordinary 
conditions. 



CHAPTER XVIT. 



RESILIENCE AND IMPACT. 



274. The term " resilience " was iutroduced into Physics by 

Thomas Young ' with the definition : — " The action which resists 
"pressure is called strength, and that which resists impulse may 
"properly be termed resilience... The resilience of a body is 
"jointly proportional to its strength and its toughness, and is 
" measured by the product of the mass and the square of the 
" velocity of a body capable of breaking it, or of the mass and the 
■' height from which it must fall in order to acquire that velocity ; 
" while the strength is merely measured by the greatest pressure 
"which it can support". The word has been variously used for 
the work done in producing rupture, the potential energy of the 
greatest strain of a given type possible within the elastic limits, 
and to express a certain property of matter. It is in the last of 
these senses that we shall use it. We may regard Young's 
definition as asking a question : —What is the strain produced by 
a given body striking a given body in a given manner at a given 
point with a given velocity ? — and we may generalise the question, 
and enquire what is the strain produced in a given body when 
small internal relative motions are set up in it by the action of 
given forces, or by the impact or sudden attachment of other given 



The property of matter which we term resilience depends on 
the same circumstances as that which French writers call rdsist- 
ance vive or dynamical resistance, and its meaning can be best 

' A Courtt of Ltcturtt an Natural PhUmophy and the Mtchanieal AtU, vol. i. 
p, \iZ. LoDdon, 1807, 
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brought out by comparing that of statical resistance. A givei 
elastic solid in equilibrium under a given load is in a certain state 
of strain. But, if the same load were applied to the same solid in I 
any other state, motion would be set up, and a dilfereut strain ■ 
would be produced. Some extreme cases have been considered in I 
L art. 80, where it was shewn that sudden applications and sudden I 
reversals of load are attended by strains generally much in excess J 
of the statical strains. The resistance of the solid to straiol 
produced by a given load is correspondingly diminished. 

We can now give as a general definition : — Resilience is i 
property of matter in virtue of which the strain produced in i 
body depends on the motions set up in the body and on the motv 
of the apparatus applying the load. 

The theory of the vibrations of thin rods or bars has put us in] 
possession of a description of certain possible modes of small motion'l 
of elastic bodies which admit of simple discussion, and we sbalLl 
proceed to consider some elementary examples in which the 1 
resilience of bars cornea into play. One of these, viz. the problem J 
of the longitudinal impact of two bars, will lead us to theJ 
discussion of theories of impact. The subjects of impact and] 
resilience are connected, but resilience is important in matij-'l 
cases in which there is no impulsive action. To adopt the ordinary! 
terminology of Rational Mechanics it has to do with 'initial J 
motions' and 'small oscillations' as well as with "impulses'. 

275. Bar struck longitudinall7, one terminal fixed*. 

We shall consider in the first place a bar fixed at one end and^ 
free at the other, and we shall suppose that a body of u 
moving in the line of the bar with velocity V strikes it at its &84-B 
end. The impulse tends to produce compression in the bar, aaSM 
the motion produced must be in accordance with the differential 
equation of extensional vibrations. 

Let the origin be at the free end of the unstrained bar, let thai 
axis z be along the central line of the bar, and let ( be the length,] 
and to the cross-section of the bar, p the density and E thoV 
Young's modulus of the material, and lot w bo the displacementT 
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of any point on the elastic central-Iiae in the direction of the axis 
t ; then the motion of the bar ia governed by the equation 



3*w _ 9^ 



. (1). 



I 



If E=a^p, BO that a is the velocity of propagation of exten- 
Bional waves, the general solutioii of the equation may be written 

«,=/(ai-«)+f(a( + r) (2), 

where/ and ^denote arbitrary functions. 
The bar being fixed at a = i we have 

f{at-l) + F{at+l) = G 
for all values of t Hence for any argument f 

^(?)--/<f-21) 
wd the equation (2) therefore becomes 

w=f{at-z)-f{at + z-2l) (3). 

ng as the body M and the end of the bar remain in 
contact the pressure between them is — (Edw/S2)i.„, and the 
acceleration of the body is [3'u'/8i']j_„, so that the equation of 
motion of the body is 



Ilkod this ia the terminal condition at z = 0. 
This condition is 
1 



m.-r'^itl. '*^ 



/' («() -r (at - 21) = J^, [-/ (al) -/ («l - 2')]. 



I 



Since E ia a'p, the multiplier EtajMa' on the right becomes 
l/mi, where m ia the ratio {mass of strilcing body) : (mass of rod), 
and the condition becomes 



1 



1 



.. (5). 



K To integrate this equation we muat introduce the conditions 
•■that hold when ( = or haa a negative value, 

If ( be negative and l>z>0,w, dwjdt, and dw/ds are all zero, 
and we find that/(f) and/'(£;) both vanish for all negative valuea 
of the argument f. 



If t be xeTof(^) vanishes, hntj''{^) does not vanish. In &ct 
dtajdt is zero for all values of z except « = 0, and (&tc/3i)_, t-t = ^t 
the velocity of the impinging body, since the elemeot of the bar 
at z = takes this velocity impulsively. 

Thus we have af (at)t., = V ^H 



276. 

Let 
f{al) = 
have 



The Continoing Equation '. 

UH now integrate equation (5) and put when (=0 
Vja, and / (at>. /' iat - 21), / (at - 21) all zero; thus we 



/■(«,)+-,/(«.) --+/(a.- 20- ^/(«<- 



il). 



In terms of an argament ^ this becomes ^H 

/•<D + „V<f>-^+/'«-«')-s/«-'') (^ 

If we suppose the right-hand member known this is a linear 
differential equation to determine /, and, on integrating it, we 
have 



/(0 = e-<'"'fV"-'[r/a+/'(f-2i)-/<r-20/W]dr. 



■(7), 



where the condition that / (^ vanishes with ^ has been intro- 
duced. Now in the integral on the right we can suppose /"(f— 2^ 
andy (f — 2ij known. For when 2/ > f > they vanish, and thus 
y (?} and consequently/' ff) are determined for this interval. By 
integration we may then d«U!rmine/(t;} for the interval in which 
41 > f >2i, and/' (f) can be found by differentiation. Proceeding 
in this way the equation (7) imables us to determine the values of 
/(O and /'(f) in any interval (2n + 2)/>f>2< when their 
values in the previouti int^-rval have been found. We call this 
equation the continuinff apiation'. 



> The HMtbod of nolDtloD uT pTo\>hm» on nitniiiiirinkl vibrations in termB of 
diHontmnoiu fanotlotii iion«l«tii i|aii*r«lly ot Ihtan Ktciu, (1} the detormination of 
the fonotioo for a 0«rt4lD raniia nl *»Iiim uf tlia furlabU b; mcaiiB of the initUl 
oonditions, (!) the funiiatiun nf • u'inlliiuliiti iHjiiatluii for dodacing the tkIom of 
the fnnotion for other valuaw ot Urn wUliU, («) the wlutlon of the contitming 
equAtion. 

< Equation pnnaotHe* ol Halni-VMiMil, 
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From the continuing equation we find 
when 2i > f > 

when 4i>?>2; 

y ^,„, . V" /, „ f -2iN 



when6i>i:>« 









g-lf-^l/B, 



F 






H':ri-4?-/'+! 



277. ClrcumstanceB of the Impact 



The impact terminates when the aign of {dioldz)t-« changes, for 
the body M is unable to exert a tension on the end ^ =0. From 
thb instant onwards the above solution ceaaea to hold, and the 
^ar vibrates with one end fixed and the other free. 

■ Now -(3w//a^),_.=/'{o() +/'(«* -2/) (8). 

H^ When 2l> ai >0 the second term vaoisbeB, and the first is 

V . 

— tr^'™^, which does not change sign. Hence the impact cannot 

terminate before at = tl. 

The impact terminates in the interval U> at> '2,1 if 

y . 



-[i.(i-.--V»..-] 



can vaniah for a value t between 4J/u and 2f/a. 

The value oft for which it vaniahes is given by the equation 
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(9). 

and the condition that t < ilja gives 

2 + e-*'" < 4/j«. 
It is easy to see that the equation 2 + e"*" = 4-jm has a rw 
lying between m = l and m = 2 and by calculation the root ; 
found to be 

w*= 1-7283. 
Hence if the ratio (mass of striking body) : (mass of rod) b 
< 1'7283 the impact terminates in the interval between t = 2lj 
and t = il/a, and the time at which it terminates is given b 
equation (9). 

When m < 1 7283 the velocity with which tbe body M rebound 
IB eaaily shewn to be 

If m be > 1'7283 the duration of impact must exceed il/t 
To find the condition that the impact terminates between t = 42/ 
and t = 6l/a we have the equation 



1 ■ 



1-2 



at- 



y-i'-^-^-^r^'jy- 






of which the root at must ha <6t,so that the extreme value of » 
is given by the equation 

Km/ \ ni ?»V 

The root can be nhewn to bo 

m-41oll. 

Hence if 4i511 > »« > 17283 the impact terminates in th 
interval between ( — 4//« and t — &l/a, and the time at which i 
terminates is given by uqiiatiori (10). 

For further detaiU tho ruadur in rufunud to the authoritie 
quoted on p. 126. 

It is proved ivler alia that the maxjinnm compression take 
place at the fixed end', and if n*< 5 its value is 2(l + «->'™) Vjc 
' Thi« point can l* »t ons> ■■Ublialieit by obiarvin)| lii»l the compreasioa i 
tbe fixed end je 2f (at - 1) ftt timo (. Tha ouin|jr«iiiil<in nt a point distant t Itoi 
the end Btruck U / {at - 1) +/iu( . » Si). WhlflhHviir In tha groatflr of thue (n 
terms the gam a( them in 1«m than (wluo tlio gieabir, and there will at aome tia 
eiUt ot the (iied end a outupreNiUii u<|UaJ i<> iwiue ths uriiatar. 



278] BAB STBCCK tOHamHUNALLY. 181 

but if m > 5 the value is approximately (1 + •Jm) V/a. As equal 
extensions wilt take place after the end struck becomes free the 
limiting velocity conaisteut with safety, according to the theoiy of 
Poncelet and Saint-Venant (i. p. 107), will be given by the 
equations 

T ' 



.ind 



T 



l+e-"'" 
- when 



hen m < 5 



whurc To is the breaking tension for pull in the direction of the 
elastic central-line of the bar, and *P is the factor of safety. 

If the problem were treated as a statical problem by the 
neglect of the inertia of the bar we should find the greatest strain 
equal to V* V'ja, so that the effect of this inertia ia to diminish 
the limiting safe velocity. 

^ 278. Bar >truck longitudinally, terminals tree', 

^ When ihe cud s = i of the bar is free we take, to satisfy the 
" terminal condition that dvijds = when 2 = f for all values of (, 

w =/(oi - «) +/(a( + « - 2() (11). 

and the tenninal condition at j = corresponding to ( .5) becomes 

/"(<'0 + ,-;5-, /■(<«)--[/"(«<- 2i)-,-Jj/'(«<-2i)]. 

As before we find 

leading to the continuing equation 

/(f)-«-wj|JlF7o-/'(!:-20+/(!r-2i)M/'-'df...(i2). 

Wheii2/>f>0 this gives 

/(l:)-».!^(l -.-<'-'), /'lO-^.-^'-' (13); 

whm4(>f>2/ 
/(f) = W^(I-e-!"-')-miJ|'[-H-(l + 3'^£f)e-i(-*'-'], 



,?-2'\, 
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gs/m 



When 2i >«(> we find 

-<,dw/d£% = e^'"' Vja. 
80 that the impact does not terminate before t = 2i/ci 
When 4/ > (rf > 2/ we find 

When at = 21 this contains as a factor 1 - 2e^"*, which is negative, 
so that (^wjdz)B alwayy changes aign when at = 2l, and tho impact 
always terminates after the time taken by an extensional wave to 
travel twice the length of the bar. 

The velocity of the mass M immediately before the termination 
of the impact is the value of 

a[/'(ai)+/'('rf-20] 
when at = 21 (or rather is just less than 20, and the first term is to 
be found from (13) while the second term vanishes. Hence the 
velocity in question is Ke""/™. Thus the mass M proceeds in the 
same direction with reduced velocity. 

The bar is now free and its state as regards compressiou and 
velocity are expressed by the equations 

9a a 



-«-*^, 



dw _ 



..(14), 



=- = when 2 = 0. 



together with 

This last gives rise to a new continuing equation 
-f'{at)+f'{at-^l) = 0. 

or /'(?)=/■(?- 2/) (16), 

which holds for all values of f 

Now measuring ( from the instant when the impact termi- 
nates we have &om (14), when l>z>Q, 



-/'(-^)+/'(^-2 



-[e-'Mi-e-n' 



/'(-■=) +/' (^ - 20 = - [e-"^' + e-«-' 
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Hence when l> i >0 

V 

Thus when - / > f > - 2f ^ 

/'(?)= I ^"'^""" (^^>' 

and when 0> f> — f 

/'(f) = -e'^+''"^ (17), 

and the continuing equation (15) will enable us to find the value 
^^f (?) ** ^°^S *^ 'h® solution continues to hold. 
The velocity of the end 2= at time i is 

or, by the continuing equation, 2af' (at — 21), 

When I > at > tiiis is ZVr^l"^, i* 

when il>at>lit Is 2Fe"'H ^| 

When ai is increased by 21 the value of the velocity recura. 

Now the velocity of the mass M after the tei-mination of the 
impact has been found to be Ve"""*, while the velocity of the end 
2 = is never less than 2 Fe"""", its value at time ( = //«, Hence 
after the impact the mass M has always a smaller velocity than 
the nearer end of the rod, and the two bodies never again impinge. 
It follows that the solution expressed by (16) and (17) and the 
continuing equation (15) continues to hold indefinitely. 

M 279. Bar niddenly loaded. 

The method of the preceding problems is also applicable to the 
case of an upright column supporting a weight. 

We shall suppose that a mass M ia gently placed on the top of 
a straight vertical bar, so that initially no part of the system 
has any velocity and the initial compression in the bar is that 
produced by its own weight, and we shall suppose the lower end 
of the bar fixed. 
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Measuring : fi-oiii the upper end of the bar, the dlEFerential 

equation is 

w-")^*' <■*>■ 

and if weput «/ = ij{i'-s»)V + w' (19), 

w' satisfies the equation ^ = "* ^irs ' 

and to satisfy the condition at the fixed end, ; = /, we have to take 

v/ = 4>(at-e)-<f>{at + x-Zl) (20). 

The condition at the end j = b 

and, with the notation of the two preceding pi-oblems, this gives us 

*-(t)+^f(ir)-^,+[f'(!;-2i)-^,*'«-8o](2i), 

in which at has been replticed by f. 

As in art, 275 we can shew that <f>' iX) and 0(f) vanish for 
zero and negative values of f, and writing (21) in terms of an 
argument f and integrating we have 



+ (0 - r*"/^"*" [l r + f (f - 2i) - ^j .f ( r - 2i)] « . -(Sa). 



Whence 

Hence when 22 > f > we deduce 

..(23). 



*<?>=f«-'4i-'^H 



0'(r) = 5m?[l-e-*'"'] 

We observe that when 22 > f > 0, <f> (^ in this problem can be 
obtained from /(f) of art. 276 by writing ff/a for V, also that the 
equation (21) can be obtained from (6) of art. 276 by the same 
substitution. We conclude that for all values of f, <!>' (f ) can be 
deduced from /(f) of art. 276 by changing V into g/a. 

To determine the velocity or compression at any point of the 
bar at any time we require only to know 0' (f) and therefore these 
quantities are known by the solution of the problem in art. 276. 



tSO] 
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It must be noticed that the solution in not to be stopped when 
/' («() +/' (it -21) vanishes, but the method of art. 276 is to be 
continued indefinitely, as if in the problem there treated the 
mass M became attached tfj the extremity of the bar at the 
impact. 

It IB worth while to remark that if the bar be fixed at its 
upper end 1=1, and support a weight at its other end ; = 0, 
which is suddenly, but not impulsively, attached to the bar, the 
solution will be the same except that the sign of (f must be 
changed, 

280. Fartlcular Caws. 

We proceed to give some arithmetical results in pai'ticular 
cases. The limiting case of vi infinite has been considered in 
1. art. 81, where it was remarked that if a weight be suddenly 
attached to a weightless elaatic string the greatest subsequent 
extension is twice what it would be if the weight were applied 
gradually, and the like is true for compression in a massless bar 
whose lower end is fixed and upper end loaded. We shall consider 
the cases of m = 1, 2, 4, and it will bo seen that the dynamical 
strain is in each case considerably greater than the statical, and 
the ratio for m = 4 is very nearly equal to 2. In each case it may 
be observed that, for all values of f, tft' (f) contains a factor mlg/a:'. 
We shall give the values of the compression — {dwjds), and the 
velocity (dwjdt), at the loaded end. These are found from the 
formulte 



and 



-(si 

aVdth 



})' {at) + <t>' (at - 21) 



= 'p'(at)~if>'(at-2l). 



The value of the compression at the fixed end is lg/a?+2i^'(at — I), 
and the maximum of this is the greatest compression. The 
calculations become very tedious as at/l Increases, and we shall 
content ourselves with giving the first maximum. 

When the bar has its upper end fixed the same calculations 
give us the extension at the loaded and fixed ends, and the velocity 
of the loaded end at any time not too great. 
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Case!'. m = l. 

All the values of <t>' (?) contaiQ Ig/i 



[280 



factor. If we denote by 



Co the value of — i- f .- ) , and by «» the value of -;-(:- ) , ao 

that eg is a defiaite multiple of the terminal compression, and Vo of 
the terminal velocity, we can find the following : — 



ul/I-O 


I 2 


3 


i 


a 


6. 


7 


6.-0 


'632 '865 


1-686 


1-622 


1-610 


1-203 


-979 


..-0 


'632 -865 


't22 


--107 


-'498 


-■311 


--132 



The first maKimum value of ^'(f) occurs when i;/i = 2'567, 
and this value is 1*136. Hence the greatest compression experi- 
enced at the fixed end before at = 81 is 



-, + ^-^ <f>' |^(2-567)1 = *-^, (3'273) 
and this strain occurs when at/l = 3'567. 

If the inertia of the bar were neglected, or the weight 
gradually applied, the greatest compression would be 2lg/a'', ao 
that the first maximum compression exceeds the statical compres- 
sion in the ratio 163 : 1. 

In like manner for a bar supporting a weight equal to its own 
weight the greatest extension when the weight is suddenly 
attached is greater than that when the weight is gradually 
applied in the same ratio. 

C(we 2°. m = 2. 

All the values of 0' (f) contain ilgja' as a factor. If we denote 
by e. the ..lue ot - ^^ (g)___ , and bj ., that of ^^ ('|')__^, we 
can find the following : — 

atll = Q 12 3 4 5 6 7 8 

fio = -393 -632 1-394 1600 1-943 1-591 1198 -594 
Uo^O -393 -632 -597 336 --038 --345 --706 -652 

The first maximum value of ^' (^ occurs when ^jl = 3'368, and 
this value is 1-019. Hence the greatest compression csperienced 
at the fixed end before at = 8^ is 
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5+2^ f W3-368)l 
and this strain occurs when atjl = 4'3 



J9 



\ (5'077), 



The statical compression would be ^Igja?, so that the dynamical 
maximum strain exceeds the statical in the ratio 1'7 : 1 nearly. 

Gaae 3". m = 4. 

All the values of ^'(5) contain ilg/a' as a factor. We find 
?/i = 01 2 3 4 5 6 7 8 
i -845 1017 -971 -912 "664 



The first maximum occurs when ^/l = 5-296, and the corre- 
sponding value of 0'(5} is 1122. Hence the greatest compression 
experienced at the fixed end before at = SI is 



and this strain occurs when at/l = 6'29fi, 

In this case the dynamical strain exceeds the statical in the 
ratio 9-973 :5 or 1-99 : 1. 



■ 2S1. Iion^tudinal Impact of Bara'. 

Another problem that can be solved by the same kind of 
analysis is the famous problem of the longitudinal impact of 
two bars. 

We shall consider the case in which a bar of length I, moving 
with velocity V, overtakes a bar of length t, (>/i) moving with 
velocity T, (< F,), and we shall suppose the bars of the same 
material and section. 

Suppose 2, is measured along the bar (1) and *, along the bar 
(2) from the junction, and let w, be the displacement of a point on 
the central-line of the bar (1) parallel to this line, and w, that in 
the bar (2). measured in the same directions as a, and 2,. The 
differential equations of motion of the two bars are 



' Saint- Venant. LioaviUe'i Jmima 
the impact are treated as forming a e\ 



I. 1SG7. In thi» memoir the bare daring 
la bar, but this is 



I 

9 
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^^^"^ 3^''^ (24), 

where a is the velocity of extensional waves in either bar. 
The conditions at time ^ = are that, in the bar (1) 

^> = -F„ ^^ = (25), 

and, in the bar (2) 

^«= F„ ^' = (26). 

The conditions at the free ends are that 

dw^dz^ = when z^ = k, I 

dwjdzi = when z^^l^ ' 

The conditions at the junction are that when Zi and z^ vanish 

To satisfy the equations (24) and the conditions (27) we have 

to take 

«'.=/(a<-«,)+/(a« + ^,-2Z,),) 

w,=Jf(o«-z,)+^(o« + ^,-2i,)l 

The conditions at time t = give us 
when h>e,>0 -/'(- Zi) +/' («, - %) - 0, 

/'(-*.)+/'(^.-2/,) = -F./o. 
and when i,>5,>0 -Jf"(-^,) + F'(2,-2i,) = 0, 

F' ( - r,) + F' (z, - 2?,) = VJa. 
From these we have, in terms of an argument ^, 

when > ? > - 2i, /'(?) = - i F;/o,) .„ 

whenO>?>-2i, ^(0 = jr> ) ^ '' 

The conditions (28) at the junction give us 

/' (at) +/' (at - 2/,) + F' (at) + F' (at - %) = 0, 
-/' (at) +/' (at - 2i,) + F' (at) -F'(at- 2i,) = ; 
and from these we have the continuing equations 

/'(D=-p"(r-2i.).) 
F'(t)^-/'(^-w ^ ^' 
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The sulutifjQ coutiniies to hold so loug as (dw,/d£,),,^o and 
(9ti'j/92i)^=a *i^ both negative. 
Now until at = 21, 

When at > 21, (d'W,ldi,)g_^o = 0, 

however little at may exceed 2/,, 

Hence the impact terminates at the instant t = 2l,la. 

Both bars are now free, the impinging bar (1) being free from 
compression throughout and having the uniform velocity V,. The 
state of the longer bar (2) is given by 



dWg 



- - J" (2(, - »,) + i" (2(, + 2, - 21,), 



..(32), 



^' - o [F' (2(, - .,) + r(2t, + l,- 2«] J 
and dvijdij = when r, = and when z, = I,. 

The form of the solution ia different according as 2/, ia < or > /, . 

(a) When 2l,<l„ measuring time from the in8ta.nt of the 
termination of the impact, we may write 

w,'=<piat-x^)-i-<f,{at + z,~2t,) (33); 

and, since dw,jdz, vanishes with x.^, 

*■(?)-*' «-2i,) (34). 

I The initial conditions (32) give us when 2/, > z, > 
f -*■(-»,) +f(«,-2« - -HF, - 7,)/«. 

*■ (.-'.) + *' [', - 2« = h{y, + n),''» ; 

and when l,>Zt> 21, 

- 0' ( - 2,) + 0' (s, - 2/,) = 0, 
f(-^0 + *'(^,-2U=iya. 

Hence when > ?> - 21, </.' (IT) = i K./a, 1 
andwhen -2;,>f>-2^ *'(!:) = iK>[ 

The velocity of the end ^,-0 is a[^' {at) + 4'' {at -21^)] or 
2a<^' (a( — 21,) and when ( = this is F,, Thus, immediately after 
the impact terminates, this end moves with velocity F,, and the 
ends of the two bars remain in contact with no pressurt- between 
them. The velocity remains unaltered until at = 2 (/; - /,). w 



..(.15). 



when it 
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..(38). 



suddenly changes to V,. Hence the bars separate after a time 
2 ((] - li)la from the instant when the impact ceases, or after a time 
2/j/o from the beginning of the impact. 
(;S) When 2i, > 4 we may write 

w, = ^(at~z,) + ir{at + i3-2li) (36), 

«nd ^'(e) = f'(r-2/.) (37); 

and the initial conditions give us, when 2(i, — ii)>z, >0, 
-,/.'{- ij + ^' (^, - 24) = - i ( r, - F.)/o. 
^' (_,,) + ^' (2. _ 24) = H n + n)/o, ^ 

and, when l,> Zt.>2(L,-l,), ^H 

-■^'(-^0+t'(*>-2U = 0, ™ 

■^'(-z,) + ^'{^.-24)=r,/a. 
Hence when > ? > - 24 f ' (0 = i VtM 
andwhen -24>?>-24 t'(t) = 4^i/a !" 

The velocity of the end z, = (i is as before 2a-^' (at - 21^, and 
this is at first equal to V, ; so that the ends of the bars remain in 
contact without pressure. After a time 2(4 — 4)/« from the 
instant when the ends become free the velocity changes to V,, 
and the bars separate. ^ 

282. Fhyilcal Solution. ^M 

This problem can be solved synthetically as follows : — ^H 
When the two bars impinge the ends at the junction move 
with a common velocity i ( F^, + V,), and a compression i ( Vj — Vi)/a 
is produced. Waves of compression run from the junction along 
both bars, and each element of either bar as the wave passes over 
it takes suddenly the velocity i(F, + V,) and the compression 
i ( F — Fs)/a. When the wave reaches the free end of the shorter 
bar it is reflected as a wave of extension ; each element of the bar 
as the wave passes over it takes suddenly the velocity which 
initially belonged to the longer bar and zero extension. After a 
time equal to twice that required by a wave of compression to 
travel over the shorter bar, this bar has uniform velocity, equal to 
that which originally belonged to the longer bar, and no strain. 
The impact now ceases and there ie in the longer bar a wave oi 
compression of length equal to twice that of the shorter bar. The 
wave at this instant leaves the junction, and the junction end oJ 
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the longer bar takes a velocity equal to that which it had beforu 
the impact. The ends therefore remain ia contact without 
pressure. This state of things continues until the wave returns 
reflected from the further end of the longer bar. When the time 
from the beginning of the Impact is equal to twice that required 
by a wave of compression to travel over the longer bar, the 
junction end of the latter acquires suddenly a velocity equal to 
that originally possessed by the shorter bar, and the bars separate. 
The shorter bar rebounds without strain and with the velocity 
of the longer, and the longer bar robounds vibrating. Thus unless 
the bars be of equal length the theory shews that some of the 
energy will always be stored in the form of potential energy of 
strain in the longer bar, i.e. there is an apparent loss of kinetic 
energy. The amount of kinetic energy of the motions of the 
centres of inertia destroyed in the impact can be shewn to be 

* nil + w'l V m,'/ ^ ' " ' 
where m, is the mass of the shorter, and m, of the longer bar, 
while the relative velocity of the centres of inertia after impact 
has to that before impact the ratio — m, ; iit^. 

According to the ordinary theory of impact the ratio ought to 
be independent of the masses of the impinging bodies, and it is 
therefore clear that there is a discrepancy between the ordinary 
theory and that obtained by treating the bars as perfectly elastic 
and supposing them thrown into extensional vibrations by the 
impact. 

283. Ban of dUTerent materiala'. 

When the bars are of different materials, the problem can be 
solved in the same synthetic manner. 

Let Vi, V, he the velocities, ii, f, the lengths, and 7M|, m, the 
masses of the bars, and let Oi, a, be the velocities of propagation 
of extensional waves along them. Suppose the bar (1) to impinge 
on the bar (2). The ends at the junction after impact move with 
the same velocity U and waves of compression travel along the 
bars. After a very short time t lengths a,T, a^ will be moving 
with the velocity U and the equation of constancy of momentum 
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[-r<^-^ + 



or [r = {r, + ry,)/{l+f) (39). 

where r = ItOiTittjl^m, (40). 

Each element of the bar (1) as the wave passes over it takes 
suddenly the velocity U aud the compression (F, — t7)/a], and 
each element of the bar (2) as the wave passes over it takes the 
I velocity U and the compression (U— l^s)/a,. When the wave 

reaches the free end of either bar it is reflected as a wave of 
extension, Wu shall suppose that the wave first reaches the free 
end of the bar (1) or that IJa, < tj/a,. Each element of the bar 
(1) as the reflected wave passes over it takes suddenly the velocity 
2U— V, and becomes free from compression or extension. After 
a time ^ij/a, from the beginning of the impact the reflected wave 
arrives at the junction and the bar (1) is unstrained and has 
velocity F,- (Ki - r,)(r-l)/(r + I) throughout. At the same 
instant the junction end of the bar (2) becomes free and this end 
acquires velocity V,. The bars separate, and the impact termi- 
nates, at this instant if r > 1, i.e. if a-m,/l, > a,m,lli. This condition 
expresses that the bar which the extensional waves traverse in the 
shorter time is also that in which the smaller mas.g is set in motion 
by a disturbance in a given time. 

When this condition is fultilled the bar (1) rebounds without 
strain and the bar (2) rebounds vibrating. The velocities of the 
centres of inertia of the bars (1) and (2) are 



V,- 



-^ (7, - V,) and V, + -"' ^ (7, - 
■ + 1 wij r + 1 



y.) 



respectively, and the duration of impact is 21^1 a^. 

When the condition above specified is not fulfilled, but r< 1, 
the velocity of the junction end of the bar (1) immediately after 
the return of the reflected wave exceeds that of the junction end 
of the bar (2) and the impact recommences. A second wave is set 
up in each bar, and the formuliE are the same except that the 
velocity F, is to be replaced by V^ + (Vi — V^) (1 — r)/{l + r), 
which was the velocity of the bar (1) immediately before the 
second impact. If the second wave returns reflected from the 
free end of the bar (1) before the first wave i-etums reflected 
from the free end of the bar (2), i.e. if 2?,/a, < l^'a,, the bar (1> 
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ivill at time 4/,/(ii be uDstrained and moving with velocity 

V. + (F/-F.)(l-»-)/(H-r). 
where F/ = Fj + (F, - V,) (1 - r)/(l + r), ie. the velocity of the bar 
U) IB Fj + {F|— F,)(l — r)7(l + J")". The same process takes 
place after every return of the wave from the free end of the 
bai- (1), and if n be the greatest integer in l^aijliO,, so that 
nlj/Oi < IJa, < (n + l)li/(h, the velocity of the junction end of the 
bar (1) will be reduced to F, + (7, -F^(l -r)"/(l +rY at the 
end of the time 2ni,/a|. 

Now at time t where 2t,/a, > ( > 2n^/a, the velocity of the 
junction end of either bar is !/„, where 

(7„ (1 4. r) = F. + ( F, - F,) (1 - f)7(l +rr + rV,. 

or t7„=F, + (F,- F,) (1 - r)"/<H- r)"^' (41), 

and the compression in the bar (1) at the junction end ia 
F, - F, fl-rl" 

-a-'-(IW^ <«>• 

while the compression in the bar (2) at the junction end ia 

When t = 2i,/0a the first wave in the bar (2) returns reflected 
from the free end. The compresaion uf each clement as the wave 
passes over it is diminished by (U— Vi)/a,, so that at the instant 
f = 24/a, the compression at the junction end of the bar (2) 
becomes 

-^.b-'^] <-). 

while the same end takes the velocity t7„ + ( IT—V,) or 

y-^'llJ-l}^^ (-). 

The ends therefore become free and tend to separate. The 
velocity of the junction end of the bar (2) immediately after this 
instant is 

V — V 
n + 2 ,' --, 
1 + r 

which is found by subtracting the expression (44) multiplied by 
(I, from the expression (46). The velocity of the junction end of 
the bar (1) at the same instant ia 
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n + (I^i-V,)(l-r)»/(l+r)». 



which ia found by adding the expression (42) multiplied by a, t 
the expression (41). 



2/(l+r)>(l-r)"/(l + r)- 



we see that the bars separate. 



: of inertia i 



bar ( 



The velocity of thi 
separation ia found by observing that a lenglih 2^,01/0, — 2»/, ' 
of it has velocity U„ given by (41), and the rest of it has velocity 
Vi + (Vi- y,)(l -r)''/(l + r)". The velocities of the centres of_ 
inertia are therefore for the bar (1) 



r(2) 



V,) 



1- 



2r /o,/a _ 
1 + r Iff,;, 



-■(46), 



„,= r, + ^(F,-i..) (47). 

In this case both bars rebound vibrating and the duration c 
impact is 2/,/aj. 

We observe that by putting r = 1 the results in this problei 
reduce to those in the case of like materials previously investig 
ated. In all cases the duration of impact is twice the timoj 
taken by an extensional wave to travel over one of the bars. Thi 
does not accord with the results of Hamburger's experimental 
according to which the duration of impact should be somethi 
like five times as great and should diminish slightly as the relative 
velocity before impact increases. 

284. Theories of Impact. 

The ordinarj- theory of impact founded by Newton dividearl 
bodies into two classes, " perfectly elastic " and " imperfectly'!' 
elastic". In the impact of the former there is no loss of J 
energy, while in the impact of the latter the amount of kineticj 
energy of the motions of the centres of inertia which disappea 
is the product of the harmonic mean of the masses, the square < 
the relative velocity before impact, and a coefficient dependin 
on the materials of the impinging bodies. 



■ We have taken the ease where this is <:I|, but the b 
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When two bodies impinge and mutually compress each other 
before separating it is clear that sioall relative motions will be set 
up in the parts near the surfaces that become common to the two 
bodies. Saint- Venant's theory takes account of these motions in 
the case of two bars impinging longitudinally, and it is a con- 
sequence of the theory that bodies which are in the ordinary sense 
perfectly elastic will not be so in the Newtonian sense. Other 
results of the theory are that the duration of impact is com- 
parable with the gravest period of free vibration involving local 
compression at the impinging ends, and that the Newtonian 
" coeEBcient of restitution " depends upon the masses of the 
bodies. 

Series of careful experiments on hard elastic bodies have been 
made with the view of deciding between the two theories. The 
results indicated wide differences from Saint- Venant's theory both 
as regards the coefficient of restitution and the duration of impact, 
while the velocities of the bodies after impact were found to be 
more nearly in accordance with the Newtonian theory of the im- 
pact of " perfectly elastic " bodies. 

The following tables give some of the results of Prof Voigt's* 
experiments on the longitudinal impact of bars of hard steel 
compared with the results of the Newtonian {perfectly elastic) 
and Saint- Venant's theories. The bars being of the same material 
and equal section and of lengths in the ratio 1 ; 2, we denote by 
Vi and V, the velocities of the centres of inertia of the shorter and 
the longer after impact. The first table gives the results when 
the longer impinges on the shorter at rest, the Becond when the 
shorter impinges on the longer at rest. The number in the first 
column gives the velocity of the impinging bar before impact. 

Table I. 



I 



Vt 


ObBervod 

V, V, 


Nawtonian 


Sain t- Vena nt 


so 


26-4 e-7 


26-7 


6-7 


20 10 


40 


026 13-6 


G3'3 


13-3 


40 SO 


80-2 


1011 28-7 


106'7 


28-7 


802 40-1 



' Wiedemann's AnnaUn. xii. 18S3. See lUgo the aooount given b; F. Auarbaoh 
1 in Wlnkslmaan'B Uandbucli der Fhytik (Brealsu, 1891). Bd. i. pp. 300, 301. 
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Table II. 



Vi 


Obeerved 

0, B, 


Hewtoniui 


Bainl-Venant 


so 


- 6-4 13-8 


- 6-7 13-3 


10 


40 


- 12-a 26-2 


- 13-3 26-7 


20 


80-4 


-Sl-6 51-4 


-26-7 63-3 


40-2 



The explanation of the failure of Saint- Venant'a theory must 
be sought in the supposition that it leaves out of account some 
essential circumstance. In the case of the "imperfectly elastic" 
bodies of the Newtonian theory, the consideration of the heat 
developed at the junction suggests that the energy apparently 
lost is really dissipated, i.e. converted into kinetic energy of 
molecular agitation, not into potential energy of strain and kinetic 
energy of relative molar motion of the parts of the impinging 
bodies. But in the cases where the amount of energy lost is 
actually very small, or the bodies are in the Newtonian sense 
almost perfectly elastic, it is more difficult to account for the 
discrepancy. The consideration of the heat developed will not 
help us because the vibrations of Saint-Venant's theory have 
already absorbed too much of the kinetic energy. What we want 
is a theory which without assuming dissipation of energy will 
expl^ why these vibrations do not take place. 

386. Votgt'i Theory. 

Prof. Voigt' suggested that the source of error is to be fouad 
in Saint- Venant'a terminal conditions at the junction. In 
Mechanics it is for some purposes sufficiently exact to treat 
bodies as continuous and bounded by surfaces, but there are some 
phenomena that can only be interpreted by means of the concep- 
tion of bodies as congeries of molecules. In the theories of 
Capillarity and of Reflexion and Refraction of Polarized Light 
it is necessary to treat the parts of two media near their surface 
of separation as having different properties from the parts more 
remote. Instead of a separating surface we have to consider a 



385] toiot's theory ov dcpact. 147 

separatiDg film, within which there is a, rapid, but not sudden, 
transition from the properties of the first to those of the second 
medium. Prof, Voigt's theory of impact assumes the existence 
between two impinging bodies of a thin separating film, and his 
object is to attribute such properties to the film as in extreme 
conditions will include the Newtonian and Saint- Venant's theories 
as particular cases. 

Consider the impact of two bars, and between the two at the 
junction let there be a separating film. Let / be the length of 
this film at the instant wbeu the impact commences, and I — 81 its 
length at any time t during the continuance of the impact, then 
SI is the relative displacement towards each other of the ends of 
the two bare. The theory treats the film as a short massless 
elastic bar having a Young's modulus e, and a section m. At 
time ( this bar is uniformly compressed, and the pressure across 
any section of it is etoBljt, and this is equal to the pressure on 
either end of the bar. The impact terminates when SI vanishea 
If eoifl be zero we have the Newtonian theory, and if eaijl be 
infinite we have Saint- Venant's theory. 

If z, and Wi be the position and displacement at any section of 
the first bar, and z, and w, corresponding quantities for the second, 
the origins of e, and z, being at the junctions of the bars with the 
film, and the z's being measured towards the free ends, the ter- 
minal condition is that, when z,=0 and z^ = 0, 

_ dtv, eo) , , n 3«'i 

£,„,„._(„, + „., = £.=.. 5^, 

where E,, E, are the Young's moduluses, and w, , a, the cross- 
sections of the two bars. 

In some particular cases the solution has been worked out 
analytically by V. Hausmaninger, He found that the duration of 
the impact would be a little greater on Voigt's than on Saint- 
Venant's hypothesis, but when the constant e was adapted so as to 
make the results agree nearly with the Newtonian theory the 
duration of impact was still much less than that indicated by 
experiment, We shall not devote any more space to the de- 
scription of this theory as it must be regarded as superseded by 
that which we shall next consider. The reader who wishes to 

10—2 



KESaiENCE AND DIPi.CT. 



of Voigt and 
XIX. and XXV. m 



pursue the subject is referred to the 
Hausmaiiinger in Wiedemann's Annaten 

286. HertK'B Theory. M 

We pn>ceed to give an account of a quite different theory 
propounded by H. Hertz'. This may be described as an "equi- 
librium theory" inasmuch as it takes no account of vibrations 
set up in the bodies by the impact, but regards the compression 
at the junction as a local effect gradually produced and gradually 
subsiding. The theorj- is not adapted to the case of thin bars but 
to that of solids bounded by curved surfaces. In order that this 
theory may hold good it is necessary that the duration of the 
impact should be long compared with the gravest period of free 
vibration of either body which involves compression of the parts, 
that come into contact. We shall see that as regards the motions 
of the centres of inertia of the two bodies the theory is in accord 
with Newton's, and in other respects it yields a satisfactory 
compai-isoii with experiment. 

Suppose that two bodies come into contact at certain points of 
them, and that the parts about these points are compressed, so 
that subsequently the contact is no longer confined to single 
points, but extends over a small finite area of the surface of each 
solid. Let us call this common surface the compressed surface, 
and the curve that bounds it at any time the curve of pressure, 
and let the resultant pressure between the two bodies across the 
compressed surface be P,. 

Let the surfaces of the two bodies in the neighbourhood of the 
point of contact, at the instant of the first contact, referred to the 
point of contact as origin be given by the equations 

2, = .d,ir» + 5,y» + 2Hxy, ] 

z,='A^ + B^-2Hity\ 
where the axes of s, and ^ are directed along the normals to the 
two bodies drawn towards the inside of each, and the axes of x 
and y have been so chosen as to make the H's the same. At the 
instant when the impact commences the distance between two 
corresponding points, one on each surface, which lie in the same 

■ 'Ueber die Beruhrung fesUr elaatischec Korper'. Crelle-Borchardt, icii. IS83. 



..(48), 



-m. 



886] HEBTZ'S THEORY OP MPAOT. 149 

plaue through the common normal and at the same distance from 
it, is (A, + A,) afl + (Sj + 5-) t/\ In this expression the coefficients 
of x' and y' must have the same sign, aud we choose the signs so 
as to make this expression positive. 

We write At+A, = A,\ 

B, + B,= B ] 

and take a to be the relative displacement at any time of the two 
centres of inertia towards each other estimated in the direction of 
the common normal at the point of contact. Then the relative 
<lisplacement of the two corresponding points of the surfaces 
which come into contact is 

tt-Aa!'-By>. 

Consider a system of fixed axes of j:, y, z of which the axes of 
T and y are parallel to those to which the surfaces are referred. 
Let the plane j = be the tangent plane at the point of contact 
at the instant when the impact commences, and let the axis z be 
directed towards the interior of the body (1). Also let m,, u,, w, 
be the displacements of any point of the body (1), and «,, v.,, w, 
those of any point of the body (2), referred to these fixed axes ; 
then we have, when z = 0, and x and y are very small, 

w,-w., = a~{Ax'-YBf) (30). 

The theory we are going to explain assumes : — 

(a) That the problem is statical, or that the displacement at 
any time is that produced by the stress across the common surface 
at that time. 

(b) That the common surface is always small and confined 
within a small closed curve, the cvrve of pressure, while the rest of 
the surface of each body is free. 

(c) That within the curve of pressure the stress between the 
two bodies ia in the direction of the common normal. 

With these assumptions the problem reduces to solving the 
equations of elastic equilibrium for an infinite solid bounded by 
the plane z=0 with the following conditions : — 

(a) The displacements vanish at infinity. 

(j9) A small part of the bounding surface is subjected to 
purely normal pressure whose resultant is P„ while the remainder 
is tree &om stress. 
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Whea this problem has been solved for each body we have the 
two conditions :— 

(7) The normal stressea are equal at all points within the 
curve of pressure. 

(S) Inside the curve of pressure corresponding points are 
brought together or 

w, —w,=:a — A3i' — By, 

and outside the curve of pressure the surfaces do not cross so that 

w, — Wa > a — A^ — By. 

287. The Statdcal Problem. 

The problem to be solved for each body (supposed isotropic) is 
a particular case of that which we have considered in i. ch. ix., 
arts. 160 sq. Assuming then that the bodies are isotropic, we 
shall have in the body (I) 

^ 1 dx }_^ . 

47r (Xi + /*i) 3a! ^fi^dcedz' | 

1 9? 1 9'4> I 

where X, and fij are the elastic constants for the body (1) ; also we 
have 

X^fJp,\og(z + r)dw-dyA 

^=J}p,rdx'dy' J ^ '' 

the integrations extending over the plane section of the com- 
pressed surface within the curve of pressure, and p, being the 
normal pressure per unit area. 

Similar results hold for the body (2), 

Now let P^^jj^dx'df/' (53), 

BO that 47rP is the potential of a surface -density p, within the 
curve of pressure. We have 

4^TrPz = -^ . 
Let us write also 

I] __^ -^ (54^. 

' At, 4w(X, + Ai,) ^ ' 
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1 equations (51) may be replaced by 

an, an, an, 

ox ay oi 



+ 2P 






.(55), 



Arhich give the displacements of any point of the body (1) when 
^e curve of pressure and the distribution of pressure on the 

»mpres3ed surface are known. 

The resultant pressure P„ between the two bodies is Jfp,(Li/dy' 
extended over the area within the curve of pressure, i.e. it ia the 
quantity distributed with density p, to produce the potential 'iirP. 

The displacement of any point on the surface (I) in the 
direction of the common normal ia P(Xi + 2/i,)/[^i(\i + ^)], which 
we shall write %P, so that Si = 4.(l - 0,')/^^,, where Ei is the 
Young's modulus and a, the Poisson's ratio of the material of the 
body (1). In like manner that of the corresponding point on 
the surface (2) ia — SjP in the same direction, and therefore 
when 2 = we have 

a,KJi + a.u-, = (56). 

Hence, by (50), we have within the curve of pressure 



%P^ 



-(a-Aa.--Bf), 



I 



and the equation of the compressed surface isz=z, + u 
{•d, + %}z = -%z,+'A^^ 

288. The Curve of Pressure. 

We shall now shew that if the curve of pressure be a 
be an ellipse, and the density p, be taken to be the same as 
if there were an indefinitely flattened ellipsoid of mass P, 
occupying the interior of the curve of preasure, the dimensions of 
the ellipse can be determined so as to satisfy the aecood of the 
conditions (S) as well as the conditions that 



\{p,d^dy'=P,. and \l^dxdy' = 
and that within the ellipse (Si + Sj) /* = (a - Ax'' 



*7rP. 



f) ...(59). 



For suppose we have an ellipBe of aemiaxes a, b and distribute 
over it a. mass P^ so that the density at any point {x', y') is 

its potential at any external point (x, y, «} will be iirP provided 

P-S^-r^i- ■'■ t--^\ ■<+ rem 

16,JA «■ + + 6-++ WKa'++)(i'++)t]''"' 
where V is the positive root of the equation 

,^+J^+^ = l (61); 

and for the potential at an internal point the lower limit of the 
integral must be zero. 

Thus we can satisfy equation (59) by taking 



»-ft+^.)i^/ 



fc 



A -(%+%) 



+)(6- + +)+]' 



3P, I' 

167rJo (o' + ^)[(o' + +)(6" + ,f-)f]'' 
3P, f- AL 



"16»J. (6.+ ^)[(„. + ^ 



f+)(6' + +)^f 
These are three equations to determine a, 6, and P^ in terms 
of ji, S, and a. From the last two we can dednce an equation to 
determine the eccentricity e of the ellipse in terms of the ratio 
A : B. By writing a't^ for ^ this equation becomes 

J "(l+.(.)'[(l-e' + *)*]' -'«(!-«■ + 



I 



*)*[a+0)*]* 



Supposing e found from this equation, we have 



J.[*(lH 



*)(l-»' + «]l' 

d(l> 



SO that, on eliminating a, we find an equation of the form 

^ =/■.■(», +»,)■/(«), 

or P, = lcJ 



.(61), 



I 
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where k^ depends only oo the forms and materiala of the two 
bodies. 

The condition (S) ia that outside the curve of pressure the 
surfaces remain separate, or that outside the ellipse 

This condition ia that 

when (3?ja? + y''ll^— 1) is negative, and 2 = 0. 

Now P is given by (60), which, when 2 = 0, may be written 

(^, + ft.) f = (a - -^^^ - ^y ) 



-/:( 



U' + V- i' + ^/[((l' + ^)(6» + ^)>(r]»' 
and when (a;, y) lies on the ellipse (k), and v > ^ > 0, the quantity 
l~jfl/(a' + -\^)—y'/(b'+>p-) is constantly negative, so that this 
condition ia satisfied. 

289. CircumitanceB of the Impact. 

The quantity a is the diminution up to time ( in the projec- 
tion on the common normal of the distance between the centres 
of inertia of the two bodies, ao that a is the relative velocity of 
the two centres of inertia parallel to this line. The preaaure P^ 
is equal to the rate of destruction of momentum of either body 
in the aame direction, so that P^ is proportional to — o, and we 
may write 

P,. = -a/k\ (66), 

where A, ia a constant depending on the forma and maaeea of the 
two bodiea. 

Combining this equation and (65) we have 

Multiplying by d and integrating we have the equation 

.l'-a,' + ik,k,a.' = (67), 

where a, is the relative velocity of the centres of inertia in the 
direction of the common normal at the instant when the impact 
commences. This ia really the equation of energy. 
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The greatest compression takes place wheo a vaoishes, a 
a, be the value of a at this instant 






..(68). 



Before the instant of greatest compression the quantity a increases 
&om zero to a maximum S], and a diminishes Irom a maximum a, 
to zero. After the instant of greatest compression a diminishea 
from Oi to zero and a increases to a„. The bodies then separate 
and the velocity with which they rebound is equal to that with 
which they approach. This result is in accord with Newton's 
Theory. It might have been predicted from the character of 
the fundamental assumptions. 
The duration of the impact is 

da 



^i: 



v(«.'-jt,i.-,«')' 

lit 






..(69), 



= ?-'(2-9432) nearly.... 

whei-e a, is given by (68). 

The duration of impact therefore varies inversely as the fifth 
root of the initial relative velocity. 

The compressed surface at any time t is given by the equation 

where Zi and z, are given by (48), and the curve of pressure is 
given by the equation 

x'la'' + y'jb' = 1. 
where a and b are given by (62). 

290. Case of two splierea. 

When two spheres impinge directly with relative velocity u, 
%, = v. Let m, and m, be the masses, and Vi and r, the radii, then 
when the pressure is P, 



t, = (7Hi + mi)/m,ni,. 



A 
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We also have A, = B, = s~ > 

80 that ^ = B=i(l/n + l/'-.). 

Hence a = b and the curve of pressure b a circle, while t 
compresBed surface is part of a sphere of radius r such that 
{% + %)lr = - ^,/r, + a,/n - 

Also we have 

* (r, ■^ fj =<*' + *■> 16W / . (TT*?V* " 32^'*' 
from which 

and therefore the duration of the impact is 

For the particular case of equal spheres of the same material 
the duration of the impact ia 

(^•^*^<^(-- 'J ..<,,,, 

Experiments by Hertz, Schneebeli, and Hamburger on the 
impact of brass spheres and steel spheres and of spheres of ivory 
upon glass plates agreed very well with the theory, (See F. 
Auerbach in Winkelmann's Bandbuch der Phyaik, pp. 304 and 
305). 



-]\., 



..(71). 
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GENERAL THEORY OF WIRES NATURALLY CUHVED. 



291. Klrchhoff's Theory for wires naturally curred. 

In art. 2i2 we have explained the elements of the theory of a I 
pod or wire whose elastic central-line when unstrained is not straight, j 
and which is such that, if it were simply unbent by turning each I 
element through the angle of contiugeiice in the osculating plane, 
and each osculating plane through the angle of torsion about the I 
tangent, it would not be prismatic, Recalling the notation there 
employed, we suppose that iii the unstrained state the component I 
curvatures in the two principal planes are k aud X, and that one 
principal axis of inertia (1) of the normal section through any 
point makes an angle tf>a with the principal normal at the point*. 
Then if p and er be the radii of curvature and tortuosity of the I 
elastic central-line before strain, we have the rates of rotation of I 
the principal torsion- flexure axes about themselves as we pass [ 
along the elastic central-line given by 

K — sin ipjp, X = cos tj>„lp, T = dtpjds + l/o- (1). 

After strain we construct a system of moving rectangular axes 
of iv, y, z whose origin is at a point ¥ of the elastic central-line, 
whose z axis is the tangent to this liue, and whose {s,x) plane 
contains the tangent to this line and the line-element that in- 
itially coincided with the principal axis (1) of the normal section. 

Let P" be a neighbouring point on the elastic central-line, let 
ds be the unstrained length of PP', and ds' the length after strain, 
and let 

ds' = ds{l-fe) {2). 

BO that e is the extension of the elastic central-line at P. 

As we pass from P to P' the system of axes of x, y, z will J 
execute a small rotation whose components about the axes of x,y,g I 

' The Btadcnt reading this ahaptei tor the hi»l time is advisBd to work o 
aita. 2g2to2g6 wilh^„ = 0. 
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at P are taken to be K'ds, \'ds, r'ds ; then «' — «, X' — \, are the 
component changes of curvature, and t' - t measurea the twist. 

We have seen that the stress -couples at any section are 
A {k — k), B (X' — \), C (t - t), where A and B are the principal 
flexiiral rigidities, and C is the torsional rigidity. 

As there ia some controversy' about this result it may be as 
well to indicate another method of proof We may adapt the 
theory of arts. 250 to 257 to our purpose. It is not difficult to 
shew' that the relative displacements of points within an elementary 
prism are connected by equations of the same form as (T) of 
art. 251 with «' — «, X' — X, t' — t written in place of k, X, t. We 
shall have the same classification of cases and method of approxi- 
mation as in art. 252, and we can deduce similar results. We may 
conclude that whenever there is flexure the stress-couples are 
given by the forma stated, but the stresa-resultants are unknown, 
and that, when the elastic central-line is simply extended, there is 
a tension T equal to the product of e, the Young's modulus, and 
the area of the normal section, and the remaining stress-resultants 
and the stress-couples are unimportant. 

292. Znflnltely small dliplacetnenti*. 

We shall now suppose a wire which in the natural state is 
I finitely curved to be very slightly deformed. It is supposed that 
the wire is of uniform section, and before strain its elastic central- 
line forms a tortuous curve of curvature \jp and tortuosity l/<r. 
The principal axes of inertia of a normal section at its centroid 
make with the principal normal and hinormal before strain angles 
equal to ^D, some function of the arc a measured from a fixed 
point on the elastic central-line. The deformation is such that 
the centroid of each normal section moves through distances w, a, 
V parallel to the tangent to the elastic central-line and to the 
principal axes of inertia of the normal section in the unstrained 

' SeeBasBetonthe'Theorjof EUatioWiroB'. ProctDnd. JWa(/i.Soc.xxii:.]8fl2. 

' We Bhall be obliged to undertake a precisely Hiinilsr piece of work later in 
DODnexion with tiie tLeorj' o{ thin elastic BbelU, (eee below, ch. izi.) aod it ia not 
necessary to give the oarrespondiOR investigation bare. 

■ Ct. Miohell, iltttrnger of Matlumalicn, iix. 1890. Tbe investigatioDB there 
given are less general than those of this chapter inumoch as the section is taken 
to be circular, and an aMumptioo is made which is eqaivalent to aupposins that 
the same set of transveraea of the wire which are initiall; principal Dormala 
« principal normals after strain (cf. art. 242). 
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state, while the line-elements initially coinciding with these £ 
execute small rotations. We shall consider in the Br&t place t 
deformation of the elastic central-line. 



Fig. M. 

Let P be a point on the elastic central-line, and draw from thd 1 
nnstrained position of P a system of fixed axes of f, ij, f which I 
coincide with the unstrained position of the three lines of reference ' 
above mentioned- In figure 44 the dotted lines shew the prin- 
cipal normal and binormal of the elastic central-line at P. The 
axis f makes an angle i^o with the principal normal, and the axis 
71 an angle 0o with the binormal. If we imagine a system of axes 
to move along the unstrained elastic central-line so as to be at 
every point identical with the principal axes of inertia of the 
normal section and the tangent to the elastic central-line, these 
axes will coincide with the axes of f, tj, f at P, and their positions 
at a neighbouring point P' of the elastic central-line, distant da 
from P, will be obtained from those at P by a translation ds along 
the axis {f, and rotations sin ipads/p, eos tf)eds/p, d<fio + dsliT about 
the axes f, ij, f. The system of moving axes thus obtained is the 
system of lines of reference for the displacements u, v, w. 

Let f, ij, f be the coordinates of P after strain and f + rff, 
7} + di}, f-t-df those of the neighbouring point P'. Then f , jj, f 
are identical with u, v, w. but rff, drj, df are not identical with 
da, dv, dv/, since u, v, w are referred to moving axes. In fact we 
have 

d^ = du — vl dif>^ -I- — J + w cos tf>a — , 




- wsin Aj— -1- ufddoH — ) , 



..(3). 
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If da' be the stretched length of PF we find, by squaring and 
adding and rejecting squares and products of u, v, w and their 
differential coefficients, 



(tfa')' = d«= 1 + - 



C08^, an^V 



If e be the extension of the elastic central-line, ao that 



e shall have 



dw 



co8^ sin ^n 



k 



■"-o . 



, (6). 



I 



and the condition of inextensibility L 
dw cos A. 

J- - U ^° + V 

as p 

293. Currature and Tortuosity. 

Let \,, fis, V, be the direction-cosines of the elastic ceDtral-line 
PP' after strain referred to the lines of reference of u, v, w, and 
It, wij, n, the direction -cosines of the same line referred to the 
axes of f, 7}, f. Then I,, m,, n, are identical with X,, /t,, v,, but 
dlf,dmf,dn, are not identical with dk,,dfif,di/,-, in fact 

ds\ ^ . ds 

— -(- f, cos d. — , 

<r; ^ p 



dl3 = dX3 — fH[d<f>t 
dill, = dfii 



■'t sin ^, 



ds 



■ in 



dti, = dfj — Xj cos (L — \- fi,eia tk, — 
P P 



Now \i = l^ = d^lds', fit-m, = dt}/d 
or, neglecting squares and products of u, ' 
coefficients, we have 



', v, = n, = d?/rfs'.,.(8), 
, w and their differential 



X. 


da 

-a 


th 


"5 


Vt 


= 1 






\\ 



sin ^0 idA. \\ 



■ (9). 



From these dl,, dm^, dn^ are easily written down by (7). 

The angle of contingence of the elastic central-line after strain 



-IF 



-(t^ 



is {{dl,)' + (din>)' + idrt,y] ; and. rejecting squares of u. v, w. 
may omit (rfwj)'. We thus get for the angle of contingence 

From thia we easily find the curvature of the elastic central-4 
line after strain by dividing by ds' or 



-(f-^)|£-« 



ds p ' p 

If p' be the radius of curvature, we have, rejecting terms of thi 
second order in u, v, w, 

1 1 1 J dw COB 00 

p' p^p\ ds '^ p p 

['ds 

('#« + 1^ 1^ _ w ^-^ -*• -t- 1. Z'^*" 
\da tr) {da p 

\ a (dv BID <^, fd<i>a 

p 

COS^o 



+ coe 0, 



[d<da_ 
ld,\di 






^<t-^m 



^{t--im-a-i)^ 



ds\ds p \ds a)) 

(11). 

where the first line vanishes if the central-line be unestended. 

Let X', fi, v' be the direction -cosines of the binomial of the 1 
elastic central-line after strain referred to the lines of reference of 
u, T, w, and V, vi', n' the direction-cosines of the same line referred 
to the axes of f, ij, f. Then as before I', 
\', p.', v, but 

1 (rf0„-l- - l-t ■ 
and d/m' and dn' are given by similar equations. 
V s^^ 

ni^n, — rijdm, nidt, — t,dvj 




i are identical with 



df = d\' - 
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Observing that f,, mi, and da, contain i 
u, V, w, we can siniplify these tu 



I terms independent of 



- =^ = 



Again. 

and 

no that 



— dull dit l^m,— m/ili 



W-^ -».*-[- '^^x.- 



-M. A- 



Hence the square raot of the aura of the squares of the denomi- 
nators of (13) is ultimately the square root of (d/,)' + (dm,)" and 
this has been already found. 



r, w we find 
sini^, 
P 
jd^-t \\ (rfu 






:)} 



T\] 



Rejecting squares of u 

m -..in*.cos4^{^£-v(*.l).„=^.| 

, ~ ,.\d {dn /ddt, l\ cosdj 



, [dr sin 

-008^ -,--»-- 



ldi.l\. 



With these valut 

dC = dX' - 

dm' = dft' — 
dn = dv - 



of X', ^', v we have further 



. t^ 



ds 



- coa 00 ■ 



\' cos tf>„— +(!.' sm 0, 

and the measure of tortuosity l/o-' of the atrained elastic central- 
line is given by 

ljtr'=\(diy + (dmy + {dny]*lde' (16). 

The principal normal of the strained elastic central-line haaj 
direction-cosines proportiona! to dl„ dm,, and diij,, and the squfuvl 
root of the sum of the squares has been already found. We get J 
therefore fttr the direction-cosines /, m, n of the principal normal 
1=1.'. m--\'. 

\du fd^t 1\ cosijfro] 

\-d,*ii*^-y\ (17), 

. , (rfv sin A, , (d^ , 1\) 

where fi and X' are given by the first two of (14). 

294. Simplified farms'. 

All the esprcBsious that we have obtained become very much 
simplified when ^ is identically zero. This will happen if, in the 
natural state of the wire, either the sections are circular, or one 
principal axis of inertia uf each normal section lies in the osculat- 
ing plane of the elastic central-line. 

For this case we find the following : 

The extension of the elastic central-line is 



..(18). 



The direction -cosines of the tangent are 
rfu V w rfv u 



' Some or the results have been givsn by Micbell aod Basset. 
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; after strain ia 1// 



a' p d/f 



n 1\ 



■2a!v 



dn\ 



_ .j„ ^ j„ _ J "^ 



jrfa 



tfcl,, 



*.W" 



* 



.. (20). 



The directioD-coaiaes of the principal normal to the atrained 
elaatic central-line are I, m, n, where 

1.1, 1 

{du 



{±(dv n\ l(dn_v w\l 



..(21). 



-(f--^ 

Vofl IT 



The direction-coaines of the binormal are I', m 

I. 



^-^m*')^- 



..(22). 



/dv u\ 



To find the meaaare of tortuoaity l/a we have 

^iit-h p 

while all the terms in dm' and dn' are of the same order 
Hence 

p/rfll V , w 



the terms in dm' and rfn' are of 
dvi u\ ri d f ti /dv u\ 



Vrfs 



= ai''d»ldF + ^J + 






where the last term vanishes if the central -line be unextended. 
29fi. Tbe lines of reference. 

For the purpost; of forming the etjiiations of elaatic equilibrium 
or small motion of the wire we have to investigate expressions for 
the quantities k, X.', r' introduced and defined in art. 242, A 
system of moving rectangular axes of «, y, i is to be constnicted, 
with its origin at a point P of the strained elastic central-line, 

11—2 




the axis z coinciding with the tangent to thiH line after atrcun, 
and the plane (j, z) containing the Hue-element which before atra 
coincided with that principal axis of inertia of the normal sectionfl 
at P which was inclined at an angle ^„ to the principal normal. 

We shall suppose as in art. 232 that, referred to the fixed axei 
of f, t), % at /-■, these axes of m, y. z are given by a scheme of S 
direction-cosiu es 

f 1 



. (2«). 



f 

' k, 
V k. 

Z It, ITit, V, ' 

and we shall further suppose that, referred to the lines of reference 
for u. V, w at P (art. 292), the same axes are given by a scheme of 
!> direction-cosines 



z v., Ms. V, I 

Then e.g. I,, m,, n,, are identical with X,, fj^. v^ but 
^ ds 



., - Ml ( "^00 - 



■ (26), 



and the differentials of the others are given by similar equations. 
In particular ti, m,, n, and their differentials have already been 
found in art. 293. 

After strain the line-element (1) which initially coincided with 
the axis f will make an angle ^-rr — y with the axis (3), where y is 
indefinitely small, and the plane through the Unc-elements (1) 
and (^3) which initially coincide*] with the plane (f, f) will make an 
indefinitely small angle /3 with the initial position of the axis (1). 
The direction-cosines of the strained position of the line-element 
(I) are ultimately 1, /3, 7, and we can find the direction -cosines of 
the axes if, and y, in tei-ms of those of the axis z and the angle ff. 

The condition that the lines (A,, ^a,, v,), (1, ff, 7), (X,, ^, k,) lie 
in one plane is 

I ^1 Ml "i 

I I ^ 7 =0, 

' Xa Ml ''1 ' 
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and the condition that (X,, ^i, c) and (X,, /f,, v,) are at light 
.ingles IB 

X,Xs + MlMl + "l"! = 0. 

Solving these, and riiinembering that ,8, -y, and X,, /ij are very 
small, while v, is ultimately unity, we find 

X, = l, ^^&. v, = -\, (27). 

Since (Xj, fi,, v,) is at right angles to (X,, ^, v,) and to 
<X„ >*,, v,), we have 

X, = ~$, fi^=l. Vt=-tH (28). 

In these X, and /t, have the values given in equations (9) of 
art. '29n. ^^m 

296. Component cunratures and twist. ^^H 

We are now in a piisitiou to calculate «', X', t', where le'ds', 
X'ds', r'dn' are the infinitesimal I'otations executed by the axes of 
,c, y, z about themselves in passing from P to i*". Aa in art. 282 
we have JH 

«'(is' = i^i, + ni3d7?i, + n,rfn, = — |/^i,+ Ji4dni, + )i5</«,|, 1 ^^| 

X'ds' = m, + "i.rf"', + Jh^^n., - ■■^*®>' ■ 

r'dfi' = /^/j + m.din, + n^n, > 

As we have already found tit,, dm^, dn, we only require further^ 
i dXu diHi, dn,. 

da 



Now 



dl, = (fX, - /x, ^(£i^, + — ^ + c, c 



rfrti = tir, — X| COB 0, — 



J 



I ja . ■ , <^^ I''" /''^o 1\ , COS At) , ,, , da 

(30). 
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We therefore have, rejecting squares of ^, u, ■ 



-js r 



[SOT 



1-e) 


8[ll*o 


d Id-, 

"£15"" 


'i!i*-+ 
p 


-(f- 


^)} 


P 








1\ fdu 


'(f^ 


;)-- 


^}' 


tLz 


p 


**!{£- 


-C-^)- 


"7*} 




-(t 


-i){£"«'7*'^ 


«(t^ 


^)}. 




^l) 


-"^[£ 


"Ha 


-^» 


^} 




-Tit- 


'•^* + "(f 


....(311. 



where e is given by (6) of art. 292. 

We could hence find the new measure of tortuosity l/tr' by 

using the equation "''' = " +j~' f tan~' -,] . This would give us the 

same value as that found in art. 294 when i^„ = 0. We could find 
the principal curvature 1/p' from the equation 

(i//)'=.''+v 

and this will give us the same value as that found in art. 293. 

In the notation of art. 291 the values of k, X, t can be deduced 
from those of «', \', t' by putting u, v, w, ff, and e all zero and we 
find 

sin <&, . cos Aa d<L 1 

« = — - , X = — - , T = T +-■ 

p p as ts 

90 that, as already stated, these are the rates of rotation (per unit 
of length of the arc) of the lines of reference for u, v, w about 
themselves. 

297. Equatdons of equilibrium. 

We have already investigated certain modes of tinite deforma- 
tion of the wire, and for these k —k,\' — \,t' — t are finite while 
£ is infinitesimal. There will exist modes of infinitely small 
deformation continuous with these for which e -^ the unit of length 
is infinitely small in comparison with k'~k, \' ~\, t' — t. Iu 
these modes the elastic central-line remains unextended. and wf 



m 
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shall now investigate thi; equations of equilibrium on this suppo- 
sition, 

The equations of eijuilibriura of au element of the wire 
contained between two consecutive normal sections, when the 
wire is subject at every point to forces X, Y, Z and couples 
L, M, N per unit length, along and about axes coinciding with 
the two principal axes of inertia of a nojnial section and the 
tangent to the elastic central-line, can be written down in temie of 
the sheanug forces N„ N„ and the tension T, and the flexural 
couples 0,, G,, and the torsional couple H arising from the elastic 
reactions. The equations take the forms 

da ' 

as p \as 

dT ,r cosAi, , ,. siuiAo 



sin ,^„ 



-^r- 



-r-0, 



..(32), 



and 



da \da al p 



as 
dH c 



In these equations 



flin^\ 



,-«(v-S51*.) 



P 

dt. 



..(34), 



d. all 



where «'. X', t' are given by enuatinns (31) in which e ia put equal 
to zero. 

The above equations with the condition of inextensibility (5) 



d^_ 



18 <jta bin ^0 



constitute the general equations of efjuilibrium of the wire. 
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TLe class of cases here considered, viz. those in which t 
elastic central-line! remains uncxtended, includes almost all I 
are of any importance. Just as in art. 257 we can see that either 1 
this supposition (of no extension) is legitimate, or else in general 
the extension is the important thing. For example, in the case of 
a wire initially circular and strained into a new circle by uniform 
normal pressure, the extension gives rise to a tension which is of 
a much lower order of small quantities than the couple that arises 
from the change of curvature. Such cases are exceptional. More 
generally the reverse is the case, and the couples arising from 
change of curvature, although containing quantities of the order 
of the fourth power of the linear dimensions of the cross -section, 
are nevertheless of a lower order of small quantities than the part 
of the tension which is proportional to the extension of the elastic 
central-line and the area of the normal section. It is easy to see 
that the condition of inexteosibility and the equations of equi- 
librium in the form given in this article in general lead to as many 
equations as there are quantities to be determined, while if the 
condition of inextensibility be omitted and the couples be rejected 
as small, we shall have three equations containing T and the 
forces, which will be of the same form as the equations of equi- 
librium of an elastic string. 

298. Simplified forms of the equaUons. 

In the case where ^j = 0, explained in art. 294, there is a 

considerable simpUHcation ; we have in fact 

,^^_*i/'dvu\l/rfn_v 

p ds\da a) a\da a 

, ^ 1 (/ /rfu _ V w\ 1 /dv 

p ds\ds a pj a \da 

. d^ 1 1/rfv u\ 

t'= ,- + - + -b-+-} 

The equations become 
dN, 

da' 
dN, N, 

ds ^V' 

dT N, 





299] 



SMALL VIBRATIONa, 



do,_e, 

lU <T 

dO, 
di 

dsq, 

da p 



.iCt + 1 

ds\ds a 



and the condition of inextensibility is 
dvr u 



-:)]• 



>...(38), 



ds 



- = . 



299. Equations of Small Motion. 

The equations of sinail motion or free vibration will be found 
from the above by replacing the forces X, Y, Z and couples L, M, 
JV by the reversed effective forces. 

Instead of — Xdn we have to write the rate of change of 
momentum parallel to a: of the element included between two 



. 3^ 



where o> is the 



normal sections distant ds. This is p,o>d6 
area of the normal section and p^ is the density of the material. 
The quantities that replace Y and Z can be found in the same 
manner, and we have, corresponding to equations (36). 
dlfi M, T ?fu 

dN, N, d'v 

3r_jv, _ 3»w 

ds p ' ^''" SP 

Instead of — Lds we have to write the rate of change of the 

moment about the axis x of the momentum of the same element. 

This is - p^dski' S7j ( a~ "'" ~ ) ■ ^° ''*"* ™anner instead of - Mds 



..(40). 



I 
I 
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we have; to write p^dslcj' ^-, ( ^ 1--|, and instead of —Nd»\ 

'^ dt' \03 a- pj I 

we have to write p^axisk' — , where as in art. 262 k\, h, and k are I 

the radii of gyration of the normal section about the line-eiemente 1 
1, 2 and 3. Hence we have the equations of small motion corre-* 
sponding to (37), 



'da ' 
3ff, 



N,- 






^7-;). 






In these equationa 



G, - E^k; 



G, = i'ojiv 



- p..i- 



dsxhs 



(r\9« T p/ 



rs /ai 



,du_v w. 



1 /3v 



..(42). 



//. 



Also (7 is the torsional rigidity of the wire (cf. arts. 254, 264), and 
E IB the Young's modulus of the material for pull in the direction 
of the elastic centml-line. 

The above equations with the condition of inextensibility (39) 



9w^u 

9s p' 

constitute the general equations of small vibration of the wire for 

those modes in which the extension of the olaatic central-line may 

be disregarded. 

There would be no difficulty in writing down for small motions 
the equations corresponding to those of art. 297 in which 0o ia not 
zero. 

300. Circular wire bent in its plane. 

The simplest application of tbe equations of equilibrium will 
bo found in the ca.se of a naturally circular wire which if simply 
unbent would be prismatic, and which ia bent in its own plane. 
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Suppose a is the radius of the circle which coincides with the 
elastic central-lino of the wire in the unstrained state, and suppose 
that one principal axis of inertia of each normal section before 
strain coincides with a normal to the circle of radius a. and let $ 
be the angle between the radius to any point of the wire and a 
fixed radius ; then we may replace ds by add. 

Let u be the displacement along the noi-mal inwards, and w 
the displacement along the tangent in the direction in which 8 
increaseB, then the condition of inextensibility is 

S- <«)■ 

Since V, ^ and l/o- all vanish, N.., G, and H vanish, and the 
general equations (37) when there are no applied couples except 
at the ends become 

'^■ + r+,Y«-0. ;. (44), 

where Xadd, ZodS are the normal and tangential cnmponents of 
force on the element adB. 

By using (38) and (39) we have for the tiexural couple 

,, B (rf-w dwl 

From the first equation of (4-1) we have the shearing force JV, 
given by 

^-^(S-S) <-)^ 

from the second equation of (44) we have the tension T given by 

^-f.(S+S)-^« <")^ 

and from the third equation of (4-4) we have the differential 
equation for w 
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This equation is identical for the case of equilibrium with that 
which has been given by Prof. Lamb {Proc, Land. Math. Soc. SIX. | 
1888, p. 367). The following examples with the exception of 6* 1 
arc given by him'. 

1°. When the bar is subjected to terminal couple N only, the 
central-line remains circular but its radius is reduced by the 
fraction NaJB of itself. 

2". When the wire is of length 2ao and is subjected only to j 
forces X along the chord joining its extremities, the displacements ] 
are given by 

w = - a»^ ^ (cos a + i cos fl)/B. 

u = - a'Z (cos a + i cos e - J fl sin ^)/iI. 




Fig. iS. 



3°. When the bar is bent by equal and opposite forces Y I 
applied at the extremities of rigid pieces attached to the ends the f 
displacement w is given by 

yi = ^'Yesin0/B. 




Fig. 46. 

4°. A circular hoop is subjected to normal forces X at the 
extremities of a diameter. 
When w>e>0 

and when ~w<0<0 



' Tbe reHultfl only are here stated, and the atadent U Tecommended to supply < 

the Decessary analysis. 



CIRCULAR WIRE 8L1GHTLT BBNT. 




Fie. *T. 
The correspouding values of ii are easily written down. 
It may be readily deduced that, aa noticed by Saint-Venant', 
—7 — Tj , while the perpen- 
dicular diameter is increased by _ 

6°. When a circular hoop of weight W is suspended from a 
point in its circumference 

w = -^-^(((9-7r)'-'8ine + *(e-7r)cos5-4{fl-7r)-Tr-8ine|. 

being measured from the highest point. By comparison with 
the preceding it appears that the increaBe in the vertical diameter 
and the ahortening of the horizontal diameter are each half what 
they would be if the weight W were concentrated at the lowest 
point. 

6°. A circular hoop of mass m per unit of length rotates round 
one diameter which is taken as axis of y (see (ig. 48) with angular 
velocity a. one extremity of that diameter being fixed. Its central- 
line describes a surface of revolution about the axis y whose 
meridian curve is given by the equations' 
. . mtoW sin' 
'-■'•"'«+ i2B ■ 

,, ., mm'o'(I-0O»"«) 
!, = «(1-O0i,9) ^Jjj '-. 

being measured from the centre and the vertical diameter. 

I }Kinoire$ .iir la Rffittancf dfi Solidei.... Paris, 1844. 

' O. A. V. Peschka. 'Ueber die Formveriiiideraiigeii prisnMtijMher Stibe dnrch 
Biegting'. Schlomilch'a Ztituhrift, xiil. 1868. 
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Fig. 48. 

The diameter (marked y in the figure) about which the wire 
rotates is shortened, and the perpendicular diameter lengthened by 
the same amount ^moaW/B. 

301. Circular wire bent perpendicularly to iti plane. 

As a simple example involving displacements not all in one 
plane we may consider the case of a naturally circular wire bent 
by forces applied perpendicularly to the plane of the circled 

Suppose the wire supported at one end and its plane horizontal, 
and suppose a weight W attached to the other end. 









Fig. 49. 

Let a be the radius of the circle, and d the angle between the 
radius vector drawn to any point of the elastic central-line before 



' Resal, Lioaville*8 Jottnial, iii. 1877, and Saint- Venant, Comptes RendtM^ xvii. 
1843, pp. 1023—1081. 
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etrain and that drawn to the point of support, and suppose the 
L weight W attached at the point 0=a. 

The equations of equilibrium become 



- Jf , - 



..(19), 



(JG, 
dS 
dG, 

de 

dH 



. +Nfl,.0, i- (50). 



The conditions at the loaded end are JV, = 0, A\= W, T = 0, 
l«nd(?, = (>, 0, = 0, ir = 0. 

From equations (49) we find 

JV, = const. = W, 
if, = 0, and r-O; 
[ so that the firet and third of equations (50) become 
dG. 

de "• 

dS 
dfO,, 



Wa-O, 



i + 0,-0; 



so that we ha' 



■ (52), 



0,= WaBin(a-0). 1 

H==Wa[l-cos{a-e)]\ 

where H is found from the first of equations (51), and the 
constants have been chosen bo as to satisfy the conditione at 
the loaded end. 
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Now, by (38), these equations give us 



dg 
'IS' 



- sill ia-0). 



""-|i-cos(.-e)|J 



. (SS), 



where y9 is the angle defimng the twist, and v the vertical dis- j 
placement downwards. We deduce the equation for v 

and when v is found from this is given by the first of (53). 

The horizontal displacements u and w are given by the ] 
equations 



„ B fdhi _ \ 



rfw 

S« = °' 

and the terminal conditions at 6 = a require that G, = 0, and then ] 
from the terminal conditions at ^ = we find that u and w both , 
vanish. 

It appears from (23) of art. 294 that the left-hand member of 
equation (54) is o."/ff', where 1/ir' is the measure of tortuosity of j 
the curve mto which the elastic central-line is defoiTned. Equation j 
(54) is identical with one obtained by M, Resal. 

The solution of this equation involves three arbitrary con- 
stants which can be lietermined from the conditions that hold 
at the fixed point ^ = 0. If we suppose that at this point the 
tangent and normal are fixed in direction we find, as the terminal 
conditions, v = 0, dv/dO = 0. jS = when 6 = 0. The last is derived 
from the expression for the direction-cosines of the line initially 1 
coinciding with the principal normal given in (27) of art. 294, or I 
directly by considering the meaning of /3. 

It will be found that the vertical displacement v is given by J 
the equation 
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■.^^K- 



sin 6) — siDa(l —cos 6)] 



^4Wa-(^-^)[^c. 



Ha-O)- 



.8«j...(55)'. 



If the wire be of isotropic material and circular section, the 
tdius of the section being c, then A = ^Trc'Ji! and f?=Jirc*^, 
Inhere £ is the Young's modulus and /* the rigidity of the 
f material. 

302. Vibrations of Circular Wire. 

As an exam]>le of the application of the theory to vibrations 
let us consider the small free vibrations of a naturally circular 
wire of circular eection. Let c be the radius of the normal section, 
and a the radiue of the circle formed by the eliistic central- 
line in the unstrained state. We may replace p in the equations 
' of art. 299 by a, and da by ad6. Also we have to write 
(t,' = jt,' = ic'. A;'=ic', 
= trc^. Thus our eqnations become 



djf, 
dT 

ie 



SG, 

de ^ 






..(36),- 



»r 1 ^/ S'u ^^v^ 



= J»/j,(A> J 



_ffv\ 



=»^'S(»-S) 



•^'•'A: 



' Tbia does not agree with tho result giren by M. Baaal, but 1 do not under- 
stand his analysiB, For a = It il agrees with the result given by Samt-Venant. 
L. II. 19 
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with the condition of inexteitBibility ^^H 

3w/a^ = u (59). ^H 

These equations can be separated into two sets', viz. tfa«^^| 
condition (59) with the first and third of (56) and the secood <^^^| 

(57) and (58) form a set of equations connecting u, w, G,, Ni, s.a^^^M 
T, while the second of (56) with the first and third of (57) and^^H 

(58) form a set of equations connecting v, ff, G„ H, and N.,. ^^M 

303. Flexural TibratlODS in the plane of the circle. ^H 

The equations connecting u, w, 6„ JV,, T can be reduced tc^^| 
the forms ^^| 

If we neglect "rotatory inertia*" we must reject the rigl^^^H 
hand member of the second of these equations; and then it i^^H 
easy to eliminate N^ , and obt^ the equation for w. ^H 

Supposing w X e**^, so that 27r/p is the frequency, and writin^^H 
m'-tfpfi'lEe- (61), ^1 

wehave |J + 2g.(l - »=)|| +»■» - (62). fl 

The solution of this equation may be written in the form ^^M 

w = A jcos 71,0 + At COB nj9 + At cos ritS + B, sin iit^ + .... ,^^| 

where ni', n,', n^ are the roots of the equation ^^M 

„.(„»_ l)=_(„* + l)m' = (63).^^| 

' Tho Bsme thing faolds good whatever the iiiiti»l form of the wire niBj ti^^^l 
provided only its elastic central-line in a plana carve in ft prinoipal plane of ihE^^^ 

' There ia no difficult; in the matlieiDaticat «ork when TotHtorj' inertia' ii 
cetained, but the results are Homewhat more complicated and the physical interest 
is diminiahed. The student may work out the correction (or ' rotatory inertia '. 

M 
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WheD the wire fonns a complete circular ring' 
And then the frecjuency-equation is 



P'-i 



p«<t 



U 



,.(64). 



The number n is the number of wave-lengths in the circum- 
ference of the ring. The frequency is of the same order of 
magnitude as in a straight bar of the same section whose length 
is equal to half the circumference. For the modes of low pitch the 
-sequence of the component tones in the two cases is quite different, 
but when n is great the frequencies tend to become idetitical. 

When the wire does not form a complete circle it is convenient 
to take the origin of at its middle point. Considering the case 
where the wire subtends an angle 2a at the centre of the circle, 
and has free ends, we shall have at either end G, = 0, N,= 0, 



T = 0, HO that at 8=±a i 



y 



! have 



a^ + s^^**' 

^vr ^w , 3w _ 



. (65). 



and in virtue of the lirst of these and the differential equation 
(62) the last may be written 

fwd0=O. 
The fundamental modes' fall into two clas.se8 according as w 
is an odd or an even function of 0. Taking first the case where w 
is an odd function the coefficients A vanish, and the coefficients 
B are connected by three linear relations which are easily written 
down. The elimination of the ffs leads to an equation which 
may be shewn to be 

n,'(l — V)("a'-''j') tann,a + n,'(l — n,*) («,' — V) tan n, a 

+ n,' (1 - n,*) (n,* - V) tan Wt o = (66). 

This is really an equation to find m. 



1^^ rSoUflf 



in Crelle-Borobardt, lijui, 1871, and Lord RajleLgh'a Tlienry a 
Bound, vol. 1. p. S24. 

Tbu work of veril^ng thia and the foUowiog sUtenicnts le lelt to the render, 

12—2 



In like manner, when w is an even function the coefficients B 
vanish, and the jI's are connected by three linear relations. If 
these be written down, and the A'a eliminated, the n's will bt- 
connected by an equation which may be shewn to be 
n," (1 — III*) (n,* - Ji,') cot n, b + ti,' { 1 - n,') (n,' — n,') cot )i,o 

+ ih*(l -n,')(n,'-n,')cot»,a = (67). 

and this is I'eally an equation to tind m. 

For a discussion of the results the reader is refen-ed to Prof. 
Lamb's paper ' On the Flexure and Vibrations of a Curved Bar ' 
in P7-0C. Loud. Math. iS'oc. XtX. 1S88. When the curvature is 
very slight the motion is nearly the same as for a straight bar of 
the same length, but the pitch is slightly lowered. 

304. Flexural vibrations perpendicular to the plane 
of the circle. 

Thu (.■i|iiations of art. 302 connecting v, 0, Gi, H, and N^ can 
be reduced to the foiins 



,„ c-/ a-js ;fi\ . c-itfi , w 



i «- -, («« - 35.) - l/'V (§8- + " 80.) + i'l'-^'' 






(70). 



To satisfy these equations we assume 

v = .de'<-*+p'l. a^ = Se-("*-t'") (69), 

so that p;2ir is the frequency. Then A and B are connected by 
the relations 

\p,.}f (4«' + n-'c-) - {Ert' + 2^) ^J nA ^ - (fi! + 2^) ^ n'B = 0. 

- {E + 2^) % A + \2p,p' - (£ + 2^71') ^1 -B = 

On eliminating A and B we obtain the frequency-equation' 

V.ya'(l + J»"^;) 

- W'«' [4(1'+ 2/»a') + "^f (£(1 + 2ii') + 2,« (2 + «')|1 

+ 2"J'(n"-l)"«/» = (!!). 

1 Tbia eiiuatioii was Hrst giveu by BaaBct. I'roc. Land. Math. Soe. xxin. 189' 
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This equation giviis two distinct values of p', aiid the Wbra- 
tions involving v and ^ are of two distinct types. Wc may 
approximate to the roots by regarding c'/a' as a small quantity, 
and then we easily find that there is a vibration of short period 
with a frequency given by 

/V = 4 - .'^ 

and a vibration of long period with a frequency given by 



. (72). 



p." = 



.(73)'. 



If we substitute pi* for p* we see from the second of uqnations 
^70) that A vanishes, and therefore the vibrations of short period 
involve no displacement of the elastic central-line. To a higher 
order of approximation the displacumenb v perpendicular to the 
plane of the circle is of the order c'/a' in comparison with the 
displacement ad duo to the torsion. The vibrations of short 
|)eriod are therefore almost purely torsional. We shall return to 
the discussion of these vibrations presently. 

The vibrations of long period involve flexure perpendicular to 
the plane of the circle. We shall suppose the wire forms a 
complete circular ring'. In that case the quantity n must be an 
integer, and it is the number of wave-lengths in the circumference 
when any normal vibration is being executed. Remembering the 
i-elation ff=2^(l + <T) connecting the Young's modulus, the 
I'igidity, and the Poisson'a ratio of isotropic material, we may 
[■ewrite the frequency equation (73) in the form 



p,' = 



p^i' 



..(74). 



Comparing this result with that in equation (64) of the last 
article, and remembering that a for most hard solids does not 
differ much from J, while n is an integer not less than 2, ive see 
tJiat the frequencies of the various modes involving flexure per- 
pendicular to the plane of the ring are almost identical with the 
fiequencies of the corresponding modes involving flexure in the 
plane of the ring. The difference, even in the case of the gravest 
' A result equivalent to ChiB wkb obtninul by Miohell. Memfnger of Mathe- 



iiiidDrBtioa of the ci 



e at free ends may aerre as an tnerclKe for the 



M»^- 



mode, IB such as would be oeglected in tuning by "equal 

temperameDt ". and for the higher modes it may be completely 
disregarded. 

It is must important to observe that the modes of vibration 
which involve flexure perpendicular to the plane of the ring 
involve also a twist of amount comparable with the flexure. The 

twist is ia fact - (o^ +^J , and the change of curvature is 

- i^ j . To the first oi-der of amall quantities, this change 

of curvature is not a change iu the magnitude of the curvature in 
the osculating plane but is the expression of a periodic change of 
adjustment of the osculating plane with reference to lines of the 
materia! and with reference to lines fixed in apace. The feature 
that distinguishes the modes in question from other modes of 
which the ring ts capable is the displacement of a point on the 
elastic central-line perpendicular to the plane of the circle, and we 
have thought that this characteristic is better expressed by a 
reference to the flexure than by a reference to the torsion. 

306. Toraional and eztensional vibratloDB. 

The torsional vibrations have already been partly considered. 
If we suppose that v is of the order c-/a' compared with a^, and 
reject terms of this order, we shall have nn approximate solution 
of equations (68) in the form 

v = 0, a|S = Sfi„ COB (nd + a) e'f-' (7-5), 

so that the elastic central-line remains flxed while the section^: 
rotate about it, The frequency pi/2Tr is given by the equation 
(72), which we may write 

p.'=„'^,a+<^+"') (76). 

The modes « = 0, n = 1 are the most interesting. When » = 

or ^ is independent of 9, all the normal sections are at any instant 
rotated through the same angle about the elastic central-line. 
There is in the technical sense no " twist ", but the vibrations 
depend on the extensions and contractions accompanying a con- 
tinual change of adjustment of the plane of flexure with reference 



^ 
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to the Tnaterial. The frequency of such vibrations is given by 

When n = \ the wave-length ia equal to the circumference of 
the circle, and the frequency is given by p' = /* (2 + a)lp^\ 

All the remaining modee of torsional vibration are of very 
high pitch as compared with the corresponding modes of flexural 
vibration, and those corresponding to n=Oand 7i = l are also of 
high pitch as compared with the graver modes of flexural vibra- 
tion. The fretjuency of any mode ia of the same order of 
magnitude as the frequency of torsional vibrations of a straight 
bar of the same material and of length equal to half the circum- 
ference, and for the higher modes the sequences of tones in the 
cases are ultimately identical. 

The extensional vibrations of a wire of any form can be 
iavestigated from the general equations of art. 299 by supposing 
that the couples and shearing forces vanish while the tension is 

.£<uj^ J. Taking the case of a circular wire the equations 

(56) of art. 302 give us 



df 



u E /aw \ \ 

E_/By du\ I 



dp p,a' Xdff' del 

Taking u and w proportional to e'l" 



frequency, and writing 



that 2-7rip 



n-+l=^-^^\ 



■ (78). 



we find without difficulty that u and w are of the forms 
u = n-' (A sin ne + B cos nff) e^"'. | 

w= (^ cos nS - fi sin n^ e"*, ) 

In the case of a complete circular ring ' n must be an integer, 
and the frequency when there are n wave-lengths to the circum- 
ference is given by the equation 



h"')., 



..(79), 



p witb free ends Id left to the reader. 



WIBES NATUBIXLT CUBVBD. 

The case Ji = correspouds to purely radial vibrations. 
these II IB independent of ff while w vanishts, and the frequency i 
given by 

E 
P'=—^ (80). 

The frequencies of the exteneional modes are of the same 
order of magnitude as in a bar of length equal to half the circum- 
ference, and the sequences of tones tend to become identical in the 
two cases as the number of wave-lengths increases. 

It will be observed that the vibrations we have described as 
" extenaional ° involve a change of curvature, and are therefore in 
some sense " fiexural ". The curvature of the elastic central-line is 
in fact increased by 

a' \de' "*" del • 

and, when the wire is free at 5 = and B^n, this is 



- A,sm- 



" &", 



where e is an integer, which is sufficiently general to express aay 
given initial condition as to curvature possible with free ends. 

If a wire be struck or otherwise thrown into vibration it 
becomes a question whether it will take up a " flexural " or an 
" estensional " mode, and we can be guided to a correct answer by 
general principles. For, in the first place, if two modes of deform- 
ation be possible involving the same initial changes of curvature, 
but of which one involvea no extension of the elastic central-line, 
the potential energy of the deformed wire in the flexural mode 
will have ultimately to that in the extensional mode a ratio which 
is of the second order in the small quantity (diameter of section) 
-!" (diameter of cirele), and the system will tend to take up that 
mode of vibration in which the potential energy is less. Again, 
the periods of the extensional modes are proportional to the 
diameter of the circle formed by the unstrained elastic ceatral- 
line, while the periods of the flexural modes are proportional to 
the square of the diameter of this circle and invereely proportional 
to the diameter of the section. The flexural modes are therefore 
much graver than the extensional, and it is a general principle 
that vibrations of low piti;li are more easily excited than vibrations 
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of high pitch. For example, it is difficult, except in carefully 
performed experiments, to make a straight rod vibrate "longi- 
tudinally " without setting up a ** lateral vibration " which tends 
to become predominant. 

The conclusion with regard to extensional vibrations of a 
<;ircular wire is that somewhat extreme conditions would be 
necessary in order to set them up. For example, purely radial 
vibrations of a complete circular ring are possible, but any 
deviation from uniformity in the initial displacement will tend to 
introduce flexural vibrations of much lower pitch than the radial 
vibrations. 



CHAPTER XTX. 



KLEMESTAKY THEOHY Of THIN PLATES. 



306. In the present chapter we propose to consider a theory j 
of the iDtiDitesimal flexure of a thin elastic plate. The general > 
theory of the deformation of plates is difficult, but the particular 
modea of deformation which we ahall here discuss admit of 
comparatively simple treatment, and they at the same time 
include most of those which are practically important, 

Ciiiisider a thin sheet of homogeneous isotropic elastic matter 
in its natural state, bounded by parallel planes and by a cylindrical 
surface cutting them at right angles. Such a body is a thin 
plate ; the plane bounding surfaces are called the faces ; the plane 
midway between them, the middlesurfitce; the cylindrical bounding 
surface, the edge; and the line in which the edge cuts the middle- 
surface, the edge-line. 

When the plate undergoes & small deformation the particles 
originally on the middle- surface come to lie on a curved surface 
which is everywhere very nearly plane. This surface will be called 
the strained middle-SJirface. The problem with which we shall be 
occupied ia the determination of the form of this surface when the 
plate vibrates or is deformed by given forces. 

Now in a very thin plate it is clear that it can make no sensible 
difference to tho form of the strained middle-surface whether the 
forces that produce bending are applied as tension or pressure to 
its faces or as bodily force acting on a small volume, and we shall 
found the theory on the principle that the external forces applied 
to an element of the plate bounded by a slender prism normal to 
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its tacea are sufficiently represented by their force- and couple- 
resultants'. The same applies to the stress across a section 
Dormal to the middle -surface, and to the applied forces on an 
element of the boundary. 

307. Stress-system. 

Suppose now that the plate is slightly deformed. Let us take 
a system of axes of x, y, z, of which z is the normal to the middle- 
surface before strain, and suppose that the plane faces are given 
by 2= + A, so that 2A is the thickness of the plate, and consider 
the stress across a normal section. 

Let P, Q, R, S, T, O be the six components of stress at any 
point. We have to reduce the stress across norma! sections 
perpendicular to the axes of x and y to force- and couple- 
resultants. 

Across au element of a normal section perpendicular to jc of 
length dy and breadth 2k the stress-resultants are such quantities 
an 

dy I Pds parallel to j-, 

and the stress-couplei; are such quantities as . . _-^ 

dy j - e Udz about x ; .^^^^^ 

all these quantities contain dy as &. factor, and the other factors 
represent the stress- resultants and stress- con pies per unit length 
of the trace of the normal section on the middle -surface. 
If we write 

I Pdi=p,. r qdz=P,, {" mz = T,. 

j" Tdz^Tu \" Udi = U, (1), 

and 

j'^Pzdz^G,. j" -Qzde = G,, j ' -{/zdz=H... i'2), 

then Pi, F,, T, are the stress-resultants parallel to the axes on the 
bee a! = con8t., U,, P„ T, are the stress-resultants on the face 
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•J = const., H and G, are the stresa-coiiplea about the axes of 
X and y on the face x = const., and G, and — fl" are the stress- 
couples about the axes of x and y on the face y = const., and each 
of these is estimated pei' unit leugth of the trace ou the middli^- 
Kur&ce of the phuic across which it acts. 

308. Equations of Equilibrium. 

Consider the equilibrium of an element of the plate bounded 
by its faces and by four planes w, a-\-dic, y, y + dy, which \a 
subject to the action of forces noiinal to the middle-surface and 
couples about axes parallel to the middle-surface. 



jr 





Fig. ao. 

Let the extemiil forces applied to the element be reduced to a 
force at {x, y. 0) of amount ZZhdcdy parallel to the axis z, and 
couples 2Llidj.-dy. 2Mhdxdy about the axes x and y. 

We can put down the components (parallel to the axes of 
*i y< *) of the stress- resultants on the four faces. 

On the face x we have 

-P4y, -U4y. -T,dy (3). 

parallel to the axes, and on the face m + dx we have 



r.dy + i 



^Si'' 



U,dyi 



{U,dy) d^, 



..(*). 
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(5), 



On the face y we have 

and on the face y + dy we have 

U,dx^^{ U,dx) dy, P4x + ^ {PM dy, 

T^ + ^(T4a^)dy (6). 

Adding together all the forces parallel to x, y, or z, and equating 
the sum in each case to zero, we obtain the three equations of 
resolution 



.(7). 



dx dy ' 

dx dy ' ' 

OX oy 

In like manner we can put down the couples about axes 
parallel to the axes of x and y that act on the four faces. 




/ \g.-^</g. 



Fig. 51. 

On the face x we have 

- Hdy, - 6idy, 

and on the face x-\-dx we have 

Hdy + 1, (Hdy) dx, G,dy + ^ (G^dy) dx. 



On the face // we have 

- Q4x, Hdx, 
and on the face y + dy we have 

Also the systems (4) and (6) give us moments 
r^dy, - T^daidy, 
about axes parallel to the axes of x and y drawn through the 
point («, y, 0). 

Hence the equations of moments about the axes of x and y are 

^' 9y I 



8« 

3G, IE 



T, + tkM-0 



L 



The equations (7) and (8) are the genera! equations of equi- 
librium of the plate when slightly deformed by normal forces and 
couples. 

The equations for P„ P„ U, and those for T„ T„ G,, G,. H 
are quite independent, and the latter are the equations on which 
the flexure of the plate depends. If we eliminate 2", and T, from 
equations (8) and the third of equations (7), we obtain the 
equation 

which is the general equation for the equilibrium of a bent plate. 

309. Internal Strain'. 

Consider a 8t.ate of strain in the plate characterised by the 
following properties : 

(a) the middle-surface is unextended, 

(6) line-elements of the plate initially normal to the middle- 
surface remain straight and normal to the middle -surface after 
strain, 

(c) there is no normal traction across planes parallel to the 
middle-surface. 



1690, Mid Snint-Venaiit'a ■ Annotated 




aTBAiN na ZLEUEirr of bent plate.' 

Let V be the deflexion at any point of the plate, i.e. w is to 
denote the displacemeiit parallel to the axis z of any particle of 
the plate initially on the middle-surface. The condition (u) will 
be satisfied if the diaplacement of the particle parallel to the 
middle-surface be zero, and if w be so small that we may neglect 
its square. 

If x,y,zhe the coordinates of a particle of the plate before 
atr^, and x', y\ z the coordinates of the same particle after strain, 
we shall be able to satisfy the condition (6) by taking 



9w 



3w 



...(:o). 



and then x ~x, y ~y are the component displacements of the 
particle parallel to the axes of x and y. Of the six strains e,f, g, 
a, b, e, three, viz. e,/, c are given by 

— _ ^ *•— _ ^ _ 

The condition (o) is that the stress R = 0. This enables us to 
obtain the component of strain g in terms of e and /. For 
isotropic matter with the constants X and ju. of L art. 27, we have 

(\ + 2fi)ff + Me+/) = 0. 

The state of strain above described gives a state of stress of 
which the component stresses P, Q, R, U are known, viz. we have 

j,_ V(».+M) . „_V(>_+rt,, 

X + 2/. •" 

U-iiC . R~0 I 

where a is Poiaeon's ratio iX/(X + /.), and e,f, c are given by (9). 
This state of stress gives rise to stress-couples 
/8V , _8V'i 



1 + 2,. *" + ■"■ ...(11), 



e,--o 



3*" 






9*w d'w\ 



f, I 0*w S'w 



..(12). 



where G is the constant f^' (\ + ^)/(X. + 2^). This constant will 
be called the cylindrical rigidity. Expressed in terms of the 



Young's modulus E and the Poisson's ratio a of the material 
we have 

C=gMV(l-0 (13). 

Now we shall aacume that when the plate is bent the state of 
strain above described is a first approximation to the state of strain 
that actually exists in any element of the plate ; and from this 
assumption it follows that the above values of the stresa-eouples 
are, to a sufficient approximation, correct values. The assumption 
will be hereafter verified in the development of the general 
theory. 

The general equation {!() for the flexure of a plate becomes 



^ di/* "^ »«%«> 






2A(Z4 



(14). 



310. Trantformatlon of StreH-reBultantA. 



For the expression of the boundary -conditions it is i 
to obtain formulse for the atresa-reauitants and stress -couples 
across any plane initially normal to the middle -surface. For this 
purpose we observe that the stress-re sultanta P,, P.,... being the 
integrals of the stress-components P,... with respect to z will be 
transformed by the same substitutions as the P,... while the 
stress- couples being the integrals with respect to z of the products 
of i and certain stress-components ivill be transformed by the 
same substitutions as these components. In fact G„ G, and H are 
traudformed by the same substitutions as P, ~Q and — U. 

Consider a plane perpend iculai- to the middle-surface the 
normal to which drawn on the middle-surface at any point makes 
with the axis x an angle 0, and regard this normal as the x' axis 
of a new temporary system of coordinates (a/, y', z') connected 
with the X, y, s system by the scheme 
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TRANSFOBKATIOK Or STRSSS-BESTTLTANTS. 

To transform the stresses to the new system we may use the for- 
■uulo! of I. art. 16 ; and, selecting those that we require, we have 

P'=Pcos'e+Q8m'fl+U" sin 2^,1 

U' = ^sm'2e{Q-P)+Ucm2$, (15), 

r=Ssm0+TcoBe J 

These formulae axpreas the component stresses per unit area across 
the plane in question in terms of the component stresses per unit 
area across the planes x and y, viz. P', U', T' are the stresses per 
unit area of this plane in directions respectively normal to the 
plane, parallel to the trace of the plane on the middle-sur&ce, and 
normal to the middle -surface. 

The force- and couple -resultants across the same plane can 
now be written down. We take the components of the stresa- 
resultant per unit length of the trace of the plane on the middle- 
surface to be P,', Ui. T,' in the directions of the normal to the 
plane, the trace of the plane ou the middle -surface, and the normal 
to the middle-surface ; also we take the components of the stress- 
couple per unit length of the same tine to be H' and Gi about 
the normal to the plane and the trace of the plane on the middle- 
surface ; then we have 

P," = P, co8= e-^P, sin' 5 -h t;, sin 2^, ^ 
U; = i sin 25 (P, - P,) -1- (7, cos 18, 

T,' =T,coBe + T,amS, I (16). 

G,' =0, cm-' 8-0, sin' 8-Hain 28, 
H'=^Bin2e{0, + Ot) + HcoB2d } 
These formulae express the stress-resultants and stress-couples 
across the plane in question per unit length of the trace of this 
plane on the middle- surface, in terms of the stress-resultants and 
stress-couples across the planes perpendicular to the axes of 
tr and y, per unit length of the traces of those planes on the 
middle-surface. 

311. Boundary -Conditions'. 

The boundary -conditions express the statical equivalence of 
the system of forces directly applied to the edge, and the 

I Thomson and Tsit, Hat. Phil. Part ii., ait. 646. 




mitni is the pmiow «rtide ben^ the pine mwnml to I 
aaiddle-flarfcee thn>a|^ the edge-tioe; 



ff X M-dH- 




If p bt! any point on the edj^-tine, we may lake p for tbi 
centre of an elementary rectangle whose dimensfona are of the 
aamo order u the thickuew, and reduce the system of forces acting 
on the rectangle to their force- and couple-resultants with p for 
origin. 

The fonKt-aystem has components per unit length of the edge- 
line which, in the notation of the last article, are F,' normal to 
the plane, If/ parallel to the edge-line, and T,' in the plane and 
porpondicular to the edge-line. 

The couple-syatem has components per unit length of the 
udge-Iinv which are 0,' about the edge-line, and H' in the plane of 
the edge. 

The systom P,', Gi' arising from forces normal to the edge 
ndmitN of no further reduction. 

The systt'm U,', T,', H' consists entirely -tf forces acting in the 
plane of th« rectangle. The couple H'ds on any element may be 
i-ogardod lu consisting of two forces each H\ acting at points on 
the edge-line distant dn and in direction normal to the middle- 
Burfaoo. If p. p' be the centres of two consecutive elementary 
rectangles, these couples are equivalent to forces —dH' in the 
direction of tht; normal to the middle- surface at such points as the 



- in the direction of the normal to the middle-auriaee, 
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point midway between p and p'. The diatvibution of couple H' is 
therefore equivalent to a distribution of force - ^— in the direc- 
tion of the normal to the middle-surface. The system Ui, T^', H' 
ia therefore reducible to two forces Pi' along the edge-line, and 

dH' , 
■'■ ds 
each estimated per unit length of the edge-line. 

Now let the forces ^, 25, ®, and the couples CS, |^ per unit 
length of the edge-line be directly applied to the edge in the 
directions of the forces P/, Ui, Ti, and about the axes of G,' and 
H'. These will be in like manner equivalent to a tension ^, a 
flexural couple (5, a tangential force JH parallel to the edge-line, 

and a force ^ — ^ normal to the middle-surface, each estimated 

OS 

per unit length of the edge-line. 

The equivalence of the two systems is expressed by the 
equations 

According to the above if ^ were increased by f, and IS. 
diminished by d^jds, no change would be produced in the 
boundary-conditions ; and therefore such a system of forces being 
applied to the edge of a plate produces no sensible deformation. 
This result is a case of M. Boussinesq's theory of " local perturba- 
tions". We have just seen that such a system is an equilibrating 
system on each rectangular element of the boundary. When the 
plate has a very small finite thickness the application of such a 
system of forces will produce strains which are negligible at a very 
little distance from the edge of the plate. 

The account just given of the boundary-conditions holds equally 
well whether the middle-surface is uneitended or the extensions 
that lines of it undergo are of the order of strains in an elastic 
solid. 

In the ease of intinitesiraal flexure unaccompanied by extension, 
which we are at present considering, the boundary-conditions are 
the last two of equations (17), and these are 

13- 



G,' = 




FLEXURS OP THIN PLATE. 

- cos' eG, + sin' 0G, + sm29H=-<S. 



.-a -,u,„y^^^j^^„y^---^^j 




- ^ Ism 8 coa 9 (G, + 0,) + if cos 25) 


+ 21(jlfcosS-i»me) = S-'^. 


Expressed in terms of w these equations become 

4'- <£ + '¥■) 




--■H"a>3>""^^*^-">a^]=-«'- 




[sin 9 ^ (V-w) + cos e 1^ ( Vw) 


...(IS). 


+ (l-.,^,{s.n.co,.f^-g)+cos29,|»}] 




-2A(itfc08^-Z8ill5) = -(®-^) 




If dn be the element of the normal to the edge-line drawn 
outwards, and p' the radius of cnrvature of this line, the above 
equations can be expreased in the forms 

„ rs'w /d'w 1 aw\i _ 



a[^(V^)+(i-,)^Q] 

- 2A (if COS fl - i sin ^) = 



?a^ 



This transformation is given in Lord Kayleigh's Theory of 
Sound, vol. I., art. 216. 

312. Tranaverae vibratiaiu of Plates. 

The equation of transverse vibration is obtained from the 
equation (14) by omitting the couples L and M, and replacing the 

force Z hy — p -^^ , where p is the density of the material of the 

plate. The differential equation is therefore 

3'»j. 8^4.2 ^ - ^M^"" ,501 
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When the plate is vibrating freely, the conditions that hold at 
the edge are (19) of the last article in which the right-hand 
membera are put equal to zero. When the edge of the plate is 
simply supported the couple €5 must vanish, but the other con- 
dition is that w = at the edge ; when the edge ia built-in w and 



vanish at the edge. 



In the case of a circular plate' the differential equation 
becomes 



, /3'w 1 3w 



2pkB>w 



= K*v/ say, 



/^iaia^>_ 

where r and are ordinary polar coordinates measured from the 
centre of the plate. 

Taking w proportional to ef', so that p/Z-n- is the frequency. 
the right-hand member becomes 

and the differential equation becomes 

To satisfy this we take w to vary as cos {n0 ■+ a), and then the 
general form for the displacement when any normal vibration is 
being executed is 

w = [A„J„(Kr) + B„J^{iKr)]ao>i{ne+a)e^ (21), 

where An and Bn are constants, and J^ is Bessel's function of 
order n. If the plate be not complete up to the centre terms 
containing Bessel's functions of the second kind will have to be 
added 

For a circular plate of radius a vibrating freely the boundary- 
conditions are 



/ 1 ^ 1 dw\ 



^w 



3 /gv 1 Sw id'v 



' The aotution is due to EirohhoFT. (OrsUe, u., 18S0.) The vibratioDfl ol 
illiptic platea have berai dUcuased b; Mfttbien in LiouTille'a Journal, i '""" 
ind bj BarthtiAmy in tlis laimoir/t de rAcadimit de Toulouit, tx., IB77. 
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The ratio of j4„:B„, giving the type, aad the equation for the 
frequency are easily deduced. We find 

g„ _ II' (1 - er) {<g J„' ixa) - J„ (<a)j + kW J„' JKa) 

_ (1 —a-) [km Jn'(jiC(l)-n'i7'n(*q)l +<'»' Jn(*o) 

" (1 - <r) [«a J„' (i*a) - n' J„ (t«a)] - *=ta' J„ (t«a) * 

For the discussion of the results, and the comparison with 
experiment, the reader is referred to Lord Rayleigh's Theory of 
Sov/nd, vol. L ch. X. 

313. EqulUbrlnm of Plates. 

(a) Suppose a circular plate of radius a- supports a load Z' per 
unit area symraetrically distributed'. 

The equation of equilibrium (14) becomes 



c^*%-^.^,? 



wif\ ' 



z\. 



,.(22), 



and as the load is symmetrical, w will he a fiinction of r the 
distance from the centre. Hence this equation may be replaced by 

The complete primitive of this equation is 

'^ = W% \■^^>■\%\^^^'^^<'■^■^^^^•^^'^•^^^<^■^^'^^'^''?>^■ 
h& particular examples we may note the following' ; — 

(1°) A circular plate supported at its edge r = a and strained 
by a uniform load. The conditions at the edge are 

- J BV o- 9w rt L 
w = 0, and a:;^ + ~ ^z = when r = a, 

and we find the deflexion at any point given by the equation 

1 Pouflon, Mim~ Atad. Parit, Tin., 1829, and Thonnon uid Tftil. Nat. Phit. Part 
n. art. MQ. 

' The results only are stated and the work U lelt to the roader. 
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(■2°) When the 
by the equation 



PROBLEMS OF EQUILIBRIUM. 

= a 18 built-in the deflej 



= B^TT {a' -»")'■ 



(;9) In the case of an elliptic plate' whose boundary 
(i*/a' + y'/fc' = l) is built-in, the deflexion produced by uniform 
load Z per unit area can be easily shewn to be 

and the deflexion produced by a load Z^x can be easily shewn 
to be 

i We can hence write down the expression for the deflexion of 
an elliptic plate whose edge is built-in when immersed in liquid, 
for in this case the load per unit area can be expressed in the form 
Z 4- Z-,m + Z^. 

(7) Taking the case of a rectangular plate' of sides a, h supported 
at the edgea. and taking axes of x and y through one comer of the 
plate, the differential equation for the displacement produced by a 
load Z' per unit area is (22), and the boundaiy-conditions are that 



jy 



= or iE = a 



= when y = or y = h, 



I 



d w = at all points of the boundary. 
The solution is of the form 



»T 



4 /■"(■*. 

ubJoJn 



[a- *¥) 
- sin -;-— yf dxdy. 



1 I am indebted to Mr Brjan tor these BolntioDs. 
' Saiut-VeoBnt's 'Annotated Clebsoh'. note rfu g 7il. 
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(1°) For & unifomi load 

16 Z' 
'"" ~ TT^nn C 
if m and n be both odd. In other casea Ann vanishes. 

(2°) For an isolated load W at the centre of the rectangle 

4 W . mir . n-TT 

A„- = — r -7= Bin -r— Bin -^^ , 

" ah C 2 2 ' 

and this vanishes unless m and n be both odA 

314. Bxamplea on the Boundary-Conditions. 

As further examples illustrating the application of the bound-l 
ary -conditions we consider the following problems ; 

(1") A rectangular plate bent into a circular cylinder whoe 
generators are parallel to two edges of the plate. 

We may take aa the formula for the displacement 

where « is small ; and then it is clear that at the edges y = const., 
which become generators of the plate, we require flexural couples 
Gj = Ck, and at the edges m = const., which become circular 
sections, we require flexural couples G, = - Co-k. 

If the couples (?, at the circular edges be not applied, there 
will be a tendency to anticlaatic curvature of the middle -surface. 
The problem of a plate bent into a cylinder of finite curvature has 
been considered by Prof. Lamb. (See below, art. 355.) 

(2°) A rectangular plate bent into the anticlastic surface 



where i 



i small, and the i 



v = Ticy, 
^es of X 



and 1/ are parallel to the 



k 



The torsional couples H.—B are constant, so that except at 
the comers no force need be applied to hold the plate. The forces 
at the comers reduce to two contrary pairs of equal forces 
(1 —a)OT at the extremities of the two diagonals acting in the 
direction of the normal to the plate. 

' Lamb, Proc. Load. Math. Soc. lu., 1890. 



CHAPTER XX. 



GENERAL THEORY OF THIN PLATES, 



SIS. PrellmlnaiT. The Curvature of Sur&cei. 

Before commencing the general theory of elastic plates it is 
necessary to pay some attention to the theory of the curvature of 
surfaces, The deformation of a plate depends largely on the 
curvature of its middle-surface. The theory of curvature may be 
presented in two ways depending respectively on measurements 
made in space about the surface and on measurements made on 
the surface. The results obtained by the different methods explain 
and illustrate each other. 



Taking first the ordinary theory of the indicatrix, principal 
curvatures, and lines of curvature, we observe that the equation of 
the part of a surface in the neighbourhood of any point, referred to 
the point as origin with the normal at the point as axis of t, and 
two rectangular lines in the tangent plane as axes of x and y, may 
be written 

s = ^{K,!»? + K^^ + 1i.Txy) (1); 

and the nature of the surface as regards curvature is completely 
expressed when the three quantities «,, «a, r are known. The 
normals at two points near together do not in general intersect, 
but if we pass from a given point to a neighbouring point in one 
or other of two definite directions at right angles to each other the 
normals do intersect. These two directions arc the principal 
tangents, or tangents to the lines of curvature, and, if they be 
chosen as axes of x and y, the term in xy will be missing from the 
equation (1). The quantities /(, and k.^ are the curvatures of the 
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normal sectiona through the axes of x and y, and the quantity t 
depends on the angle through which these axes must be turned in 
order to coincide with the principal tangents. In fact this angle 
is J tan~' 2t/(«, — «,). 

The equation giving the two principal radii of curvature is 

p'('f.«.-T')-p («. + *.) + 1 = (2), 

and the equation of the directions of the lines of curvature is 

T(y'-*»)-(*,-*,)^ = (3). 

Thus the quantities «,, Kj, t are related in a definite way to the 
principal curvatures and the directions of the lines of curvature. 

316. Oaun'B method. 

A different standpoint ia taken in the theoiy propounded by 
Gauss, and we shall give an account of a modification of this 
theory. The surface is regarded as given, and we suppose two 
systems of curves traced upon it so as to form a network. The 
curves of the two systems are supposed to be distinguished by 
assigning different values to two parameters a. and ^, one for each 
system of curves. Then any point on the surface is determined by 
the values of the a and the of the curves that pass through it. 
The length of the element of arc of the curve (3 = const, between 
two curves a and a -l- rfa is some multiple of da, and we shall take 
it to be Ada. In like manner the element of the curve a = const, 
between the two curves >S and /J + d^ is taken to be Bd^. The 
quantitie.s A and B are some functions of a and jS. If the angle 
between the curves ;3 = const, and a = const, at the point (a, y9) 
be X, the square of the length ds of the line joining (a, ^) to 
(a + cia, (9 + d^) is given by the equation 

(fo' = il'(fa' + 5'rf;8=+2JSriarf;8co8x (4), 

in which A, B, and x "^^e supposed to be given functions of a and ;9. 

Now suppose a system of moving axes of a;, y, r to be 
constructed so that its origin is at the point {a, 0), the axis z 
is the normal to the surface there, the axis x is the tangent to the 
line yS = const., and the axis y is in the tangent piaue at right 
angles to the axis ic. The axes constructed in the same way at 
(a +da, ;9 + d^) will be obtained from those at a, by translations 
Ada + Bd0 cos x< a^nd Bdff sin ^ parallel to the axes of x and i/ at 
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(a, jS), and by infimtesimal rotations about the axes x, y, z h1. 
(a, j8) which can be expressed in the forms 

We may state the following relations connecting the quantities 
J), q, r, and A,B,y_: 



m 


3a" 


1 


-I'- 


3r, 

3?" 


3r. 
-35- 


>•■ = 


-1 



g,r, - 



np,- 



-CO8X3 



35] 



..(6). 



..(7). 



■ aa BsinxL3^ 

1 m _ 

'' Jsin^L^" 

-^y, = B[p,ainx-?.c03 5c] 
The equation giving the principal radii of curvature ia 

+ ^B8inx = 

and the differential equation of the lines of curvature is 
B (^, COS ;^ + 2, sin y) d^ + Apfda? 

-^[B(p,cmx-^qx sin x) + ^P^] '^^^^ = 0. . .(8). 
Proofs of all these formulie are given by Darboux in his 
Ligona sur la Tlidorie g^n^ale des Swr/aces, Paris, 1889. We shall 
give proofs in a note at the end of this volume. 

317. Kinematlci of Platei. 

We consider an elastic plate as a very thin solid body bounded 
in its natural state by two plane faces very close together and by 
a cylindrical surface cutting them at right angles. It is supposed 
that the distance between the two planes (the thickness of the 
plate) is very small in compari.'^on with any linear dimension of 
the curve cut out upon either of them by the cylindrical boundary. 
The plane midway between the two plane faces is called the 
middle-surface, the cylindrical boundary ia called the edffe, and the 
curve in which the middle- surface cuts the edge is called the 
edge-line. The strain of the plate depends largely on the deforma- 
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tiiiti i\\ the micltllt'-surfjipt'. unci this mav be such that lines on the 
Hiirtiii^' inii.iiillx Ktniichl bcronu* fiiiit4>lv rur\'ed. Id this case the 
pliiif l^ Aiiui Id Ih* tiiiitc'Iy Ihuii, and we must throucrhout the 
i*i«iii'nit thtnin roniomplatc thih |h>flsibility. 

Thr kiiirumtir:il ihtnin nl iht- floxure of the plat^ is a geo- 

incMrii^i! i.hot^rv nl' ihr rurvuturf of its niiddle-soirflwe aftyer strain. 

\Vr Mip])ti!«r ihal 111 thr nnturiil state two series of Ftraight lines at 

nchi JUli^i(*^ i'* onrli oilua art' marked on the middie-surfJEU^ so as 

ii* divide ihis Mivtai^ nitt* intiuiteAinial squares. Taking one 

iMViie* o! tUii st]ii:ir« as oncin. and the hues that meet there afi 

u.\i»s o! i.''arii>si:ui rtvi4U»c«d:u- eiHii\liuaU*s va. 5:. anj piiini on the 

middii^-sinrtsi»Y wil! l>e p^t'^i 1\^ »t*^ ^ Ai»d A When the plate ia 

>r:-:i:ni\; s. ihai ihe nnddlr surtnei' l>tvomi>s h o;:n*ec surface, the 

i^viK'ir tha: ^x"*-*^ at a c'veu i>oiut \:i, ^^ i»r. iht uiisir&iiied middle- 

M;vta."»s w:^. »»%v«i'x soiiu iv^itiiiii on iht KMir\t\i si:r:ar*t referred 

u. Hiu: V: i\\u\ rr'jj^TNi ft Alui S a> ]\:^ranu'U^rs dir.i*::;^ Tht positioi] 

»\: :i 1VV.V.: .M. :h5> surta*'^ NVr sinnvwr r i.- ':*: a: v i^.tiijt of the 

* • • • 

iv.!»i»:i:- Niirta.-^ axw: iha^ thivr r«vlauc»;lar ':.i»:-: itaiv.i.T> 1. 2 81 
A!»:'" s:.T^^i ■:^rss '.h*^*-. i:^^' :'i!MUiM;i> »i. ;>,^: •-•r.-.iki: rtVTjui^x.iar 

:>: a^\> r :i :^: 3jir.i-.^j lA.aj^; J. J>; >j.:>».v;V T..'«.i,V:-S4:-Tar^- an<3 
>vrc>y».ii.^i:ajr i, ■ M.n»- ..^: >.m^ a'«v\C ■.^: vx-^m^. t; lif 



• 



kiTAiihffi 'yw^wMiifl** *»!■ I r«» »fc -.••.« •/•"X '^v**'^ *'« 



!•. 
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while X differs very little from a right angle, and, if the square of 
■J be neglected, we have further 

x-i^-" (10). 

The quantity w is the shear of the two rectangular liiie-eleoieuts 
(1) and (2). 

The system of axes of x, y, z drawn at any point (a, ;9) of the 
strained middle -surface can be transformed into the correspondijig 
system drawn at a neighbonring point (a + da. + d0) by moving 
the origin through small distances {I + e,) da + (I + e,) d^ cos x- 
and (1 + e^) d^ sin x parallel to the axes of x and y, and by a 
rotation whoae components about the axes of .-c, y, z will be taken 
to be p,da+p^0, q,da -i- q-id^, rtdti + r.^d0. lu the case of or- 
dinary strains the translations must be reduced to (1 -(- e,) da + mdB, 
and (l-t-ej)d^. 

With the values of A, B, x ii equations (9) and (10), the last 
three of equations (6) become 

""''dti'dB' '■'"a^'i (11); 

5.(I-)-e,) + |),(l-He,)-g,i^ = 0j 
80 that the quantities r,, r,, and qt+Pi are small of the order of 
the extension of the mid die -surface. The product p,q, — p^j is, by 
the first of (6), small of the same order, and thus by (7) the 
measure of curvature is small of the same order. To a firet 
approximation, when the extension is neglected, the middle-surface 
of the plate when finitely bent is a developable surface. 

If now we suppose that some of the quantities pi, p,,-.. are 
finite we may reject the terms in ei, e,, m, and write 

^1 = 0, r,= 0, 9i = — J*!, 
and theD the equations (7) and (8) giving the principal radii of 
curvature and the lines of curvature become 

p' ( - P>9i - ?■') - p (pt - J.) + 1 = 0, 
and p, (rf^ -da^)-(p, + 5,) dad0 = 0. 

Comparing these with equations (2) and (3) we see that 
we have 
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Theae are the eqiiations connecting the Eulerian elemente of 
curvature «,, *,, t with the rotations of the two (p, q, r) systems. 
They are ultimately exact for finite bending accompanied by only 
infinitesimal extension. 

Generally r,,ra, and 9, + p, differ from zero, and -g-i.pj, and p, 
differ from «,, «,, and t by ipiantities of the order of the extension 
of the middle-aurface. 

318. Kinematical Equations. 

We give here the analysis by which the quantities p,, p,, q„ q„ 

r,, r, are determined. For this purpose we have to assume a 

system of fixed axes of f, jj, ^, and suppose them connected with 

the moving axes of x, y, z by the scheme of 9 direction-cosines 

t v. ? 

X, I,, «]„ »i, 

y, It, mj, II, 

z. It, rot, n. 

The rotations executed by the system of axes of x, y, z about 

themselves aa we pass from the point (a, 0) to the point (a + da, 

jS + rf(8) are p,da + p^^. . . , where 

Pida + pji^ = I jilt + iihiim^ + n,rfji, , ] 

(/,(/« + 5arfy3 = l,dl, + tiiidntt + nidnt, > (13), 

r,da + r./l0 = l^lj + m^mi + n,dn, J 
in which any differential as dlt means (Bl,/da)da + (dl,ld^)dff. 
Since the ratio da : d$ may be any real number we find 



• (12). 



3m, 



4 



f JTl] 



+ ">» 



..(14), 



' 3a 



■"Sa 



and pt, q„ r^ are obtained from these by writing ft for a. 

It is to be noticed that I,, m,, n-j are not the direction -cosines 
of the line-element (2) after strain. These direction -cosines are 
It, wij', n,', where 

lt' = lt+ ?,w, Wia' = ?«, -F »i,w. tit' = I^ -1- Hior . . . (15) 
to the first order in w. 



APPLIOATION OF KIBOHHOFF'8 METHODT 

Now if f , 17, f be the coordinates of a point P of the middle- 
surface after strain, and f + rff, ij + dij, f+rff those of a neigh- 
bouring point P', we have 



'.(!+«,) 



>ii,(l + «,) 



S, 



(-(i+„)-|, ™,'a+..)-|, ».'(i+..)-| 



,.(16). 



Also the direct ion -cosines i„ ttIj, n, of the normal to the middle- 
surface after strain are given by such equations as 



l,- 



..(17). 



The formula; given in this article enable us to determine the 
^"s, q's, and r's in terms of differential coefficients of f, 1;, f with 
respect to a, 0. 

■ 319. Oeneral Theory of Plates. 

Entering now upon Gehring's theory of thin elastic plates, we 
revert in the first place to the principle explained in art. 249. 
according to which the plate may be regarded as made up of very 
small prisms each uf which has all its linear dimensions of the 
same order of magnitude as the thickness of the plate. The 
general elastic equations apply not to the plate but to one of these 
prisms, and the strain iu such a prism may be investigated on the 
supposition that no bodily forces act upon it. We shall apply the 
principles explained in art. 249 to find the stress-couples that act 
upon an element. The steps of the process are as follows : — We 
first investigate certain differential identities connecting the 
displacements of any point in a priam with the quantities that 
define the extension and curvature of the middle-surface. We 
next, in accordance with a method of approximation to be explained 
hereafter, reduce these identities to a simpler form. From the 
differential equations so obtained, values of the strain-components 
and corresponding stresses can be deduced involving arbitrary 
functions. The arbitrary functions are determined by means of 
the equations of equilibrium and the boundary-conditions at the 
surfaces of the element that initially coincided with the plane 
faces of the plate. The stresses are thus found approximately, and 
the stress-couples are easily deduced. 



I 
I 



As there has been so much controveray on the subject; it may 
be ae well to point out which parts of the theory are folly 
established. The differential identities in their first form are 
rigorously proved. The approximate equations that replace them 
have no pretence to rigour, and they have been objected to aa not 
being sufficiently approximate'. They carry with them the re- 
mainder of the theory includiug the expressions for the stress- 
couples. It ia noteworthy that the writers who reject them obtain 
the same results including the values of these couples. It is hoped 
that the method of approximation to be given presently will tend 
to remove the objection. 

320. Differential Identltlei. 

Id the notation of art. 317 we suppose P to be a point on the 
middle-surface of the plate, and take P for the centre of an 
elementary prism whose dimensions are all of the same order of 
magnitude as the thickness. The boundaries of the prism are the 
two plane surfaces of the plate and pairs of planes perpendicular to 
the axes of a and yS drawn as in ait. ;J17. 

Let Q be the position of any particle of the plate near to P \ 
and let the cooixiinates of Q referred to the line-elements at P 
before strnin be x,y, z\ after strain, referred to the axes of x, y, s 
let them he x+u, y + v, z + w. Then u, v, w are the displacements 
of Q, and if a, ^ be the coordinates of P before strain referred to 
the axes of a, y3, u, v, and w are functions of x, y, z, a and ff. 

Suppose P' is a point on the mid die -surface near to P, then 
we might refer Q to P" instead of P. The coordinates of Q before 
strain referred to P' are x — da, y — dff, z, where da and d^ are the 
coordinates of P" refeiTed to P before strain. To obtain the values 
of the diaplacementB of Q refen'ed to P' we must in the expressions 
for u, V, w replace a and ^ by a -K^a and /3 + d^, and replace x and 
y by IE - da and y — d^. Hence the coordinates of Q referred to 
P' after strain are 



, du 



Su 



da + u+^_da + ^dff 



y-d0 + v+l 



dv . 



u 



' Cf, p. 



5^^ dx 

^d^-^da- 
13, footnote (3). 






..(18). 
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Now eince the Rxes of x, y, z at P' after strain are obtained 
from those at P by translations (l + f,)rfa + wrfA (l+cjrf^ 
parallel to the axes of x and y, and by rotations 

p,d<t +pji^, qida + q^ff, Vida + r^dff 
about the axes of x, y, and z, the coordinates of Q referred to P' 
after strain are 
« + M + (y + v) (r,rf« + r4^) - (s + Mf) (g-.da + q4&) ■. 

-(l + €,)da--BdS, 
y+v + (s + w)(p,da+p4^)-ix+u)(ndi + r,dd) I. ..(19). 

-il + €,)d0, 
s+w + (x + n) (q^da + q4^) -(y + v) (p,da + p4^) I 

Comparing the two expressions (18) and (19) for the co- 
ordinates of Q referred to P', and observing that the ratio da : rfy3 
may be any real number, we see that we may equate coefficients 
of da and <fj8, and obtain six equations, viz, : 

dx da 



y+v) + q,(t+vi) + e. 






bx 3a 



— p,(z+w) + r, {x + u), 



^=^o-y.(^ + v) + q,(z + vj) + ^. 



^y 



f")+p>(y + ''] 




321. Method of Approximation. 

We proceed to inilicate a method of successive approximation 
whereby forms for the displacements u, v, w can be determined 
from the identities (20) and (21). The method depends on the 
facts that x, y, z are everywhere'small, and u, ti, w are small in 
comparison with it, y, s, while cj, e,, w are small of the order of 
strains in an elastic solid at most. 

There are three classes of case! 
some at least of the quantities j 



to be considered. In the first 
I, «j,... defining the curvature- 
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may be fiuite, or the plate is finitely bent. In this case we maj 
reject the terms in ti, e,, w as small compared with terms of the 
order pz, where p is one of the p. q, r which is fiuite. There will 
exist modes of infinitesimal deformation continuous with these foi 
which the p's are infinitesimal, while Ci, e,, w are so small as to be 
negligible in comparison with terms of the order p x (thickness ol 
plate). In the second class of cases quantities of the oi-der pz are 
negligible in comparison with d, e,, o-. These correspond tc 
simple extension of the plate without flexure. In the third class 
of caaes quantities of the order ps are comparable with quantities 
of the order e,. It is clear that if we retain in all cases quantities 
of the order ps and quantities of the order e, we shall be at libertj 
to reject at the end those terms which may be small in con- 
sequence of the case under discussion falling into the first oi 
second class. 

Now we may suppose that «, ti, w are capable of expansion in 
integral powers oi ir,y, s with coefficients some functions of a, ;9, 
Since x, y, z are everywhere small, quantities such as dujdx are 
great compared with quantities of the order u, while quantities 
such as dujda are of the same order as u'. We may therefore foi 
a first approximation reject the differential coefficients of u, v, « 
with respect to a and fi. But without making the supposition 
that u, V, VI are capable of such expansion we can still see that 
these terms are to be rejected. For dujda is the limit of a fraction 
whose denominator is the distance between the centres of con- 
tiguous elementary prisms which lie on a line /9 = const., and 
whose numerator is the difference of the values of the displace- 
ments of homologous points of these prisms referred to theii 
centres; and this fraction must be small in comparison with 3m/3*- 
for the latter is the limit of a fraction whose denominator is the 
distance between two points of the same prism, and whose 
numerator is the difference of the values of the displacements 
of these points referred to the centre of the same prism. 

Since u, v, w are small compared with tc, y, z, such terms af 
Pi«j arc to be rejected in comparison with such terms as p^z. 

The equations (20) and (21) are reduced by the omission ol 
STich terms as 3u/9a and such terms aa p^w to the forms 

■ Really u -^ {the nnit of length). 
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,- = -'■,!/+?,» + .,. 



dx 



---p,j + r 



By 



= - rit/ + ^jJ + sr, 



-p,^ + )-^:c + e; 



-fli^+P'JJ 



...(22). 



I ...... 

^^^1 TheHe equations arc incompatible unless 

^^H = r, = 0, and pi + ^j = 0. 

^^K Now we have already seen in art. 317 that *■,, r,, and pi + gj 
are quantities of the same order of magnitude as e,, 6j, or,' and, in 
the first part of the present article, that any terms known to be of 
the order e^x are to be rejected. It follows that we are at liberty 
still further to simplify our equations by omitting terms in r^ and 
r, and putting — p, for y,. Also wc have seen in art. 317 that the 
quantities — 5, , p,, and p, differ from the Eulerian elements of 
curvature a:,, k,, t by quantities of the same order of magnitude 
as ti, e,, «r, and we may therefore in equations (22) write t for p, , 
«i forpj, — «, for yi, and — t for 5,. 

Suppose the approximate equations that replace (20) and (21) 
written down in accordance with the principles just explained, and 
suppose that a solution of them has been found involving arbitrary 
functions. The arbitrary functions can be determined by means 
of the general elastic equations and the boundary -conditions at 
the faces of the plate, and the general equations may for this pur- 
pose be simplified by omitting bodily forces and kinetic reactions 
since we are dealing with an elementary prism, (see art. 249.) The 
results obtained constitute a first approximation to the displace- 
ments, strains, and stresses in such a prism. A second approxi- 
mation can then be found by substituting in equations (20) and 
<21) the values found in the first approximation and solving again. 
Arbitrary functions will have again to be introduced, and might be 
found as before by recourse to the differential equations and the 
boundary-conditions, and it will be necessary in this second 
approximation to retain the bodily forces and kinetic reactions. 
The process might be continued indefinitely but it is quite 
imnecessary to carry out more than the first approximation. The 
mulation of the method is however valuable. 




BenUj «, + (tbe 1 



lit of leDgth), , 



'A 
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322. First Approximatloa. Intemal Strain. 

According to the method explained we can now reduce equ&- 1 
tionsC20)aDd(2I) to 

9m &ii 



dw_ 



x-yry, 






9^ 



»: + «^ 



9w 



..(23) 



by omitting terms containing Buch quantities as h 
placing the p, q, r system by the *f,, *,, t system 
Integrating these equations we find 

u = u, - K^tx — Tzy + e,a; + w 
= Uo — Tzx — K^y + e^, 
«)=«'o+ i (fia^ + «,^' + 'itxy) . 
in which v^. Vt, w„ are functions of*. 

From these we deduce the strain-components in the forms 



" dz • 



' dz • 



-2tz 



and we notice that, to the order of approximation to which t 
work has been carried, the strains, and therefore also the stress 
are independent of x and y. The ortier of approximation ; 
question is such that the strains are of the first order in the 
quantities x, y, z. 

The equations of equilibrium become 

f-. S=». If- 

in which bodily forces and kinetic reactions are omitted for tha 
reason explained in ait. 249. 



SS8] FIRST APPROXIMATION. 213 

The boll 11 daiy- conditions that bold at the surfaces which were 
initially plane faces of the plate, when iw external sur/ace-tractioTiS 
are applied to these faces, are 

r = 0, S=0, R = Q (27). 

From the equations (26) and the conditions (27) it follows 
that, to the order of approximation to which the work has been 
carried, the stresses li, S, T vanish at all points of any elementary 
prism of the plate. 

When external surface-tractions are applied to the initially 
plane faces, the same result may be assumed to hold good The 
tractions in (juestion are to be replaced by bodily forces and 
couples acting directly upon the element of volume of the plate 
bounded by two pairs of normal sectionB and the plane faces, and 
the equations of equilibrium formed in accordance with the 
principle enunciated in art. 306. 

It is important to observe that if a further approximation 
were made the stresses R, 8. T would not vanish, and although, 
as we shall see, it is unnecessary to make the secoud approxima- 
tion the stresses S and T nevertheless play a very important part. 

323. Flrat Approzimation to the Stress-componentB. 

Supposing the material of the plate isotropic, we have the 
expressions of the stresses in terms of the strains by means ( 
the equations 

P = {\-¥2tt)e + \{f+g),... S = fM,... 

Since R, S, T all vanish we find equations (25) taking the 
form 



/ = 



X + 2/i' 



This gives the six strains as &r as terms in z. 

In like manner as far as quadratic terms in 
placements are 
« = - «,«« — T«y + e,a! + 
tj = — rta - K^y -H e^. 




!. + «■-(«! + «■)»] 
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As far as terms in z the stresses are 

P-|^,(>, + ot,-(«, + i7,,)j1, K-O. I 
3C , 



«- 



Cb 



24- ' 



-(«, 



.,)!! 



(.-2«), 



«-0, 



r=o 



[324 



where C7 = f ^' (\ + /*>/(X + 2/i) as in art, 309. 

and o-.iVC^ + C)' 

With these values the potential energy per unit volume, of 
which the general expression is i (Pe + ^+ Rg^-Sa-^Th-^Ua), 



I 



Multiplying this espr&'aioQ by dz, and integrating between 
the limits — A and k for «, we have the potential energy per unit 
area in the form 



i £? K*i + «.)'- 2 (l-<r)(*.«,-T>)] 



..(31). 



The first line of this is the potential enei^ due to bending, 
and the second line is that due to stretching of the middle- 
surface. 

324 StreBB-resultantB and StresB-coupIes. 

For the purpose of forming the equations of equilibrium or 
small motion of an element of the plate bounded l>y nonnal 
sections through two pairs of lines a = const, and ^ = const, near 
together we have to reduce the stresses on the faces of such an 
element to force- and couple -resultants. These will be estimated 
per unit length of the lines in which the faces in question cut 
the middle -surface. 

On the element of the face a = const, whose trace on the 
middle-surface is d^ there act the forces of the P, V, T system. 
These reduce to a force at (a, ^) whose components parallel to the 
axes of X, y, z will be taken to be 



P,dA U,d^, T,d^ 



J 
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respectively, and a couple whose components about the axes of x 
and y will be taken to be 

In like manner, on the element of the face j9 = coiLBt, whose 
trace on the middle- surface is da there act the forces of the U, Q,S 
system. These reduce to a force at (o, ^) whose components 
parallel to the axes of x, y, z will be taken to be 

f^,rfa. P.da. T,da 
respectively, and a couple whose components about the axes of x 
and y will be taken to be 

G^dn, H^da. 

The quantities P,, P„ U,. U.„ T„ T^ will be called stresa- 
resultants and the quantities G,, G,, H,, and H-, stress-couples. 
P, and P, are tensions per unit length of the traces on the 
middle- surface of the faces across which they act ; U, and (7, are 
tangential stressea in the middle -surface ; and J", and T, tangential 
stresses dii'ected aloug the normal to the middle -surface. G, and 
Gjare Bexural couples about the traces on the middle -surface of 
the faces across which they act ; H, and H, are torsional couples 
in the faces across which they act. 
■ The stress-resultants are given by the equations 



I 



T,- I" Tdt, T,= !''sdi 

The Btreea-couples are given the equations 

a,= !'p!d!, 0,-f -Qsdz, 

U, = -II,= f' -Vtdi = Ha.y 

of the stresses given i 



With the approximate 
hence find 



se. 



,). ft=),(., + ct,), U, 



■ r.-o. 




It is important to notice that the values given in (34) J 
— G„ G,, B are the partial differantial coeflicient-s with respect i| 
K,, Kn, T of the first line of the txpreBsion (31) for the potentii 
energy, and the values given for P,, P,, U, are the partial c 
ential coefGcieuts of the second Une of the same expresfflon f 
respect to Cj , e, , cr. 

It will be seen below that the values of P,, P„ U,, U„ 
T,, T,, apply only to the case of extension of the plate, and ttM 
values of G,, 0^. and H only to the case of fleiure. 

326. Effect of Second Approslmatlon. 

To the order of approximation to which the work has bet 
carried there are no resultant stresses parallel to the axis z. 
order in question is such that the expressions for the e! 
stresses which give rise to the resultants contain only Brst powei 
of the coordinates. 

If a second approximation were made the stresses P, Q, R, J 
T, U might differ from the expressions given for them in eqoatioi 
(30) by terms containing the second and higher powers of t 
coordinates m, y, z, or the thickness h. These would give rise ( 
atress-resultants which, so far as /i is concerned, would be of the'" 
third or some higher order in h. These terms may be of any 
order of magnitude in comparison with those found in (34). and 
they will have to be retained or rejected according as the case 
under discussion falls into one or another of the classes described 
in art. 821. The corrections to the values of the stress- con pies 
arising from the corrections to the values of the stresses will be of 
the fourth or a higher order in h and they may in all cases be 
disregarded. 

In the first and third classes of cases, i.e. whenever there is 
flexure, the stress -couples are determined in terms of it by the 
formulae of the last article, but the stress- resultants are not 
sufficiently determined. In the second class of cases, i.e. when 
there is extension and no flexure, the stress- resultants are deter- 
mined in terms of the extension by the forrauljc (34) of the last 
article, and the stress-couples are unimportant. 

When there is flexure it is unnecessary to proceed to a second 
approximation in order to determine the stress-resultants. They 
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may be introduced as uukoowns ioto the equations of equilibrium 
or small motion of the plate and determined or rather eliminated 
by a direct process, 

326. Oeneral Equationi of Equilibrium. Small dia- 
placements'. 

Now siippoae a, thin plane plate is slightly deformed and held 
in its new position by applied forces and couples. Let a system of 
moving axes of x, y, z be constructed as in art. 317. The dis- 
placements being supposed so small that their squares may be 
neglected, we shall arrive at sufficiently exact results if we neglect 
the changes of direction of these axes that accompany changes of 
their origin (a, ff). Consider the equilibrium of an element of the 
plate contiained by the naturally plane faces and by the four normal 
sections which in the natural state cut out on the middle-surface 
a rectangle bounded by the lines a, ff, a + da, and ff + d0. Let 
the external forces applied to this element be reduced to a force at 
the comer (a, ff), whose components parallel to the axes of x, y, z 
drawn through that point are 2Xhdad0, ^Ykdad^, iZhdad^, and 
a couple, whose moments about the axes of x and y are 2Lhdad^, 
and 2Mkdad0. Let the part of the plate on the side of the 
normal section through the bounding line a = const, remote from 
the element act upon the part on the other side with a resultant 
force and couple such that the componenta of the force per unit 
length of the curve a = const, at the point (a, 0) are —Pi, — U,, 
— T, parallel to the axes of x. y, z, and the components of the 
couple per unit length of the same line are — H and — Gi about the 
axes of X and y. Also let the part of the plate on the side of the 
bounding curve ^ = const, remote from the element act upon the 
part on the other side with a resultant force and couple such 
that the components of the force per unit length of the curve 
j9 = const, at the point (a, /S) are - I/i, —P,, —T-i parallel to the 
axes of X, y, z, and the components of the couple per unit length 
of the same line are — G, and H about the axes of x and y. 

The forces P^, P,,... are the stress-resultants, and the couples 
6,. Gj, H are the stress-couples per unit length of the bounding 
lines of the section of the element by the middle-surface of the 
plate. In the case of pure extension the couples vanish, and we 

' Thu eqaationii Tor a place finitely bent will be gj-ven 



I 
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know a sufficient approximatioD to the sti'ess-resultaiits. 
there is flexure we know a sufficient approximation to the 
couples, but the stress-resultants are unknown. 

Exactly as in art. 308 we can obtain the equations o 
libriuni in the form : — three equations of resolution 

and two equations of moments 



The boundary-conditions have already been given in a 
equations (17). 

327. Flexure and Extension of plate. 

The equations that determine the small displacements of tU 
plate can be found by using the analysis developed in art. 318. 
is easy to shew that if u, v, w be the displacements parallel to tli^ 
axes of a and /3 and normal to the middle -surface the extension ij 
defined by the equations 

_ 9u _dv _ 3v 9u 

and the curvature of the strained middle-surface is defined by t 
equations 

_^^v _3"w 9'w 

*'~9c^' '''~d^' "^"9^' 

When there is flexure unaccompanied by extension u and i 
vanish and we have the theory of ch. xix. 

When there is extension unaccompanied by flexure, w vanbhea, 
and the equations to determine u and v are the first two of (35), in 
which P,, P„ Ui are given in terms of ei, e,, o by the first three 
of (34). ~ 
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As an example we may consider the equations of cxtensional 
vibration. Replacing X and F by — pd^uldt^, and - pd'v/dP, where 
p ia the deusity of the material of the ptate, the equations are 

' a^ (dot 



3C' rs /Su 9v\ , ,, 

^Lsgisfl + 'aSJ + i*'- 



'>% 



d /3v 
3ci \da 






The boundary-conditions at a free e 
I angle & with the axis a are 



whose normal make.i 



sin 2d - 



fdv Su\ 
idv dti\ 



*-i(l— )i,+ 



.doi^dffj 



The solution of this system of equations for it circular boundary 
has been considered by Clebsch, {TheOTie der Elaetidtat fester 
Kdrper, § 7i,) the matter is however of little physical interest. 

The problem of the equilibrium of a plate under thrusts in its 
plane will occupy us later in connexion with the sljibility of the 
plane form. 
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328. Oeometry of the VnBtrained Shell. 

The kind of body called a " thin shell " may be described as i 
sort of thin plate which in its natural stale is finitely curved. 
may be accurately defined in terms of & certain sur&ce to 1 
called the middle-surface, and a certain length k, the half-thiot 
ness, which ia small compared with the unit of length. Thui 
taking any surface for middle-surface, and drawing a line &on) 
each point of it of very short length 2A to be bisected by thi 
surface and to coincide in direction with the normal at the poin^ 
we obtain two surfaces near to the middle-surface. If the e 
between these be supposed to be filled with elastic solid matter u 
its natural state the body arrived at is a thin shell. In the moc 
general case the half-thickness h may be a function of the positio 
of the point on the middle -surface from which the line of length! 
Zh is drawn, ajid the material may be of any ^olotropic and hetero-I 
geneous quality. We shall confine our attention to the case t 
constant thickness and homogeneous isotropic elastic matter, 

When the shell is unstrained suppose the lines of curvature onM 
its middle-sur^e drawn, and let these be the curves a = 
and = const. Any point in the middle-surface is given by i 
{a, y9), and we shall suppose the length da of the line joining tw<i^ 
points (a, 0) and (a + da, ff + d0) near together to be given bj? 
the equation 

ds'^A'dn' + B'd^ (1). 
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Then A and B are soaie fimctiooH of « and ff. If a system of 
axes be constructed at any point (a, (9) so that two of the axes 
touch the curves = const, and a = const, and the third is in 
the normal to the surface, and if the infinitesimal rotations of 
these axes about themselves as we pass from a point (a, 0) to 
a neighbouring point (a + da, + d>3) be 

Pida + p^d^, qtda + qjdff, r,da + r,d0 (2), 

we shall have the relations of art, 316 in which j^ is put equal to 
^TT, and we shall have the further condition that the curses 
j8 = const, and a = const, are lines of curvature. 

Now equation (8) of that article shews that iji order that the 
curves in question may be lines of curvature we must have 

5, = 0. p, = 0, 

and then equation (7) of the same article shews that the principal 
curvatures l/p, and \jp, are ' 

Observing that p^d0 is the angle between the normals to the 
surface at the extremities of the are Bd0 of the line of curvature 
a = const,, we see that pi is the radius of curvature in the normal 
section through j3 = const., and p, is the radius of curvature in the 
normal section through a = const. 

The quantities r,, r, are directly given by the fourth and fifth 
of equations (6) of art. 316, so that we have 

A \dA 



B 



P'-n 



9. = 0. 



J_BS 
Ada 



The sixth of the equations referred to is identically satisfied, 
and the first three give us 
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329. Kinematics of thin SheltB. 

When the shell is strained the particles that were originally o 
the middle -surface come to lie on a new surface which we shi 
call the strained middle-nurface, and the particles origioalty iafl 
line of curvature of the middle-surface come to lie in a line on thi 
strained middle-surface which is not in general one of its lines ( 
curvature. The position of each particle can however be determinedS 
by meaDB of its a and /3, and in this view a and ^ arc paramete 
defining the position uf a point on the strained middle-surface, bun 
the curves a = const, and 8 = const, do not cut at right angles. 

Suppose the strained length ds' of the line joining the point! 
(a, ;9) and (a -f- do, ^ -I- d8) to be given by the equation 

d^^ = A'^da'' + B"'d^ + '2.A'B'dad0coiX (5). 

then A'dix is the strainod length of the line-eiemeut of the curvsl 
;S — const., ffd0 is the strained length of the line-element of thai 
curve a = c<mst, and ■)(_ is the angle between the directions of thee 
line-elements after strain. 

If we regard only ordinary strains, and take e,, e, for thol 
extensions of these line-elements and « for the shear of their 1 
plane, c,, e,, and w will be quantities whose squares may beJ 
neglected, and we shall have 
A' = A{\-\-f,\ B' = B(l + e,), cosx=Br, ;;t = ^-isr...(6). 

Now let a system of rectangular axes of x, y, s he construct* 
so that when its origin is at any point P of the strained middle" 
surface the axis x coincides with the line-element ^= const, I 
through P, the axis y is iu the tangent plane and perpendicular ■ 
to X, and the axis z is normal to the surface ; also let tbo; 
infinitesimal rotations executed by this system of axes abouM 
themselves as we }>as8 from the point (a, ^) to the point (a -I- daJ 
^+d8) on the strained middle-surface be 

Pt'da + ptd$, >i,'da + 9,'dyS, r,'da + r.'d^ (7), 

then the theory of art. 310 applies to this system. 

Now the last three of equations (6) of the article referred to give u 



idA 



FjSA 19 



B 



Aq^'+Bpt' = 



Bd^^ Bdfi 

Adi Ada A Sa 
~Ae, qi — Btnih' + Bmq, 



5a('*")+B 



adB din 



HAi da' 



■(8); 
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HO that I'l' and ri differ fnim r, and r.„ and q,'jB +p,'/A differs 
from zero, by quantitiea of the order of the extension of the 
middle -surface. 

Now, rejecting small quantities of the order e,, «„ o-, the 
equation (7) of art. 316 giving the principal curvatures becomes 

while the third of equations (6) of the same article shews that to 
the same order of approximation the last term ia identical with 

— -j-n (3"' — all), which gives the same value for the measure of 
curvature as that before strain. This is merely the well-known 
result that if a surface be deformed without extension the measure 
of curvature at any point is unaltered. 

If terms of the order e,, e,, «t be retained, but squares and 
products of them rejected, the equation giving the principal curva- 
tures becomes' 



-J(S-"->-|<'-)-'i') 



^"]=0..,9, 



To the same order of approximation the equation giving the 
directions of the lines of curvature of the strained middle -surface 
at (a, /S) can be shewn to be 



(^-fr:o-^.)+<^<f\^o-^.)+^(i-e,)- 



= 0...(10). 



330. Kinematical Equationg. 

The values of the rotations p,'da.... can be determined in 
particular cases by the use of the following analysis: — 

Suppose a system of fixed axes of f , ij, f, and that the system 
of moving axes of ir, y. z at any point (a, j3) ia connected with this 
system of fixed axes by the scheme of 9 direction-c 

f, 1, f 



-("). 



' The ntadent h iidriaed to verify thin and the (allowing Btatement. 
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Then, just as in art. 318, 

' 3a aa 3a / 

and p,', </,', I",' can be obtained from these by writing Q for a. 

If i,', j*tj', Wj' be the direction-cosines after strain of the lim 
element which before strain coincided with the line of c 
a = const., we shall have 
V = ^ + ^i''. ?»,' = m, + 7a,w, n,' = n, + B,or, ) 

while the direction-cosines l^, m^, n, of the normal tu the strained I 
middle-surface are given by such equations as 

ij = njjO, — TKjTf, (l*)- 

The above eiiuatioim give us 

(-.>=4.[(i)'Hr:)^0].i 
(>--)'4[(l)"-(l)"-(a?)l ■■■•(»)• 



1 p? 



■afsf^a^a^ 3f9?] 

^/S"^ 3a 3/3 J I 
331. Small Displacements. The Extension. 

We shall now suppose that the thin shell is very slightly | 
deformed so that any particle P initially on the middle-surface ( 
undergoes displacements u, v, w in the directions of the lines of i 
curvature and the normal through its equilibrium position, u being I 
parallel to the tangent to the line of curvature /9 = const., and ▼ J 
to the line of curvature a = const. The lines of curvature and the J 
normal through any point are the lines of reference for u, ■ 
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Through ihe point occupied by any particle P of the middle- 
surface before strain draw a ayatem of fixed axes of f, i/, f 
coinciding with the lines of reference for u, v, w at P, (a, j9). The 
lines of reference for u, v, w at a neighbouring point P" (a + da, 
(3 + d^) are to be obtained by tranalationa of the origin through 
Ada, Bd^ parallel to the axea of f, tj, and a rotation whose compo- 
nents about the axes of f , Ji, f are 

Bd^ _Ada _dA.da BBd^ 

p, ' p, • dff B'^'da A - 

Let f. 1, ? be the coordinates of P after strain, and f + df, 
i) + dr!, ^+d^ those of P" ; then f, ij, f are identical with u, v, w, 
but df, di), df are not identical with du, dv, dw, since u, v, w are 
referred to moving axea. In fact we have such formnlEB as 



..(16). 





ci£.4di + (iu-v( 


dA da SB dB\ 1 

-WTs^Y.a)*''\ 


_jlia\ 
ft /' 




in which any differential ae du means (9u/3a) da + {9u/9/9) d^. 






d/S 


we find 






1= 


. 3u V 3A w 


8f 3u V iB 
3,8 - 3/9 4 "3i ' 






3v u8^ 
- 3a fl8/3' 


3S = -^+35 + Z3i-®p/ 


M"). 


n. 

da' 


= t*^w 


3t 5-4. h' 
3/3- 3/S + ^p, 


1 






From equations (1.5) 


of art. 330 we now find, on rejecting 


aquaras of small quantities, the following values for the quantities 
e„ Ej, w defining the extension of the middle-surface : 




ISn^ 

•■-za + 


Y HA w 
jfl 84 p, ' 






1 3v 
'■-58/3 + 


u 8B w 
jlfl 8a p," 


^ (18)'. 




13v 


1 3n u 3J Y 35 
B 3/3 4B 3/3 4B 3a 







' Eipceaaions eqniTsJent to theBB were given iu mj pnper (Pfti/. rruw, 
t8S8). Another metliod of nrrivlng st tbom lias been given \<y Prof, I.jLinb in i'n 
Lond. Matli. Soc. ixi. 1B!K). Tlie expreasiona found lisluw for the quantities tfa 
define the ohangss of ourvaturc ol the iiudiiIe-Burfac« have n similnr history. 
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332. Formuln for the changes of curvature. 
We have uext to calculate the quantiticH p^, q^, r,', ^ 
defined by equations (12) of art. 330. We shall suppose that t 
moving axes of a-, y, z introduced in art. 329, when referred to t 
lines of reference for u, v, w. are given by the scheme of 9 dlrectioi 
coanes 



■ (19). 



A^. 



while, referred to the asee of f, ij, f they are given by the schei 



y, U, "la, 
Z, la, m,. 



(20> 



Then X,... coincide with ^..., but dX,.,, differ from dl^... becauM 
X,... are referred to moving axes. 

From equations (13) of art. 330 we find /,... in terms of t 
eoordinatea f, i\, f, i.e. we find X,,,. in tenna of the displacemenj 

u, V, w. Using (18) we obtain the results 



= 1. 



_ji av_ 



u dA 
AB ~d/3 ' 



1 9w 



Xj = - 



1 Sw 



1 0w 



"-RM + Z- -(21). 



Ada^ 

_1?5_ _ 

A da p,- **'" Bd^ p,' 

Now, since at (a. 0) X, , . . . are identical with It,..., and since th^ 
axes of reference for X, , . . . at a neighbouring point are obtained fi 
the axes at a, ^ by the rotations (16) we have such formulse a 
_dAda dBd0\ _ / Ada\ 
dB B da a) 



dl, = d\, - 



f)-(- 



We can hence write down the partial differential coefficierd 
of Ij,... with respect to a, ff. But as we only require cert 
expressions involving them, and, as in these expressions we s 
reject all terms wliich contain products of u, v, w or their d 
ential coefficients, it is shorter to pick out the terms that s 



332] 



PLEXDUE OF MIDDLE-SURFACE. 



227 



without writing down all the formulae We can in this way 
calculate the quantities pi', ... from equations (12) of art. 330. 
We have for example 



In this formula I, is of the first oi-der in u, v, w ; we need therefore 
only retain the terms, if any, of 3t,/9o that are independent of 
u, V, w ; also we have 



dl^ = flX, - 



dA da dB dfi] 



8/3 B 

in which dX, and V3 are linear 
need be retained ia the term 



Ada \ 
ft )' 

11, V, w, and the only term which 
fj^. Proceeding in this way wc 



iSA/ldw 
' B B/9 [a di 



a /I Sw 
da U 33 



pA ^3« 



u_dA\ 

Abas I 



_8^/_iav_ u dA\ 
"SaUaa ABdsl 



3_ndw V 
dtt\A da p 
^ M aw V 



H22), 






_ 1^ as / 1 3w V \ a / 1 a- 



£n aw 
3/9 U a^ 

33 US"' 



(23). 



.5 /I 8v u a^\ 
",j, Uaa Alid^l 
n\ I 3S 
/)/ .d 3a 

certain verifications' as 



,_^/iav_ u W\_£/1^3w 
"■""a/sliaj A"B33y /i,U3a 

The results here obtained admit < 
follows : 

1°. With the values for ei, e^, m given in equations (18) of 
art. 331 the equations (H) of art. 329 are identically satisfied, 
( of u, V, w being neglected. 

' Tlie tttudeut is rauommended to work these out. 
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2°, The surface r = a + bP„, in which P„ is Legendre'a nth 
coefficient and b is small, being supposed to be derived Irom a 
sphere of radius a by the norma! displacement &P„, the expressions 
for the sum of the curvatures and the measure of curvature given 
hy equation (9) of art. 329 will be found to coincide with the 
known expressions, viz. we have 



-l)(n + 2)P„, 



Pxfh 



= ,^ + ,7.("-lH« + 2)P„, 



the argument of P„ being the sine of the latitude of a point on tl 
un deformed sphere. 

It will hereafter be found that for determining the strain in aii 
element of the shell the quantities of greatest importance an? 
ci, e,, Tsi which define the stretching of the middle-surface, and 
three quantities Ki, k^, t defined hy the equations 



I 



1 



1 



..(24). 



These quantities «,, «,, t are sufficient in the case of bending of 
the middle -surface accompanied by very slight stretching to define 
the bending. We shall refer to them as the changes of ctirvature. 
According to equations (22) and (23) we have for k,, «,, t in 
terms of the displacements of a point on the middle -surface 



..(25). 



333. Extension of Kirchlioff's Theory to Thin Sheila. 

We have in the next place to give a theory for determining to 
a sufficient order of approximation the stress-resultant* and stress- 
couples that act upon any element of the shell. We cannot as in 
the corresponding case of naturally curved ^virea obtain these by a 
process of superposition. When a curved wire ia bent and twisted 
into a new curved form we may suppose the operation conducted 



1 3 
'Ada 


/ 1 3w\ 1 dA 3w 
U ij AB-dffSg'' 


1 3 
ASa 





V lA 
ABp.Sff 


1 3 


ai)^ 


1 3fl3w 


1 3 


/''\ 


u 3a 


Bdff 


BA- 3« 3a "* 


sm 


tJ 


*ABp.i, 


1 3 


/13w\ 
(Bdfl)- 


1 dAdw 


1 3 


p) 


1 3v 


A 3o 


A'B Ifi Sa ■* 


3 3. 


Ap, 3a 
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by first straightening and untwisting the wire into a straight 
prismatic rod, and then bending and twisting it into the new 
shape; but it is different with a thin shell. Unless its middle- 
siul'ace be a developable it cannot be unbent into a plane plate 
without producing more than ordinary strains, and we may not 
therefore suppose that the thin shell is first strained into a plane 
plate and then strained again into its new funn. 

We shall adapt the process of arts. 319 sq. to obtain the theory 
of which we are in search, and the first step in this process is the 
investigation of certain differential identities expressing the 
conditions that after strain tbe elements of the shell continue 
to form a continuous shell. 

We take P to be a point on the middle-surface, and suppose 
that three line-elements (1, 2, 3) of the shell proceed from P, of 
which (1 ) and (2) lie along the lines of curvature of the unstrained 
middle -surface, ^ = const, and a = const., while (3) lies along the 
normal. After strain these are not in genei'al rectangular, but by 
means of them we construct, as in art. 329, a ayatera of rectangular 
axes of X, y, s to which we can refer points in the neighbourhood 
of P; viz. the new position of P is to be the origin, the new 
position of the line-element (1) the axis a, and the new plane of 
the line-elements (1) and (2) the plane of {«, y). 



334 DUTerential Identltlei. 

Wo hav(; to consider the strain in an element of the shell 
bounded by norma! sections through two piiirs of lines of curvature 
whose distances are comparable with the thickness of the shell. 
We shall suppose P to be the centre of such an element, and we 
may refer to the element as the prism whose centre is P. After 
the deformation we can suppose this prism moved back without 
strain so that the axes of cc, y, z come to lie along the initial 
positions of the line-elements (1, 2, 3). 

Now let Q be a point of the shell near to P, and before the 
diiformation let ^r, y, z be the coordinates of Q referred to the 
line-elements at P. After strain let a; -|- w, y -f u, z + w be the 
coordinates of Q referred to the axes x, y, z ; then w, v, vj are the 
displacements of the point Q relative to P, and they are functions 
of X. y, «, tt, (9. 
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■ ■•(26), 



Suppose i" is a. point on the middle-sui*face uear to P, thi 
we might refer Q to the line-elements at /*', coinciding with the 
lines of curvature and the normal at P', instead of to the line- 
eleraenta at P. The coordinates of Q before strain referred to P' 
are x + Bx, y + Bj/, z + Ss, where 

&c = - Ada + y {r^a + r4^) - z (y,da + q4^) 

= - Ada + y {r,da + r^d^) + Azdajp^, 

hy^- Bd$ + z ip,da +p4d) - x (j-jda + r40) 

= - Bd^ + Bzd^jp, - X (r.rfa + r^^)- {" 

Bz= X (q,da + 9jd^) - y (p,da+p40) 

= -Axda!p,-Byd0lpi 

since the line-elements at P' are obtained from those at P 1 
infiiiitesinial translations Ada. Bdff and infinitesimal rotatioi 
Pida + p^ff, ..,, in which the p's, ... are given by (3). To obba£f| 
the values of the coordinates of Q referred to P* we must in the 
expressions for u, v, to replace a and hy a + da and + d0, and 
replace !r,y, shy x+Sj:, y + By, z + Sz, where &r, S^, Sz are given 
by the equations (26). Thus we find for the coordinates of Q 
referred to P' such expressions as 






f 8a;-f 



..(27), 



in which Sa;, Sy, Bz are linear functions of da, d0 given by (26). 

Again the axes of x, y, z s.t P after strain are obtained fr>jm 
those at P by translations 

A{l + €,)da + Bnrd0, B (1 + e,) dy9 

parallel to the axes of x, y at P, and by rotations 

Pida -^ p,'rf|3, qx'da H- 5,'d^, r,'do + r,'d^ 
about the axes of x, y, z. Hence the coordinates of Q referred to 



...(28). 



V after strain are 








a;+u + (i/ + 11)^^0 + J 


im- 


-(2 + w)(y,'rfa + ? 


d/}) 






-J(I + .,)ii>- 


-Bz,dfi, 


y + 1 + (« + i»)(p,'<ia+^,'<i/3)- 


-(«+«)(r,'iia + i- 


■m 






-B(l+e,)d/3, 




3 + w+ (ic + m) (gi'do + 5 


>'*)- 


il/ + ^)(lh'da-i-p 


■dm 
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Cunipariug the expressiouH (27) aud (28) fur thu cuordi nates of 
y referred to P\ and using the values of Sn:, Si/, 8^ giveu in (26), 
we see that we shall obtain three etjuationa linear in da, dff, which 
must be satisfied for all values of the ratio da : dff. We may 
therefore equate coefficients ai da and d0, and we thus obtain six 
equations, viz, : 



du 



3m 



9m , 9" j , 



l(n'-i',)J+r,'«l+((?,'+vt/p,)«+9,'i»| + ^.„ 
|J(l->/p,)-r,j| + ^V + *4^/p, 

Ax/p, 



~da 






dz 



~da~ 
and 



[{q: + Ajp,)x-\-q,'H\-^j),'{y + v) 






3)3 



,8» 



fc. 



>-*+al«(i—/ft)+v)+5 



For a plane plate these reduce to (20) and (21) of art. 320. 

336. First Approximation. 

We have precissely the same classification of the modes of defor- 
mation of thin shells as of those of thiu plates, and we may treat 
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the equations just obtained in precisely the same way as the 
corresponding equations of art. 320 were treated. For the first 

approximation we leave out terms like ^ - ^ as being of the 

same order as u, we leave out terms like r- , and we leave out 

da 

terms like g/ti; ; also we leave out terms like (r/ — r^) y, because 
(r/ — Ti) is of the same order as the extension of the middle- 
surface, and we replace q^/B by —pi'/A because the difference of 
these two quantities is small of the same order. 

The approximate equations which replace (29) and (30) are 
therefore 

du /Qi l\ du Pi 



...(31). 



dv _ ih' dv _ fpt' 1\ 

di~ ~A^' d^-^'~{'B~jJ^' 

If now we write, as in (25) of art. 332, 

we have precisely the same s}rstem of equations for the displace- 
ments within an element as in the corresponding case of a plane 
plate, and they lead to precisely the same conclusions as regards 
the strain and stress within an element of the shell. 

As far as terms in z we find accordingly that the strains are 
c = €i — KyZ, a = 0, 

^ ^...(32). 

As far as quadratic terms in x, y, z the displacements are 

u = — icizx — Tzy + e^x + my, 

V — — rzx — K^y + ejV, 

^ ^ h..(33). 

«»=-^— -2-[(e,+6,)«-i(«,+K,)«»]+i(/e,a»+«^«+2Ta!y) 
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lu obtaining these the equations of equilibrium or sniaU 
motion are sinipHHed by omitting bodily forces and kinetic re- 
actions for the reason explained in art. 249, 

The above is a sufficient approximation for the purpose of 
finding the valnes of the stress -couples, but it is generally 
insufficient for the purpose of finding the values of the stress- 
reeu Hants. 

When a second approximation is made the complete forme of 
the differential equations of equilibrium or small motion including 
bodily forces and kinetic reactions will have to be used for the 
determination of the arbitrary functions or constants introduced 
by integration. Now the second approximations to e, f, c are 
found directly by substituting the approximations already found 
in the terms of equations (29) and (30) previously rejected, so 
that the values of e, / c do not depend on the equations of 
equilibrium. This observation shews that a second approximation 
to the strains e,f, o and the stress U can be found without having 
recourse to these equations, but the other stresses cannot be found 
in the same way. 



336. Second Approzlmatfon. 

It is necessary to go through the second approximation so far 
as to find expressions for the strains e, /, c which can be obtained 
without having recourse to the equations of equilibrium, Certain 
simplifications are however possible. The resultant stresses which 
we have to find may be calculated for an indefinitely narrow strip 
of the normal section along the line a; = 0, y=0, and we may 
therefore confine our attention to the values of the strains when 
w and y vanish biit z is variable. The expressions we have already 
found give the first two terms of an expansion of these strains in 
powers of z, and we propose to find the terms in «' in the same 
expansions. Now from the classification of cases in art. 321i 
it appears that different cases are discriminated by the varying 
relative importance of such quantities as fi and such quantities as 
*i2, «!?', — When e, is great compared with «,«, only the first 
terms of the expansion (those independent of. «) need for any 
purpose be retained. When e, is of the same order as «i«, only 
the first two terms need be retained, The second approximation 
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therefore refers only to cases in which ti is eioa)l comfmred witl 
KiZ. In making the second approximation we are at liberty I 
reject ail such terms as e,t. e^, viz, €,«'. ... aa well as all terms th) 
contain a: or y. Further, since our second approximation 
only be applied to small displacements of the middle-surface i 
may reject all terms which involve products of *i, «], t. 

Looking at the system of equations (29) and (30) we see thi 

of the terms at first rejected e-. ^, :rs> ^a ™*y st'^l ^ omittt 
pa da op op 

for our purpose, because every term of each of them contains'! 

factor X or y. Picking out at first all the terms that do not vai 

with x and y we have such equations as 



!, + e,)2-4 (*! + «.) «'l 

and, in accordance with the principles above explained, these n 
be simplified to 



Also in the same way i 



ft 
efind 



-i'- 



-(«, + «,) 



..pn 



3ii 


vr ~ 


8» 


^1 






..(35). 



The above equations give the strains e,/, c correct to terms in 
if, when a; = 0, y — and the extension of the middle-surfjice is 
small compared with the products of the changes of curvature and 
the thickness, while the displacement of any point of the middle- 
surface is small enough for its square to be neglected, in ob- 
taining them we have used equations (24) and written cr/(l —it) 
for \/{\ + 2fi). 
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337. Streu-components. 

We now cousider the streaii-system. Aa far as terms iu z we 
have by the method of art. 323 



U 



3C(l-o-) 






■..J|, H.0,| 

r«,)|, S - 0, 1 

2'=0 



where C is the cylindrical rigidity = /iA' 



*X + 2;.- 

We cannot obtain the terms in z*. except in \J. without having 
recourse to the equations of equilibrium, but we can give a form 
for the results as far as P and Q are concerned. 

Suppose the term in R that contains i' is Rji'-, then 

Hence 

P-(x + 2rt.+V-^+*-;/«+/)+^:p5-^«,*'. 

Thus we find from equations (34) 

^-f.[(..+«.)-(«,+.'«.>«-(^+"")^ 

«=g[(„.„,,-(..„,).-g.7)- y...<37, 

and fi*om equation (3.i) 
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338. Potential Energy of strained SheU. 

From the approximate values of the strains io art. 335 i 
may deduce an uspression for the potential energy. Just aa in I 
art. 323 it appears that the potential energy per unit area of the 1 
strained shi'll is 



+ 1^ [(«. + ^.)' -2(1-0-) (e,€, - ieH)] . 



. (38). 



The Becond term of this expression contains /i aa a factor, and J 
the first term contains h'. If more exact values of the strainsJ 
were found there would be additional terms in h' depending onl 
products of such quantities as fi and Ki. When the middle-surface I 
undergoes extension as well aa flexure the second line is the moBtl 
important. When the extension is small in such a way that tita J 
quantities e,, e,, nr are of the same order of magnitude as K,h, xjif I 
rh, the two lines must be retained. When e,, e,, w are of the! 
order «,A', kJi^. rh' or of any higher order the first tine is the most I 
important. In each class of cases the expression above written I 
includes all the terras that need to be retained (and generally i 
some terms that ought to be rejected) for the purpose of estimat- | 
ing the potential energy. It is necessary to observe that the J 
equations of equilibrium or small motion cannot be deduced fromJ 
the above expression by the method of variation', because thel 
terms in A' that are neglected therein may on variation give riaeifl 
to terms of the same order of magnitude as those that arise from ■ 
the terms retained. For instance, from the vai'iation of a term in | 
AV|e, there vfould proceed a term h^xiSe, as well as a term A'e,S* 
and the fonner would give us terms in h'K, in the equations ■ 
equilibrium or small motion which are of the same order as thoi 
that come from the variation of A'*!*. We shall obtain the general 1 
equations without using the method of variation. 

' This waa the method employed in my paper, (Phil. Tram. A. IB88,) Itt fl 
iceisctnsBB whs pointed oat bf Mr BaReet {Phil. Tram. A. 1690). II the genetit'l 
equationB o) mj paper be compared nitli Ibose of anj of the problems solved U 
it will be foitod that lemis are omitted which ought to have been retained. Thaas ■ 
terms depend au the second approximations to the Btresses considered In tl 
article. Lord BayleiRh has also pointed out that when extension ol the a 
surtaoe takes place there does not exist a function depending on (he deformation dt 1 
the middle- Burfaee alone which represents the potential energ; correct to ti 
b*. {'On the Uniform Deformation., .of a Cjliudrical Shell...' Proc. Land. 
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339. Stress-resultants and Stresa-couples. 

For the purpose of forming the equations of equilibrium of an 
clement of the shell bounded by normal seetiona through two 
pairs of consecutive lines of curvature we seek to reduce the 
stresses on the faces of the element to force- and couple-reault- 
anta. Blach of these will be estimated per unit of length of the 
trace on the middle -surface of the face across which it acts. 

On the element of the face a = const, whose trace on the 
middle-surface is of length Bd^ there act forces of the P, U, T 
system. These reduce to a force at (a, j8), whose component,'* 
parallel to the axes of x, y, and z will be taken to be 

P,Bd^, U,Bd^, T,Bdff 
respectively, and a couple whose components about the axes of j- 
and y will be taken to be 

H,Bd^. GM^- 

On the element of the face /9 = const, whose trace on the 
middle-surface is of length Adtt there act forces of the U, Q, S 
system. These reduce to a force at (a, l3), whose components 
parallel to the axes of .t, y, and j will be taken to be 

U,Ad<x. P,Ada, T,Adix 
respectively, and a couple whose components about the axes of x 
and y will be taken to be 

G.Ada, H.Ada. 
In finding the values of these quantities in tcmis of the 
displacements we have to remember that the line-elements 
Ada and Bd0 have finite curvature, so that in the normal 
plane through Ada for example the element of area on 
which such a streaa as Q acts is the product of rfz aud 
Ada(] —i/pi) as shewn in the annexed figure. 



B' 



The couples can be calculated as far as /»', an 
^ H, Bd^ = /" - ^'' ^'^^ (1 - ■^//'=> <^^ 

and H.Ada = I (7z Ada (1 — x/p,) dz. 

From which, to a sufficient approximation, 
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Also CfidS-J* P«M/9(l-f/ft)<ij, 

a,Ada-\' -(i2.idai\-!ip,)di. 
From which to a siitlicieiit approximatioD 

e, = -cr(«,+o-«,). e,=c(«,+i,,).. 



ill these expressions such quantities as e,lp^ have been I'ejected a 
amall compai-ed with such quantities as «,. 

Again we can calculate U, and U.^ as far as !i' ; we have ' 
l/,-f i'{l -ilp,)iU,U,=j U(\-2lp,)di. 



2*' >. \Pi (hi 



_3C(l-») 



^'^<'-'Vr*''<'-'"C^*;r,)' 



— ("XI 



1 calculate i*, a 



Further in terma of the niiknowii i 
/"i afl far as h* ; we have 

P.= r P(l-zlp,)dz, P, = j Q(\'z/p,)dz. 

' Bufflcienlly emot values (or thn streBs-coupleB are fiven by the first appro 
matioli. The Deoesiity for detenniDing the tcirnn of the HtresB-reaultants that et 
C M well M thoM that couUin C'/h* wm ItrHt iioliiwd by Mr Ba^et in the parttoD 
iBioi of eyUndiical «nd ipliorieal ihelli U'hil. Traiu. It. S. A. 1H90). Mr Basgefs 
iovwtigation proceeda on entirely dittermt lines Irom the present, and he retaina 
term! in C'>, as vcU as tenns in C'l, . The vtiaet for (J, , U, above, (his if, . i/,,) 
ate in sabstantial agreemcnl with thoM given hy him, the additional U 
he obtains being of tbo oider which is hvre netflcckd. These terms oonld fe 
oblainvd by the present proouKi. The values found for f,, P, above 
with those found by Mr Ousel tor the umo RlrDsa-rGsiiltonts (cAlled by him T, a 
7J, thoagh the dllTerence P, - S\ Is in substantial ogreoment with bis diflen 
'i\ - Tg. The discrepancy in the Iwo acoounli of the Btres» 
the quantity ftg. Dy equating oocfliaipnts in two forms of the eipresaion fi 
virtual work of a small displacement Mr Dasset appears to have evaluated P, a 
completely in terms of dlsplacemnnls. Wtt shall bo able hi^reatter in 
two-dimensional Tibralions of a complete elroular eyllndrical shell of infinite 1« 
to bring the matter to a test. It will appear that P, anil P, ci 
problem from the equations of small motion, and thai the valae 
di^duced are not ideiiticiil with Mr KatHct's viiIuck In InrmH of displacements. 
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Heuee 



»^ 



L ft Vft p./ 

-ij^„(..4..)(^ + i-j+i'f] 

Finally T^ and 3", cannot be calcnlated by this methcMJ. 

I 340. Oeneral SquatlonB of Equilibrium. 

Wo have now to consider the equilibrium of an clement of the 
shell bounded by normal sections through a, 0. a + da, j9 + d^, 
wht-u subject to the action of forces 2XhABdad0, 2YkABdad^, 
'2Zh ABdad^ parallel to the axes of x, y, z at (a, 0), and couples 
2i/i ABdid$. tMhABdadfi about the axes of * and y. 

In forming the equations of equilibrium of an clement bounded 
by normal sections through lines of curvature we have to re- 
member that the axes of reference undergo rotations as we pass 
from point to point of the surface. The rotations' executed by 
the axes of ir, y, z about themselves as we pass from the face a to 
the face a + da are p,rfo, q^da, r,da ; those executed as we pass 
from the face y3 to the face + d0 are p,dd, q^0, r^p. 

We can now put down the forces parallel to the axes that act 
on the four faces of the element. 

On the face a we have 

- PM0 parallel to x, 

- U,Bd0 parallel to y, 

- TjBdff parallel to z : 
.n the face a + rfa we have 

P,Bd0 + da^(_P,Bdff)- U,Bd^.i\da+T,Bd8.q,da.\ 
UiBd0 + da~iU,Bdfi)-T,Bdfi.prda+P,Bd8.r,da,\-{-^^). 



- P,Bd^.<j,dci+U,Bd8.p,da j 

parallel to the frame axes. 

' In the calcnlatiollB hern given the displaoemeDt is supposed Bmall ; we ahall 
preaeotl; examine the modification for finite dinplocemeDta. 



240 



THEORT OF THIN SHELLS. 



[340 



On the face P we have 

— UiAda parallel to x, 

— P^Ada parallel to y, 

— T^Ada parallel to z ; 
on the face /8 + d/8 we have 

U^Ada + d/8 g^ ( U^Ada) - P^A da . r^dfi + T^Ada . g,d/8, \ 



P^Ada + dp^{P^Ada)-T^Ada.p4fi+U^Ada.r4P, 



y ,,,yT*it)f 



T^Ada + d^ go {T^^da) - tr,ilda . q^d^ + P^Ada.p^d/3 

parallel to the same axes. 

Remembering the values of jOj, qi, ... given in art. 328, and 
equating to zero the sum of all the forces parallel to ar, or y, or z 
that act on the element we obtain the three equations of reso- 
lution 



TBI— da d0"^^'W 'yaj-J.-^^^^^' 

A [HU^BJ HP^) j^dB_ dA-\_T, 

AB L do dp J pi pt 



y (45). 



In order to form the equations of moments about the axes of ./• 
and y we write down the couples that act on the four faces. 

On the face a we have 

^HBdfi about x, 

-Gladys about y; 

on the face a + da we have 

HBdfi + da I- (HBdfi) - G.Bdfi . r,da, 
G,Bdff + d^i-(G,Bdfi) + HBd^.r,da, 

OOL 

about the same axes. 

On the face /8 wc have 

— G^Ada about x, 
HAda about y ; 
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on the face $ + dff wc have 



FINITE DISPLACEUENTS. 



kp 



-HAdit-dff^(HAdii) + O,Ada.r,d0, 






+ T, + ShL 



= 0,| 



(46). 



their values from (4) of 



about the same axes. 

The systems (43) and (44) give rise to momenta 
T,ABdad0 and -T,ABdad0 
about the same iixes. 

Hence the equations of moments are 
1 Id(HB) d{0^) 
ABl da "^ "3,3" 
1 r3(g,-B) djHA) 
ABl'da. dff 

where Ave have substituted for 
art. 328. 

Equations (45) and (46) are the general equations of equili- 
brium ' wheu thf displacements are ainaJl. 

341. Equation! for Finite Displacementa. We shall 
hereafter, in connexion with the stability of certain configurations 
of equilibrium, find it important to have equations determining 
the stress-couples and the equations of equilibrium of a thin 
plate or shell held finitely deformed. For the general case of a 
thin shell deformed in such a way that the strained middle- 
surface is finitely different from, but applicable upon, the un- 
strained middle -surface we notice : 

1°. That the lines a = const, and = const, which were lines 
of cur\'ature do not in general remain lines of curvature, so that in 
general k„ «,, r are all finite. 

2°. That the atresa-couples are G, = — G{k, + an,), , , . just as in 
the case of infinitesimal bending, but nothing has been proved as 
to the values of the stress- resultants. This result follows from the 
work in arts. 333 — 335, since in obtaining the expressions Air the 
couples it is nowhere assumed that the displacement is infini- 
tesimal. 

' Except for the notation tbeM eqnMions are ideatieal with those gtren hj Prof. 
Lumb in Proe. iMitd. Math, Sac. xii. IBQO, For cylmdriMl ftnd Rpherioal nhelts eqoj- 
vKlent eqiutioDB have been obtained by Mr Battaul in Phil. Traiu. B. S. (A), 1890. 
L. II. 16 
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3". That the general equations of equilibrium can be obtained 
by the method of the preceding article, by writing in all such 
expressions as (43) p,', q,', r,', p,', ... in place of p,, ... i.e. by re- 
ferring to the strained surface instead of the unstrained surface. 

We shall now shew how to write down the equations in two 
particular cases of great importance. The first of these is the case 
where the lines of curvature remaui lines of curvature. The 
quantities Vt, r, are unaltered by the strain; the quantities p,, j, 
vanish after strain as well as before strain ; and thus t vanishes, 
and Ki and «, are 1/p,' — 1/pi and 1/p,' — l/p,, where p/, p^ are the 
principal radii of curvature of the strained middle- surface. The 
equations of et|uilibriuni are to be obtained by writing p/ and p,' 
in place of pi and pi in (45), and by putting ^^ 

8, — C[(i;ft'-l/ft) + <r(l/p,'-l/p.)l, ) 

0,= t;[(iK-i/p,)+»-(i/p,'-i/ft)], I 

H. 

in (46). 

The second particular case is tliat of a naturally plane plate 
referred to lines a = const, and /3=: const., wiiich in the unstrained 
state are parallel to Cartesian rectangular a.xe8 drawn on the 
middle-surface. These lines do not in general become lines of 
curvature of the stramed middle-surface. The latter surface is a 
developable, and in the applications that we shall have to make it 
may be treated as given, so that K,, kj and t may be supp< 
given. The stress-couples are 

0,»-C(»,-)-(r»,), e,.C(», 
and the equations of equilibrium are 

dF, SU, 

da dff' 

3U, , 3P, 



O, H = Ct. 



I- 2;.X . 



-Tji,+ 2hy=0, 



ST, ST, 



3a ■ 






We shall not at present make any further investigation of 
finite deformations. 



Boun daiy- c onditiona. 

Let Pi', m. 2",' be the stresa-reaultanta at any point of the 
edge-line, P,' being along the normal to the edge-lino drawn on 
the middle-surface, V( along the tangent to the edge-line, and Ti 
along the normal to the middle-surface. Also let H', G' be the 
stress-couples on an element of the edge, H' being the torsional 
couple in the plane of the edge, and 0' the flexural couple about 
the tangent to the edge-line. All these are estimated per unit of 
length of the edge-line. 




his system has to be replaced by a simpler statically equi- 
valent system by replacing the couple H'da by forces in the plane 
of the edge. 

Let p' be the radius of curvature of the normal section through 
the tangent to the edge-line. Then it is clear from the figure that 
the equivalent distribution of force gives us a force — dS'/ds to be 
added to T/, and a force H'jp' to be added to U,'.' 

Hence if ^0, 311, 21, C5. ^ are the applied forces and couples 
the boun darj'- conditio us are 

aig \ («). 



i 
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In all the particular cases that we shall investigate the 
boundary of the shell will be composed of normal sections through 
lines of curvature. When this is the case we can proceed to form 
the expressions for Pi'. . . without difficulty. If however the normal 
to the edge-line make an angle with the line of curvature 
P = const., greater care is required in the evaluation of the stress- 
resultants P/.... Just as in art. 310 this may be done by first 
expressing the internal stresses P" ,,. across an element of area of 
the edge. Equations (15) of that article hold without modification, 
so that we have 

F = Pcos» ^ + Qsin» ^+ tTsin 2^, 

• tr' = 8in^cos^(Q-P)+trcos2^, 

r = fif8in^+rco8^. 

Also 

P/= f * R{l-z/p')dz, £r/= f* U'(l^zlp')dz, 

J —A J — h 

h 



r/ = f (fif sin ^ + r cos ^) (1 - zjp') dz, 
J —h 



of which the last is T^ = T^ cos 6 + T^sm 0, since S and T contain 
no terms of a lower order than those in z^. 

The couples in like manner are given by the equations 

H'=r -U'z{l^zlp')dz, 



(?'=[* P'z{\-'zlp')dz. 



To complete the formulae we have only to add Euler's formula 

Ijp = sin^ 0Ip^ + cos* 0jp^, 

which expresses the curvature of the normal section through the 
edge-line in terms of the curvatures of the normal sections through 
the lines of curvature. 
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343. We shall consider in the first place the form of the 

equations of small motion of a thin shell, aiid we shall see that 
from the form alone some very important conclusions can be 
drawn. We shall then proceed, by way of illustration of the 
general theory, to consider the equilibrium and small vibrations of 
thin cylindrical and spherical shells. 

344. Equations of Itee vibration. 

The general equations of small vibration are deduced from the 

equations of equilibrium (45) and (46) of art. 340 by replacing the 

forces and couples X, Y, Z, and L, M by the kiuetic reactions 

against acceleration. If we reject " rotatory inertia " the couples 

£, M vanish, and the forces X, Y, Z have to be replaced by 

S'u 9'v 9'w , ^. J- 1 , p 

~P'5«' "Paij' ~ P ^1 • where u, v, w are the displacements of 

a point of the middle-surface in the directions of the tangents to 
the lines of curvature j9 = const., a = con8t., and the normal, and p 
is the density of the material. 

The equations of moinents (46) of art. 340 give us 



T,~ 



1 [3(0,8) d(HA) 
AB I 8a ■ dff 



• 8a 



3*e 
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and the etjiiations of resolution (45) of the same article give U8 






2pli 




'^■'i-'-m-f&M 



ABl dcL ^ 3^ J "^ p, "*" pi 
If we substitute for T, and T^ from (1) in (2) v 



e shall have tl 
general equatione. 

The Btresa-reaultants P,, P„ U,, U, and the streaa-coupl 
G,, (?,, H are connected with the quantities e,, e,, w, that del 
the extension, and «,, «,, t, that define the 8exure by the formi 
(39), (40), (41) and (42) of art. 339, while the quantities ti. e, 
and K,, K,, T are given in terms of the displacements by 
formulse (18) of art. 331 and (25) of art. 332. 

Now an inspection of these formulas shews that P,, P„ Ui, 
each consists of two parts. The first part is the product of G/ 
and a linear function of e,, ea. '"''> the second is the product 
and a linear function of (e,, *„ t, and an additional cjuantit 
whose expression in terms of the displacements is unknown 
expressions for G,, Ga, H contain in like manner the cylinf 
rigidity C and linear functions of «,, «,, t. When the i 
indefinitely thin the two parts of the expressions for the 
resultants may be expected to be of different orders of magnitut 
and we may expect that one or other of them ought to 
rejected. 

Suppose in fact that any normal vibration is being execul 
then u, V, w will be the products of a small constant coefficii 
defining the amplitude of the vibration, a simple harmonic function 
of the time, and certain functions of a, ff. In general we cannot 
from analytical considerations predict that any of the quantities 
e,, Ca. *». «i, *a. T will be small in comparison with any of the 
others. From analytical considerations alone we should therefore 
expect that the terms in C/A' which depend on extension are to be 
retained, while the terms in C which depend upon flexure are to be 
rejected. 

' Iti, can be foand in some particalar ooBea by solation of the equations of vibnt- 
tiOD. When the type of vibration ie complettitj determined Jfg will be known. 
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345. Are the vibrations extensional ^ 

Let U8 develope briefly the consequences of this position. It 
is in the first place contrary to the prevalent impression that the 
vibrations of a bell depend upon bending— an impression which 
in the early stages of the subject was regarded as a guiding axiom. 
Bending accompanies the deformation, and is of the same order of 
magnitude as the extension by which the deformation is character- 
ised, but the stresses that depend upon such bending are indefi- 
nitely small in comparison with those that depend upon the com- 
parable stretching of the middle-surface. If it could be she^vn that 
the equations could be satisfied by displacements u, v, w involving 
stretching to the extent suggested, and that the modes of vibra- 
tion thence deducible included all possible modes, or all modes of 
practical importance, it would be unnecessary to pi-oceed with the 
theory except in so far as these extensional modes are concerned. 
If however it can be shewn that any important mode of vibration ia 
not included, we shall have to seek for some different theory. The 
crucial test of the theory will be found in the way in which the 

Ikness h enters into the expression for the frequency. 
Now the equations of estensional vibration are 
iph 






rsjPjB) ajiU), 



AB\ So 



iA 



, SSI 



ABY da 



d(U,B) ,d(P,A) IE lAl 
' 8/3 * 'la '3(9 J 



..(3), 



ID which 



;(«, + ".). 



1 au V gvi w 

A da AB dfi Pi 

'■~B8/3 ilSaa p,' 

""JaaUJ B8/3U/' 
and the couditioris that hold at a free edgt 
and Ui = <i or e, + (re,= 0, or = 0. 



u..u..-^- 



! a = const, are P, = 



S48 vnnmoira or tms amooB. 

If we substitute for P„ P,, U,, U, in (3) their values in teix 
of displacements, and suppose u, v, w proportional to e'*'', so t 
pl2ir is the frequency of the vibration, we shall obtain equatioi 
which can be written in the form 

2phphi = Cjh' X (a function of u, v, w). 

These equations can be solved', and the boundary-conditiom 
can be satisfied, and there will be an equation giving pj^k'/C I 
terms of quantities independent of h. Since C if 

fM>(X + M)/(A. + 2W, 
this equation gives values of ;>' independent of h, so that tbl 
frequency is independent of the thickness of the shell. 

346. Necessary eidstence of modes mainly noQ-exten^l 
RlonaL 

We may now see, by means of general dynamical principlo} 
that the extensional modes do not include all the modes < 
vibration of the thin shell'. We have given in art. 338 an 
pression for the potential energy of the strained shell, and we n 
write down an expression for the kinetic energy per unit area ii 
the form 



'4©'-©"-0] <«■ 



rotatory inertia being neglected. If we assume any forms > 
ever for u, v, w, and substitute in the kinetic and potei 
energies, we shall be able to obtain an expreasion for the frequeni _ 
of the sht'll when constrained to vibrate according to the assume; 
type ; and it is a general dynamical principle that the frequei 
obtained by assuming the type cannot be less than the le« 
frequency natural to the system". The principle is independent d 
any approximation of the assumed to a possible type. 

In particular we may assume that the type is such that no 1: 
on the middle -surface is altered in length', or that the middle* 

> Partionlar cues will be worked oat below. 

■ See Lord Bajleigh ' On the Bending and Vibr&tioDB of thin Elutic B 
eBpeoially of Cjlindrioal Form'. Pt<k. R. S. ilv. 1889. 

* See Lord Ba;leigh'a Theory of S«und, vol. i. art. S9. 

' If aof other asHumption be made the aBaumed tjpe is eitenBioaftl Hid ti 
Crcqoency is independent of the tbicknesB. 
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Burtac 



- - = 0, 



..(8). 






surface moves so aa always to be applicable upon itself. In this 
s the potential energy per unit area is 

i(7[(«, + x,)--2(l-a-){«,*,— r^)] (7), 

Where «i, «;, t are definite linear functions of u, v, w and their 
diflerential coefBcienta given by (25) of art. 332. The conditions 
that no line on the middle-surface is altered in length are that 

If], f,, and w are zero, or by (18) of art. 381, 
f Ada^ABd^ p, ' I 

m I Bv a dB 

f ^l/XW^Af 

I Ada\B)^Bdff\ 

I From the first two of these equations we obtain 
i p, fd\i V dA\ _p,(dv u dB\ 

I A[da'^ Bd^)~B b/3 '^AdaJ' 

which, with the third of the same set of equations, fonns a system 
of two simultaneous linear partial differential equations of the first 
order for the determination of u, v. When u, v are found fi-om 
these equations w ia determined, and thus we see that the con- 
dition-s of inestensibiJity lead to certain forms for u, v, w. 

There exist therefore systems of displacements which aatisfy 
the condition that no line on the middle-surtace is altered in length. 
When these are substituted in the kinetic and potential energies, 
and the frequency deduced, we find a relation of the form 
~ p» X C/h X h\ 

Dthnt the frequency is proportional to the thickness. By taking 
ihe shell sufficiently thin we may make the frequency coixe- 
aponding to the aaaumed typo as small as we please in comparison 
with that corresponding to any extensional mode. We must 
therefore conclude that there are modes of vibration much graver 
than the extensional ones, 

The above argument is quite independent of any physical 
considerations as to the ease with which a shell can be bent as 
compared with the difficulty of producing extension, but such 
considerations shew the importance of the non-extensional modes 
proved to exist. 



and 
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347. Are the vibrations purely non-extensional ^ 

Let us now consider how it may be possible to satisfy tbffl 
general equations when the terms in C cannot be rejected in I 
comparison with those in C/M When this is the case it is clea 
that, in order that the equatiojis may hold, e,, €„ m must be small I 
of the order kJi* at least, i.e. the extension must be of the order rf J 
the Btguare of the thickness multiplied by the change of curvatui 
or it may be small of a higher order. In either case an approxi-M 
mation to the solution of the problem will be found by supposin 
the quantities defining the extension to vanish identically. Thus,.! 
whether the equations can be satisfied by displacements involvmgj 
no extension of the middle -surface or not, such diaplacementol 
always constitute a close approximation to the actual displace- 
ments in any of the graver modes of vibration. 

This conclusion is very important. From the assumed type we 
learnt only a superior limit to the order of magnitude of the 
frequencies of the gravest tones. We now infer that the assumed 
type is a close approximation to the actual type, and we know' 
that the correction to the period for the depaiture of the actual 
from the assumed type of motion is always a small quantity of the 
second order when the correction to the value of any displacement 
is regarded as of the first order. Thus the type is approximately 
defined by the kinematical conditions of inestensibility, and the 
period is actually deducible from them. 

It is an important question whether the actual type can 
coincide with the assumed, in other words whether free vibrations 
of the shell can take place in which no line on the middle- surface 
is altered in length. A simple enumeration of the equations and 
the unknowns is sufficient to shew that in general this is not the 
case. Let us suppose that the displacements ti, v, w satisfy not 
only the general equations obtained from (2) by substituting for 
2*1 and T, from (1) but also the conditions of inextensibility (8). 
We shall have really four quantities u, v, w, iZ^ connected by six 
equations. We could in two ways eliminate u, v, w, K„, and we 
should obtain two values for p- generally different from each other 
and from the value obtained by the energy method. But if we 
had substituted in the equations of small motion a set of values 



Lord Rajleigh's Theory of Sound, vol. I 
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for the displacementa which are poiwible normal funotions, the 
equations would have been compatible' and would have led to the 
same value for p^. We must expect then that in ordinary circum- 
stances the equations of small motion cannot be satisfied exactiy 
by displacements for which the middle-surface is uoexteuded, but 
that there may be exceptional cii'cumstances in which they can be 
so satisfied. We shall examine later cases of both kinds. 

348. Subsidiary diBptacements required to satisfy the 
differential equations. 

Now seeing that the middle-surface cannot remain accurately 
unextended, and that the extension that occurs must be small of 
the order (square of thickness) x (change of curvature), we shall 
find the following method of approximate solution : — 

We seek first the general forms of u, v, w which satisfy the 
equations (8) of iiiextensibility, then we substitute in the kinetic 
and potential energies, and detennine the approximate forms of 
the normal functions and the period. Let u,, w, w^ be a set of 
values of u, v, w which correspond to a normal type of vibration 
when every line on the middle-surface is unaltered in length, and 
p/2w the corresponding frequency. We know that p is propor- 
tional to the thickness h. 

Let the actual displacements be given by the equations 

u = u, -F h'M'. v = v„ + /i=v', w = w, -)- AV (9), 

where u', v', w' are fimctions of a, ^ to be determined, and are 
compai-able with u„, v„, w„. Then in the tenna of P,, P^,... which 
contain Cjh- we may omit u„, v„, w, since they contribute 
nothing to ti, ej, and w, and in the terms which contain (7 or p" we 
may omit A'u', A'v', A'w'. Remembering that C is proportional to 
/(', and that p is proportional to h, the quantity h will be seen to 
disappear from the equations, and we shall have three differential 
equations to determine four quantities u', v', w' and Ra. From 

' For example coouder the vibrationi of a string, The dUplacement y eatiBflM 
tbe equation d'yldi'^a'iPyldj:^, II we eubatitute for y a valae proportional to 
einnj: we shall obtain the correct value for the tretiueney pj'ir, viz.: we find p'^n'a'. 
Qenerollf, if possible normal fuuctions be aubatituted in the equations of email 
motion of on; syBteni, tlioee equations detemune (he period without reference to the 
bouDdnry-oondilions. 
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the indetermiiiateness hence arising it appears that there is an I 
infioity of modes differing verj- little from the corresponding non* I 
extensional mode, although generally none of them are identical f 
with it. We shall give later an example of the determination as I 
far as is possible of u', v', w'. 

Now until u', v', w* are determined e,, e., and w will be un- ] 
known, and therefore P^.P^, &nd U, may be regarded as unknown, I 
while Ui— III is known. In fact Ui and U, contain the i 
unknown quantity \C(\ — a)-mjh'', and their remaining terms an \ 
known functions of r. We have therefore in the first instanoa I 
three differential equations to determine P,. P., and or, and when j 
these are solved in accordance with the boundaiy-conditions i 
may proceed to substitute for Pi and Pj from (42) of art. 339, j 
and 80 obtain two equations connecting €, and e. with the un- 
known B„. 

349, Subsidiary displacements required to satisfy the 
boundary-conditions. 

It remains to examine huw the approximately non-extenaional j 
modes can satisfy the boundaiy-conditions at a free edge, and for 1 
this purpose we shall consider the case where a line of curvature I 
a = const. of the unstrained middle -surface is the edge-line. The \ 
boundary-conditions of art. 342 become 

P,=0, U, + Hip, = 0,\ 

^ „ ^ laff „ (10), 



where T, is determined by the second of (1). 

With the reductions made as above in the differential equations I 
it will be found that P,, P,, U,, and U^ are all determinate from j 
the differential equations and the first two boundary-conditions. 

If we suppose that the specification (9) holds right up to the J 
boundary then the third condition G, = is C(K, + aK,) = t), ttai\ 
we shall find on examining particular cases that this cannot be.| 
satisfied by the values of «i. «. deduced from the expressions u^, t«,-I 
w, as displacements. We must therefore conclude that near the j 
boundary either the subsidiary displacements which must be super- 1 
posed upon u„, v„, \\\, or some of their differential coefficients whicb J 
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occur iu «i, Kj and t, cease to be of the same order of magnitude 
as A'Uo, A'v„, A'wn and their corresponding differential coefficients. 

Generally we ought not to expect that the condition 0, = 
could be satisfied by non-extensional displacements; for such 
displacements are detemiiui^d independently of any such condition. 
Even if the equation d = were satisfied at the edge, there would 



remain the condition Tt 



- -r. '^ = ^, and from the form of the 



equations of in extensibility it is clear that two boundary- conditions 
could not in general be satisfied'. From what we have said it 
appears that without some modification the solutions of the 
equations that express the condition that no line on the middle- 
surface ia altered in length are incapable by themselves of satis- 
fying either the differential equations of free vibration or the 
boundary -conditions at a free edge. The discrepancy thus arising 
can only be explained by taking account of the extension of the 
niiddle-suiface. 

The difficulty of the analysis seems to preclude the possibility 
of a verification by the complete investigation of any particular 
case of vibrations, but the solution of a certain statical problem' 
gives an idea of the way in which subsidiary displacements may be 
found which give rise to terms of the order required. 

Suppose a is a finite linear dimension of the shell (e.^. the 

I radius when the shell is cylindrical), and consider a displacement 
tp be added to w, which is comparable with 
F 
mwa: 



lere oi„ is the value of a at the free edge, and q is comparable 

^/(a/A), and suppose the parameter a to diminish as we pass 

'ards along the shell from the edge. Since e, contains a term 



This is tlie nrgnment upon which 1 prooeedad in m; paper {Phil. Trnru, A. 
Lord Rayleigh in hia paper (Pnv. R. S. xlv. 188!)) oontends that the 
bonndary-conditioDB are salitified h; the ooa-eitenHional solntionB. Referring to 
one of my equntious fiirtuallj tlic name an P, = 0), he uotices that the terms in it 
which contain A a« a factor sre iiaeor in i, and f, . and the remaining terma 
coutain h' us a factor, and he holds that, in consequence of the smallnene of 
h, such an equation ia eulllciently SBtiefied by the vanishing of i, and i,. This 
urgument does not apply to an equation like fii = 0. all whose tenus contaiu the 

powei o! h. 

Given by Prof. Lamb. Pror. I.-md. Malh. Sec. lu. 18U0, 
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— w/p, , such a diaplacement gives rise tu estensional strains which, i 
uear the &ee edge, are comparable with the uon-extensioaal strains 
kit,, iiK., At calculated from u„, v^, w,, aod at a little distance from 
the free edge are quite insensible. At the sarae time, since k^ 

contains a tenn -j-^ ^^ , such a displacement gives rise to changeaa 

of curvature which, near the free edge, are comparable with thoafrJ 
arising from u„, v„, w„. Tenns of this kind are therefore adapted! 
for satisfying at the same time such boundary-conditions as /*, =0 
and such boundary-conditions as C, = 0. 

We conclude that for the complete satisfaction of the differentia 
equations and boundary-conditions there are required two sets a 
subsidiary displacements. The first set are everywhere of 1 
order A'Wo/u*, and they enable us to satisfy the differential equai>4 
tions ; the second set diminish in geometric progression as we paw 1 
inwards ft^m a ft«e edgt, but close to the edges they rise in i 
portance bo as to secure the satisfaction of the boundary-condition! 
The extenaional strains proved to exist are practically confined t 
a nanNDW region near the free edges ; they give rise to 8trea»>V 
resultants which in general are of the same order as those <nj 
which the bending depends but near the edges tend to becomft-l 
very much greater ; the stress-couples to which they give rise s 
of importance only in the neighbourhood of the edges. 

Note. It is worthy of notice that the difficulties encountere 
in the theory of thin shells, and explained by taking account t 
the extension, do not occur in the corresponding theory of t 
wires, In the latter theory the equations of vibration, the condi 
tion of inextensibility, and the terminal conditions form a syst 
of equations which can be satisfied. 
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^1 3S0. Oeneral equatloDB. 

m^ We shall procepd to consider the caee of a thin shell whose 
middle-surface when unstrained is a circular cylinder of radius a. 

Let F be any point of the middle-surface, and let x be the 
distance of P from a fixed circular section measured along the 
generator through P, and let be the angle which the plane 
through P and the axis makes with a fixed plane thi-ough the 
axis ; then x and if> are the parameters of the lines of curvature. 
If we take a = x and ^ = we shall have, in the notation of 
art. 328, 

A=l, B = a, l/p,= 

Let the displacements of P be i 
the circular section, and w along the 
then equations (18) of art. 331 become 



l/p, — 1/0 (ll)'. 

■ug the genemtor, v along 
! normal drawn outwards; 



W"' 



3u 



_ 9v 1 3u 
dx a dA' ' 



..(12), 



/ a'w 



...(13). 



d equations (25) of art. 332 give us 

I The general equations of equilibrium under forces X, F, Z per 

L unit volume parallel to the generator, the tangent to the circulai* 

^^K Bection, and the normal drawn outwards, are' 



ox a dip 



-ShT- 



■ The negati.i 



dx a dtf> a 

9 rso. 1 3^1 



130,] 
;3*J' 



I 
I 



y...(i4). 



1 ^ TdH 13G, 
a30l_9:c a dip 



^^•1 



taken IwcBUse the radiuii of onrvstnre p, is poHilive whan 
reached b; going fcom the anria^e in the pnailtve direction 
of the axis s of art. S29, and this direction in that of the normal drawn outnards. 

' It may be as well to remark thaC P^ is a tension acroea Ihc circular ecction 
z = oonst. ID the direction j- inoreasini!, P, ie a tension across the geneiatot 
^-conat. in the direction 4> increasing, U, ia a tangential atresa aorosB the cinmLar 
sMtion, (7, a tangential Htresa across the generator, ti, is a Qeiural atreas-oouple 
aoting across the circular section, G, a fleiural atresa-couple acting across the 
generator, and /f is a torsional couple. Equal torsional couples H act aorosa the 
generators and the circular sections. 
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and the equations of small motion are derived from these by 
substituting 

3*u 3*v S'w 

- /5 ^ for Z, -/5 ^, for 7, and - p ^ for Z. 



dP 



dt* 



dt' 



Further in the above equations 



(15). 



jj 3(7(1 -<r) ^ T 



351. Eztensional Vibrationi. 

Unless e,, e,, w are all very approximately equal to zero, the 
terms that contain them are the most important, and we find 
the equations of extensional vibration in the form : 



„ .a»u 3C(3 r^^^ff/av- w 



+ 



*^ "Udif, [dx'^ ad<f>j] ' 



-.a»v 3Cf... .9rav^i3u"i 



>• 



1 3 ri/3v . N . aui) 



^''^ 3<^ 



_3(7(ir 



^3u l/3v 
dx a \d<l> 



)]} 



.(16). 



/ 



Suppose that as functions of the time u, v, w are proportional 
to e*^^ and write 

^ja^^lph^p^jC (17)»; 



» It is to be remembered that C= | iih* ,^ "^^ = | —*- . 



^^361^^^^^^ sxTEsammi^vmRi.'noJss. 


wm 


then the equations become 




S+S-i<'-")^l^i('-)Ha5^-S = °. 


1 


ll?.-i-4<'-')£.-«-')L-^-^.li-. 


^B 


^-^-K'^L^)- ) 


^^H 


^H 


Eliminating w from the first two equations by means of the ^^| 


thijd, we find 


■ 


£+„^" + w-)„'lf.+w+'>;sS* 


1 


•, r s-u , 1 3v "1 „ 


H 


I d*v <• ,., , 9"v , ., .1 d'n 


a'S^+a''^^<'-''>S^^^^'^''^-am 


■ 




1 


In the case of an infinite cylinder' we have to take as the type ^| 


of solution 


H 


M = Acoa(mx + x„)cos(n<f> + <f>,)e'^,] 


■ 


v = 58in (ma: + a;„)8in(7ii^ + ^)e'P' J 


If we substitute these values for u and v, and eliminate A and B. ^| 


we obtain an equation for k', which is 


■ 


[<-'»il— **-")S-H 


1 


[(-•-!){ -/-*<' -'"»■! 


-^ 1 


.[j(«--i)a+^) + ^]"^" 


■ 


This is the general frequency-equation. 


V 


Among particular cases" we may notice the followinj 


;- 


(1°) Radial vibrations. 




Taking u = 0, v = 0, and w independent of « and <f>. we find the ^^ 


frequency given by the equation 


■ 


""-^.^^r^,- 


■ 


■ 


' 8«e Lord Raylai^li'B ■ Note oa tho Free VibrationB of »□ infinite!; long 0;lin- ^^| 


drieal SlieU'. Froc. R. S. xlv. 1889. 


^H 


* The resulM oa\y are stated and the onalfBia is left lo the reader 


E>cept for ^M 


the radial vibiatiooe the results are due to Lord Hafleigh. 




L. II. 


iJ 
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(2P) Vibrations in which the displacements are independent 
of a?. 

These fall into two sub-cases as follows : 

(a) We may take v and w to vanish while 

u = -4 cos (n<l> H- <f>o) e'P^, 
then the frequency is given by the equation 

In this motion every generator moves parallel to itself through a 
distance which is a simple harmonic function of the arc of the 
circular section measured from a fixed generator. 

(b) We may take u = 0, while v and w are independent of 
X. The motion is in two dimensions, and the equation for k 
becomes 

/€»[/€»- (1 + w«)] = 0. 

The root k = indicates indefinitely slow motion, and we shall 
find that there is a corresponding flexural mode ; the other root 
gives a frequency determined by the equation 



j_ 2 l + yiy 



(S^) Vibrations in which the displacements are independent 
of ^. 

These fall into two sub-cases as follows : — 

(a) We may take u and w to vanish, while 

V = 5 sin (mx + Xq) &^, 

then the frequency is given by the equation 

P 
The motion is purely tangential, each circular section moving along 
itself. These vibrations correspond to the torsional vibrations of a 
thin rod (art. 264). 

(6) We may take v = 0, while u and w are independent 
of ^, then the values of k are given by the equation 

(/€» -!)(/«"- m»a«) - <r*m«a» « 0. 
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When ma is small or the wave-length large compared with the 
radius the two values of k correspond respectively to vibrations 
which are almost purely radial with a frequency nearly equal to 



27raV 2/ 



•.p{l-a-y 

and vibrations in which the displacement is almost wholly parallel 
to the axis with a frequency given by 



where E is the Young's modulus of the material. The latter 
correspond to the extenaional vibrations of a thin rod {art. 263). 

The extensional vibrations of a cylinder of finite length are 
considered in my paper {Phil, Trans. A. 1888). Taking the case 
where v and w vanish at the end j; = 0, white the end a; = i is free, 
the symmetrical vibrations can be completely determined. For this 
case we have 

t 



To 



U = Acosma!g''", v = B 


•in TO 


■.If". 








Aama . 












'he boimdary-conditiona at j; = i are e 


. +<re, 


= 0, 


cr = 


:0, 


or 


-^(l+^^).in„.-0. 


Bcoa 


,id. 


.0. 






Itiefy these we must take either 













mi = 



B=Q, 



where n is an integer, and then * is given by the equation 

or else we must take 

ml = ^2n + l)w, A=0. 
and then * is given by the equation 

^-1(1 -.r)(2n+l)V <.■/'■■ 
These correspond to the modes of vibration of an i 
cylinder described in (3°), (6), and (3°), (a) respectively. 

17- 
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362. Non-estenslooal Vibrations'. 

We proceed to couBider the modes of deformation of the 
cylindrical shell in which no line ou the mid die- surface is altered 
in length. These are characterised by the equations of inestenai- 
bility ■ 

^ = 0, g + w = 0, ^|^ + ^-^ = (22X1 

die dip adif> dx ^ '^"^ 

The cylinder being complete u, v, w must be periodic in regard 
to 1^ with period 27r, and therefore must consist of sums of terms 
which are simple harmonic functions of integral multiples of if>. 

Further, by differentiating the thii'd of equations (22) yfUjk 
respect to x, we find 



da^ 



-'0, 



and hence we have to take as the most general forms for u, ■ 
U = -S-S„ain(n0 + ./.„), 



..(23), 



v= S (A„+B„x)coain4, + 4^), 
w = Sn iA„ + B„x) sin (luf, + 0,) 
where the summation refers to integral values for n. 
With these values we find from (13) 

K, — 0, a'iCi = — %(n' — n)(An + B„a!)eia{ntft + ifti,), 

aT = S(n'-l)5„cos(B0 + ^) (24). ] 

The modes of non-extensional deformation fall into two clae 
In the first class, for which the coefficients S„ are zero, the motiot 
is in two dimensions, and is analogous to the non-extenmona] 
deformation of a circular ring considered in art. 303 ; in the second 
class, for which the coefficients j3„ are zero, the displacements in 
the plane of any circular section are proportional to the distance 
from a particular circular section, so that these cannot occur in an 
infinite cylinder. 

For a cylinder of length 22 bounded by two circles x = I aad^ 
a=~l the kinetic energy is 



where the dot denotes differentiation with respect to the time. 

> See Lord Bayieigh ' On the Bending and Vibrations of Uuu Elastio Bbi 
especially of Cylindricfti Form '. Prac. II. S. itv. 1889. 
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The potential energy for the same cylinder is 



tOoS 



■•(rf 



-I)- 



-§-|»M»--i)-|- 



2(I-,r)(»--l)W| 
(26). 



Since both these expressions are sume of squares A„ and B^ 
may be treated ae normal coordinates of the system. 

The frequency pj^tr for the two-dimensional vibration, in 
which A^ only is different from zero ia given by the equation 






..(27), 



and the frequency p'/iw for a vibration in which 5,, only is different 
from zero is given by the equation 



G n'{n*~iy 



' pka* n' + l 



..(28). 



1 + 



n'(n'+l)P 



Lord Rayleigh remarks that when the length of the cylinder is 
at all great compared with its diameter p'^ differs very little from 
p*. If, however, the length be too great the motion in if„ tends to 
become finite, and it will not be legitimate in the equations of 
inextenaibility to neglect squares of the displacements. 



363. DiscusBlon of the two-dimensional vibrations. 

We have now to consider to what extent the equations of 
small motion are satisfied by the non-ex tensional solutions. 

Take first the two-dimensional deformation expressed by the 
equations 

u = 0, V = j1 cos n^ e'J«, w = nA sin ruf) e""". . .(29), 

for which €,, £;, w all vanish, and 

«, = 0, aVa= -(H'-n)A sinn^e''", t = 0. 

With these expressions for the displacements and changes of 
curvature, the stress-resultants and stress-couples are given by 
the equations 



Jl 
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rS 



71* — n 



1 — <r a' 

2 — <r n' — n 



— -4 sin n<^ 6*^ + ^(7 



crlZo 






1 -<r a= 

The equations of small motion become 



>....(30). 



dx 



= 0. 



1 31^ C^ 

_ ^? + r ^» (i^a - 1) ^ cos n<^ e*y* = - 2/5Ap» ^ cos n<^ e^^'S 

P C 

- :i^ - ^ n« (n» - 1)^ sin n^ e*y< = - 2pAnp» il sin n^ g'l^* 



y...(31). 



a a 



Differentiating the third with respect to ^, and adding to the 
second, we eliminate P^ and obtain the equation 

\2ph (n« + l)p* - -^ w« (?i« - ly] A cos n<l> e^^ = 0. 

We observe that in this case the differential equations of 
vibration are satisfied by the non-extensional solution, and the 
substitution of this solution in the said equations leads to the 
correct expression for the frequency. With some set of bound- 
ary-conditions the equations (29) give us a system of normal 
functions. 

Before proceeding to the consideration of the boundary-con- 
ditions we may find the stresses Pi, Pa, and the unknown iZ©. 

We have^ on substituting for p* in the third of equations (31), 

o 2n»(n«-l)C , . ^ „, 
P, = \ — = — '- - A sm n0 e*^S 



^ This is the partioalar case referred to in art. 889 in which P, can be determined 
and shewn to be in disagreement with Mr Basset's result [PhiL Tram, A. 1890). On 
his p. 456 are three equations which are really the same as the second and third of 
(81) above, and the equation of (80) that gives Q^ % and they would give rise to the same 
expression for P, (Mr Basset's T^ as that obtained here. Tet the expression he 
obtains for his T^ in the second of his equations (44) on p. 450 is not satisfied by this 
value of his T]. 
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aud then from the tiret and second of (30), 

><r^_ n(Ti'-l) (2-tr 
■ 



(2 — <r tif \ . . , w 
1-0- ft' + 1/ ^ 



The result is interesting as shewing that there la & tension P^ 
across the circular sections of the cylinder as well as a tension P, 
across the generators. 

As regards the boundary-conditions it is clear that if any 
circular section be a free edge the conditions there cannot be 
satisfied, Among these conditions are Pi = 0, Gi = 0, and neither 
of these quantities vanishes at all points of any circle x = const. 

If a certain stress- system be always applied to the edge the 
motion will be possible, but otherwise it can only take place when 
the cylinder is of infinite length. There is reason, however, for 
thinking that, by means of a correction to the displacements which 
is unimportant except quite close to the edges, forms could be 
obtained by which the boundary -conditions could be satisfied 
without any sensible change being produced in the period or in 
the general character of the motion. (See art. 349.) 

»S64 DlBCUBBlon of the three-dltnenBlonol vlbratlona. 
Let us consider next the deformation expressed by the equa- 
tions 



--fisinn^e"', 



= Bx COS jii^ e"?', Wu = nUx sin nji g-^, 



and suppose that u, v, w are given by 

u = u„ -f k\\', V = v„ -t- A'v', w = Wo -1- A'w', 
where u', v', w' are at present undetermined functions of x and 0. 
Then e,, Ca, w depend on u', v', w' and not on Uo, v,,, w,, while 
<i, K„ T are given by the equations 



Kx = h? 



3V 




5.sm«0..p'-H -[.,-,, -g-j 



'3V _3v'\ 
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We may omit the terms in A* from the expressions for the 
stress-couples, and thus find 

71* — 71 



Oi = Ga 



a" 



Bx sin n^ e^, 



fl'=a(l-cr)^^5cosn<^6'i* 



> 



(32). 



Now in the equations of small motion (2) the quantities 
■Pi, -Pa» 1^1, f^a contain unknowns €i, €a, -Ro» «r, so that we may 
first write down equations for determining Pj, ... and afterwards 
seek the values of u', v', y/. In these equations the terms arising 
from kinetic reactions may be simplified by omitting u', v', w', 
since p^ is proportional to h\ 

The equations are 

+ - 7rr = 2pAp»-5 sm n6 e^, 



3a? 



-x-^H- - ^ + — n«(n« - l)5a?co8 nA e*^=-2pA»»5a?cos n6 6*^, 
dx ad<\> a^ ^ ^ ^ 

P C 

-^ - -i ^' (»i* - 1)^^ sin ^<^ ^^ = - 2php^Bx sin tk^ e*^* 



M33), 



a 



a" 



in which Pi, Pi,.Ui, I/j contain terms arising from the terms 
hhV, A'v', A'w' in the displacements. 

The third of equations (33) gives P,. Eliminating Pj between 
the second and third we find 



dx 



= f-r w' (^* - 1)* - 2/5Ap> (n» + 1) LBa? cos n<^ e*''*. 



This gives 

it; = J T- n» (n«- 1 )« - iphp'in^ + 1) 1 5ir» cos n<^ c*^+ J [To cos n<^ 6*p<, 

where Uq is independent of ^, and the (f> and ^ factors are inserted 
with a view to satisfjdng conditions &t x=±L 

If Hocosn^e"^ be the value of H at either limit we have as 
one of the boundary-conditions 



Ui ? cos n^ 6*^ = when a? = + i, 
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SO that 



Now, by (15) of art. 350, 
I that 

'^ ^ 'a' a 

-i I ^. "'(«'- l)'-2p''/i=(n='+ 1)1 H'-a^)Blcosji^e'f'. 
^ence the first of equations (33) becomes 



^'^.[2.Ap.j%i.(..-+l)'^}ii 



HeDce, on integrating, we have 



1 — - sin vxpe'' 
a'j ^ 



+ P„ sin n<j) ffP'. 
bhere P„ is independent of x. 

To make P, vanish when a: = ± f we must take P^ = 0, and 



- 2pkp' 
Sow by (28) we have 



,a.i-iP}- 



^ pha* I 



=<-')<''-)-}/|^*=^'}- 



„C(l-^) 



(«■-!) (2«' 



tnd the value of if at a free edge is 



-C(l-a)ni2'. 



-l)-(n»-l)c. 



n^s-^. 



s does not agree with the value of H given in (32), and we 
i. conclude that near a free edge there exist subsidiary dis- 
uements which give rise to terms i 



■ of the same order as 
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those given by the non-ex tensional solution Uo, v©, w©; these 
displacements are requii*ed to satisfy the boundar}'-conditions. 

Again, we have, by (15) of art. 350, 

and we have found a different expression for U^, which shews that 
-BT is of the order h*B/a\ In like manner from the values of Pi 
and Pj we could shew that €i and €a are of the order h*B/a\ We 
conclude that there exist subsidiary displacements which are of 
the order h^Uo/a* without which it is impossible to satisfy the 
differential equations. 

356. Effect of firee edges. 

We shall now, following Prof. Lamb^ investigate a statical 
problem which illustrates the effect of free edges. We shall 
suppose a part of a circular cylinder of radius a bounded by two 
generators (^ = ± ^o) a^d two circulai* sections (x=±l)tohe held 
bent into a surface of revolution by forces applied along the two, 
generators while the circular edges are free. The type of dis- 
placement will be expressed by assuming that 

V = c^, 

while u and w are independent of ^. 

We have then 

Br = 0, 

T = 0. 

Each of these quantities is independent of (f). 

Of the stress-resultants and stress-couples Ui, U^, and H 
vsmish, while P,, 6ri, and 6, are independent of ^, also no forces 
are applied to the shell except at the straight edges. Hence the 
second of equations (14) is identically satisfied and the other two 
become 

dx • 

da^ a ""' 
* Proe. Land. Math, Soe. xzt. 1890. 





w + c 
a 




c 
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The boundary-conditions which hold at the circular edgt^ are 
;, when x= ±1, 



a dtf) 
of which the last is satisfied identically, and the third is 

dx 

We propose to solve these on the assumption that e,, «, are of 
the order /(«,, and we shall find a justification of this assumption 
■ posterion. 

With this assumption we have 



P, = f(^. + «.). 



-C(K,+ffK,). 



I The equation =-^ = 0, with the conditions that P, = when 
■ ± ^. gives us P, = everywhere, and we therefore have 



The equation -^ ^ = then gives us 



The solution of this is in terms of exponentials of ± (1 + t) qx/a, 



[, selecting the terms which are even functions of x, we have 



h!!™,J! 



2?d„!? 



COS — + D, anh — siu 
a a ». 

f»Te Di and D, are arbitrary constants. 

L The boundary-eonditiona, G, = and 3G,/9fl; = when a 

dj^ a' • d.T' ' 

1 which we find 

Yy ffc s inh qlla cos qlfa — cosh gl/a sin q l/a 
' 3' einh 2qlfu + sin 2ql/a ' 

jj _ ffc sinh ql/a cos qlja + cosh ql/a sin ql/a 
' q' sinh iql/a + ain 25^/0 



= ±/. 



cnnntsicu. ctklls. 



This© 



s the c 



mplete solution of the problem, and t 



s constitutes t 

a posteriori justification i 

nearly equal to ± {, e, or (w + c)la is actually of the order hx^ c 

Ac/a'- 

Xow since q is very great the roost important terms in w a 

giren by 

«^ ^,,1—1- Xf 1^ - 9^\ 9* 
w = — /• J- — fi-^i'-Kl' I I (viR i Rin-^ I rciA i— 



or w = -c + ^'2 -jC-"'-"*cos jg(/-;r)/a + -rl- 

The changes of curvature near the free edges are of the o 
c!a\ and they are of the siune order all over the surface. 

The extensions near the free edges are of the order hcjt?, t 
they rapidly diminish in value as we pass inwards from the e 

It may be shewn that the total potential energy arimng f 
the extensions near the edges is of the order \'(h;a) as compi 
with that arising from the changes of curvature. 

It may also be shewn that the forces required to hold the s 
in the form investigated reduce to uniform flexural couples aloi 
the bounding generators and forces whose effects are negligible 
a very little distance from those generators. The proofs of the li 
two statements are left to the reader. 

Profl Lamb' has given an interesting application of his analyi 
to the case of a plane plate bent into a cylinder of finite curvatu 
When the length and breadth of the plate are of the same ordcrl 
of magnitude, the plate can be held exactly in the cylindrical form I 
by the application of couples at the edges. Along the straig 
edges the couple is the product of the cylindrical rigidity C atM 
the curvature, along the circular edges the couple resi 
tendency to anticlastic curvature (art. 314) is the product of t 
Poisson's ratio a, the cylindrical rigidity C, and the c 
If the circular edges be free the departure from the cylindrica 
form is everywhere verj' slight, but near the free edges thei 
extensional strain of the same order of magnitude as the flezi 
strain. When the plate becomes a narrow strip whose breadth i 
1 ■ Od the Flexure of « FUl EUsdo Spring '. Proe. PAil. Soc. Uuiohester, 1890. I 




366] 



PROBLEMS OF EQUILIBBIUM. 



corapai'able with a mean proportional between the radius of 
curvature and the thickness, the exteneional strain ia of importance 
at all points of the strip. When the breadth of the strip is atill 
further reduced it bends like a thin rod. 



366. Further examples of cylindrical Bhellt. 

We conclude our discussion of cylindrical shells with the 
following examples' : 

(1") An elongated cylindrical strip bounded by two generators 
cannot be bent in the plane containing the axis and the middle- 
generator. 

(2°) The form of the potential energy (26) of art. 353 suffices 
for the solution of many statical problems. Thus if a cylinder of 
length 2i be compressed along the diameter through m = Wa, tf) = 
by equal normal forces F the normal displacement w is given by 

w = S2b (.(1„ + fl;B„) cos 2ni^, 

F 1 

27riCn(4n'-l)'' 

OjEb F 



where Aj„ = — 



B„ = - 



2-n-l C n(4m"- l)'[iV3a" + (l- ff)/2n] ' 



(3') When a heavy cylinder of infinite length whose section 
is a semicircle is supported with its axis horizontal by uniform 
tensions applied to its straight edges, it can be shewn that the 
change of curvature at an angular distance <ji from the lowest 
point ia 

2 gpa'h 



0-i7r), 



- (<)) sin 

and that the strain is non-extenaional. 

> The resaltA only are tiUt«d anil the TeriGcation IB left to the reader. The Grit 
two examples arc taken from Lord Raylejgh'a paper ' On the Bending and Vibrntions 
of Thin Elaatio Shelta capeciaUy of Cyliudrical Form ". Proc. R. S. tt.». 1888. The 
third is from Mr Banaet's paper ' On the Eitension and Fleinre of Cjlindricat and 
Spherical Thin Elaatio Shells'. Fltit. Troiu. K, S. (A), 1890. Mr Basnet mskes the 
■train only approiimately non- extension al, the departare Tiom a cooditioD in which 
no line on the middle-surface ie altered in length depending on the fact that the 
centre of gravity of a small element doea not lie on the middle-anirace. It is 
however unnGeeaeary to take this mto account. 



I 

I 



SPHERICAL SHELLS. 

387. We shall now consider the case of a shell who( 
middle-surface when unstrained is spherical. We shall first i 
vestigate expressions for the displacements when no line on tbd 
middle-surface is altered in length, and deduce an expression folf 
the potential energy of bending. This expression will be applies 
to find the frequencies of the non -extension al vibrations, and t 
some statical problems. We shall then consider the subsidia 
displacements which must be superposed upon the non-extensional 
displacements in order to satisfy the equations of vibration. Aft 
that we shall proceed with tbe extensional vibrations and witl 
some statical problems in which extension plays an importanl 
part. 

368. Conditions of ineztenelblUty'. 

Referring to the notation of the general theory we shall taki 
$ and 1^ for the colatitude and longitude of a point of the sphena 
and we shall take 

a=e. = <t> (34), 

then, if the normal be supposed drawn outwards we have, 

A=a, B = asin$, p, = pj = — a 

a being the radius of the unstrained spherical surface. 

Let u, V, w be the displacements of a point on the middla^ 
surface along the tangent to the meridian, the tangent to thi 
parallel, and the normal to the sphere through the point, then thi 
condition that no line on the middle-sui-face is altered in length i 
expressed by the equations 



1 3v 



..(36). 



1 3u 9v „ 

-■ 3 x-r + ^z — V cot e 

sm 90 dO 

These are derived from (18) of art. 330 by substituting foA 
a, ff, A, B, pi, pt their values aa given in (84) and (3,i). 

Eliminating w we arrive at two equations which can be put il 
the form : 

' See Lord BayUigh in Proc. Land. Math. Soc. i 



coTTOiTioNB oy nraiTKN8iBn,rrY. 






..(37). 



and these shew that u cosec aud v cosec 6 are conjugate fimctioiis 
of log (tan ^fl) and 0, or, in other words, that (ii + (v) cosec 5 is a 
function of log(tan ^fl) 4-i0. We shall consider especially the 
case where the shell is bounded by either one or two small circles 
^ = const., but the application to other cases might be made by 
means of a transformation by conjugate functions of log (tan ^ 5) 
and 0. 

For the case supposed u aud v as functions of <fj must be 
capable of expansion in sines or cosines of integral . multiples of <fj, 
and we have the general forms' ; 

u = aineS il„tan"itf + 5„cot''^fl 'n0, 
V = sin flS r^d „ tan" ^d + B„ cot" ^ ^1 n<f>, 

w = -S (cos(? + n)(^„tan"ie+fl„cot''i^) ~'n0 

The form of the results shews that in order that u, v, w may be 
finite both the poles ^ = and 6 — ir cannot be included. This is 
in accordance with the well-known result that a closed surface 
cannot be bent without stretching. 

369. Potential Energy. 

We can next calculate the potential energy of bending. 
R«fcning to equations (25) of art. 332 we see that in the case 
of the sphere the changes of curvature are given by 



I 





a'«, 


1 g-w 

sin'^a*'^ 




a'Ki 


a-w 

"9^ 


da 




a'T 


3/1 3w> 

"3flUnff30 




Written oot 


m tnll 






= Eiu9Z[{J 


tan-je 


+ B„o(it- 


and 


rimiUrly (or 


andw 





-Sw 



1 3v 
sin 6 dtp 



u cot 0, 1 



..(89). 



in-ie + fl,'<JOfie)Bmn#], 
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By means of equations (36) these can be reduced to 

1 9*u n^^ ^ 



1 _ 3*o _ 9o 
"'"" d0\an0d0d<f>) 



y (40). 



a'/Cg = — tt'/Ci = cosec 



a^T = cosec' 



Now on eliminating v from (37) we have 

-•'^[™4(s^*)]+^-» ;•■■•<«>■ 

and, by differentiating this with respect to and dividing by 
sin'^, we find an equation which is 

We now have, on differentiating, 

»^2(n»-n)rilntan~i^ + J5nC0t»i^l *^n<^, 

« ^2 (n» - n) Tiln tan'* i ^ + J5n cot* i ^ I "^ n<^ 

^42). 

The potential energy per unit area is 

i [(/c, + /c,)» - 2 (1 - cr) (>c,^ - T«)] 

= a(l-cr)(/c,« + T«) (43). 

Hence the potential energy of the bent shell is 

0(l-a)a»f 'd<^[ ' sin «d5 (a:,« + T») (44), 

Jo J $9 

where do and 0i are the values of at the bounding-small circles. 

On integration with respect to (f> the products of different A's 
or jB's, and of A's with fi*s, disappear, and we find for the energy 

27r ^^^7^^ r^ (^' - ^y (^n tan»~ i ^ + J5n' cot>~ ^ 0) cosec* ^d« 

+ a similar term in An^ and J5n''. 

In the particular case of a hemispherical shell we must take 
Bn = to avoid infinite displacements at the pole of the hemi- 
sphere, and, restoring An, we have for the potential energy 

27r ^±(Lzf) 2 (4^« ^ An'') (n» - n)« f ' tan»» i ^ co9e(^0d0 
d Jo 

= iT ^%^^ 2 (il„' + il„") (n* - n) (2n» - 1) (45). 
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The occurrenceof (k' — fi)a8 a factor ia the nth term of ie,.K..,T 
and of the expression for the potential energy shews that « = and 
n = 1 correspond to modes of non-extensional deformation without 
strain, and in fact it is easily veriiied that the corresponding 
displacements are rigid-body displacements. 

The coefficient C'(l— o-) which occurs is ^/ih', and thus the 
potential energy of bending of a spherical shell depends on 
the rigidity and not on the resistance to compression of the 
material. 

The formula for the potential energy enables us to afilve 
stiiticai problems relating to the deformation produced by given 
forces. Lord Rayleigh' gives two examples of the application of 
this method to the ec|uilibriuin of a hemispherical bowl as 
follows : — 

1°. When the points d =^7r, — ^ir, and 6 = ^, ^ = ^7r are 
joined by a string of tension F, all the coefficients .in (38) vanish 
except A,, At,... Air--, a^d 

. 2(-ra^F 

" 7rt/(I-<7)(4r='-l)(8r'-l)' 

2^. When the pole ^ = is the lowest point of the shell, and 
is supported, while a rod of weight W is laid symmetrically along 
the diameter through 6 = ^ir, <^ = i;Tr, the same set of coefBcienta 
appear as in the last example, and 



■^"■".-r'/i _-■ 



(_)- 



■0(\ - a) 2r (4r= - l)(8r'- 1) ' 

the weight of the bowl being neglected. 

The verification of these results will serve as an exercise for 
the student. 



I Prot. Loud, ihith. Sne. xili. leS2. The reanlta sre hare Blightly corrected. 
It may be noticed liere that forces which produce diaplncementB independent of ^ 
eumot be treated bj tliia method. For inBtance, a hemiepherical shell supported by 
vertical forces aX itn rim and bent by its o*i weight ia a case tor which the metbud 
fails. !□ thin and aimilar problems the dcformatioii depend* on Kitension of the 
middle-surface and the uhell is practically rifpd. 

L. II. IS 



SPHERICAL SHELLS. 

360. Non-eztenslonal VIbratloni'. 

For the free vibrations we require the kinetic energy. Tly 
expression for the kinetic energy per unit area if* 

" rotatory inertia " being neglected ; and, by using the formula 
(3K), this is easily shewn to be 

■n-pa'k j ' X (i„' + !„'') [2 sin' e + (cos 6 + n)^] tan'" ^^ sin BdO 

+ Trpa'kj'l.{B„' + B„-')[2sm'd + (co3e + ny\cot'"^$Bm0d0 (* 

where the dot denotes differentiation with respect to the time. 
In the case of a hemispherical shell the B's must be omltte 

and the limits of integration are and j^tt; and, by wri 
z = 1 + cos ^, we find that the integral to be evaluated is 

This is easily evaluated when n is given by expanding tl 
binomial, and, if /(«) be the value of the integral, the kinel 
energy is 

wpa'AS (^„" + i„'')/(n). 

The kinetic and potential energies being reduced to sums ( 
squares the coefficients .^n--- ^i^ normal coordinates in thl 
non-extensional vibrations. 

The frequency of the nth component vibration is p/2'jr where I 

'''fpa- /(») 

When the shell is not hemispherical but bounded by a sm 
circle the formula is similar biit/fn) is different. 

361. Discussion of non-extensional vibrations. 

We have now to enquire whether the non-extenaional displa 
ments investigated in art. 358 can satisfy the general equations a 
free vibration, and we shall consider a particular type of displa 
ments which correspond to a normal vibration under the conditia 
that no line on the middle-surface is altered in length. 

' Lord Rayleigli, loe. ril. 
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Let us flfisume that 



These displacemeDts make e 



A sin d tan" Jfl cos nip e**", 
A sin tan" i^ sin xi^ e"^, 
-A{Qoa $ + H)tan'' id cos ji0 e'J" 
■j = or = 0, and 



,. (49). 



T = A coaec' d tan" iS sin Kde' 

The stress- couples are given by the equations 



I G, = (3, = C{l-ff) — ^^dcosec'etan-'ifleosH^e'''', 



..(52); 



ff=C{l-<r) - — A cosec'eta,!!'- I^e sin nipei-' I 

The stress-components T, and Tj which act across the parallels 
and the meridians in the direction of the normal to the sphere are 
given by equations (1) of art. 343, and we have accordingly 

with the above values of G,, G,. and R it is easily shewn that T, 
and 2", vanish identically. 

Again, from equations (+2) of art. 333 we find 

P, =P, = 4C<rii./M, (7,= f^, = (.53). 

The equations of vibration (2) of art. 343 becomi- 

idp, 

a he ' 
dP, 



-Zplip'A sin^tan"'if'cosHi^e''" 
- iphpF A sin tan" h0 sin rKp c*' = 




iphp' A{cos0 + n) tan" ^0 cos n0 e''" 

These equations are incompatible, and we conclude that the 
equations of vibration cannot be satisfied without taking account 
of the extension of the middle-s 

18—2 
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362. Subsidiary displacements. 

In order to take extension into account we assume that u, v, w 
diflfer from the values given for them in equations (49) by terms 
which are of the order AM /a*. These give rise to extensions of 
the middle-surface which provide values of Pj, P,, I7i, U2 diflfering 
from those given in (53) above, but we may omit the additional 
terms which they contribute to Gi, 0^, H. The stresses 2\ and T^ 
then continue to vanish. We may omit also the changes produced 
by the subsidiary displacements in the terms arising from the 
inertia of the shell, since p^ is proportional to h\ We thus obtain 
the equations 

- 2php^A sin tan~ ^0co8 n<f> e^^ 

a\d0 sm d<l> J 

- 2php^A sin tan** ^0 sin n<f> e^ 



= - 3-^ +(fri4-[7,)cottf4--^-^~r 



^ . . %\nifij. 



2php^A(co& 0-hn) tan" ^0 cos n^e*^* = - i (P^ + p,) 



a 



In these equations (see art. 339), 



y 









> 



2h' 



■w 



(56); 



where R^ is unknown, but 

au 



o^i = gg + w, 



a€.= 



1 av 

^^ 4- u cot ^ + w. 



sin 80 



X 



1 3u 9v 

aw = - — 7. ;r7 + ?r7i — V cot 



(57). 



/ 



sin 0d4> d0 
Now we shall put 

P, = Z cos n0 e'^S P, = JIf cos w0 e'^. U,= U^ = JTsin ri0 e*''^ . .(58), 

K = 2phap^A (59). 



and write 
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Then the above equations (55) become 

7,N =- KsiD0 tac" i 



^ + 2^-eot^- 



^M = 



..(60). 



L + M= -K(co3 9 + n) tan" i^ > 

EliminatiDg M we find 

sm^^^+2i.co35+nff'+K'[sin'^+co3tf(cosfl+n)]tan''i^=0.j 

By adding and subtracting these equations we find 

(sintf ^^ + 2cos& + «)(Z + A^) j 

+ ^ (1 + 2?i cos 5 + li' + sin' $) tan" ^6 = 0, 
fsin e -js+icos9-7>\(L-N) + ^(eos' ^ - n") tan" ^6 = 0. 

These are linear differential equations of the first order, and their 
integrating factors are respectively sin 9 tan" i^B and sin cot" ^9, 
BO that we have 
(£ + jV)sin^5tan''ifl , 

+ A7(l + 2fi cos e + n' + sin' 6) sin 9 tan*" ^9d9 = const.. L (62). 
(L-N) sin^ fl cot" ^$ + Kf(cos' 9 - ra') sin ed9 = const. J 

Taking, as in art. 360, the case where the pole fl = is included 
and the pole ff = w is excluded from the shell, the constants are to 
be determined by the facts that L + N does not become infinite 
when 9 — 0, and that L vanishes at the free edge. Thus L and N 
and consequently P,. P^, and (/", may be regarded as completely 
known. 

Now equatioLS (56) give us 



L (e>-« 



(^'-^') = S7-7?~.(^.--P'). 



3(7(1 -ff)^ 
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By (57) these become two equations for the determination of 
u and V, viz. we have 



^"^ ^ d0 (sl^j ■" 30 (sin d) ■" 3Ca (1 - cr) ^^' "" ^'^' 
®''' ^ ag Iffl^y "*■ a<^ VS^y ~ 3(7a (1 - cr) ^^ 



..(64). 



The solutions of these equations consist of complementary 
functions of the same form as (49) of art. 361 and particular 
integrals. To find the latter we take 

u = i7 cos ruf) &P^y V = Fsin n^ &^y 
then 



sin -j^ + Ucosff — nV = jcrm \ (^ - ^) sin 0, 

do oO (1 — c) 

sin ^ j^+ V Qos — nil =^ iTri-,^ 1 iVsin^ 

dO 3C/(1 — 0-) 



...(65). 



From these U and V may be determined in the same way as L 
and N were found from equations (61). 

The subsidiary displacements U cos tm^ e^y V sin n^ e^ are 
those required for the satisfaction of the differential equations of 
free vibration. No determination has been made of w, and no 
subsidiary displacement in the direction of the normal to the 
sphere is required. On the other hand the known values of P^ 
and P, being substituted in equations (56) it is seen that any 
small value of w is associated with a certain small value of R^, 

It may be remarked that since L, M, N contain 2phap^A as a 
factor the expressions for U, V found from (65) will contain as a 

factor oV^vY V , and with the value of p^ given in art. 360 this 

oG (1 — c) 

will be 4 — ^ T7-T ^ Ay where f(n) is a certain rational 

a^ /(n) -^ ^ ^ 

function of n ; so that the subsidiary displacements required to 

satisfy the differential equations are in fact of the order of the 

product of the non-extensional displacements and the square of 

the ratio (thickness : diameter). 

In regard to the boundary-conditions it follows from the 
forms of Oi, H, Ti given in art. 361 that the non-extensional 
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solutions are incapable by themselves of satisfying the boundary- 
conditions 

a sin p 39 
which hold at any small circle, nor will the subsidiaiy diaplace- 
mente just investigated enable us to satisfy these conditions. 
There can however be little doubt that by tneans of additional 
subsidiary displacements of the kind indicated in art. 349 these as 
well as the remaining conditions 

P, = 0, U,-Hja = 
can be s.itisfied. 

363. Extenaional Vibrationi. 

We proceed now to consider the extensional vibrations of the 
spherical shell. 

According to art. 345 we have the equations of vibration in 
the form 



I 



8P,"| 






3P 
81= 



•■ (66). 



where 



and e,, e,, and w are given by (57). 

Regarding especially the case of a complete sphere or a 
segment boiuided by a small circle ^ = const, we shall take u, v, w 
to be proportional to e'''', and u and w proportional to cosa^, while 
V is proportional to sin sifi. Thus we write 

u= Fcoss^e"", v= Fsinsi^e-P', w= Wcoaa^ff'"...(6B). 
where 8 is an integer and 17, V, W are functions of 6 only. Also 
we shall write 
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Making these substitutions, the equations of vibration reduce to 

-(i+a) r|^+ Ucote+-(^g+2w] +M1-*') «"=<> 

(70X 

If now we write 

l = l^^-i. or ^(l + o-) = ic(l-a)-i(l + «r)...(71). 
the third of the above equations is 

-*7 '^■^ [w+ ^-* ^+s^J = <> <^*>- 

Substituting for W in the first and second of (70), we find that 
1(1 — 0-) is a £eu;tor that may be removed firom both equations, and 
we obtain 

^ + cot ^ ^g? + [2 + «» - (1 + «») coeeC «] i7 

and 

|^+cotd|^+[2 + *»-{l+<»(l + c)}coeeC^F 

.- _ 8 cos 6 J. «c atr ^ 

Differentiating (72) with respect to 0, and subtracting firom 
(73), we have 

-Ci)- 
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364. Solution In Spherical Harmonlci'. 

Equations (72). (74). and (75) are the equations to be satisfied 
by U, V, W. To solve them we take 

!E=' Ufiine,- y=7'siii^ (7a); 

we first eliminate x by means of equation (75) which is 

^ (2 + A:^)sm^tf-S' 

and arrive at two equations containlnjf yand W. It will be found 
that these equations contain the same function of y which is 

SO that it is easy to eliminate ij, and the resulting equation for W 
turns out to be 

g..o..-.(|±|-,-^,).=o as, 

^^HlAgain, writing (72) in the form 

■ .!,-tw, ^'6-^.6% (79), 

^^re can easily eliminate y from (74). and thus obtam au equation 
which turns out to be 

+ ^«»sinS('^-2co8^^) = (80). 

Equation (78) determines W, equation (80) determines x when 
W is known, and equation (79) determines y when x and W are 
known. 

' Only the leading atepH of the ADalysis are Biren. The jirocesa was miggesled 
by M. Mathieu'H work in the Jonmal dt VEcolc Poli/Ucliii., Cahier 61, 1SS3. 
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dfjk 

A 

d/i 



...(81). 



Writing fi for cos 0, these equations become 

.^[*r+t(i-.-)f]-o, 

The equation for W is the equation of tesseral harmonics of 
argument /», rank s, and index n, where 



n(n + 1) = (2 + *»)/(! + c). 



(82). 



The solution of the equation for x consists of two parts. The 
first part is a particular integral depending on W and it can be 
shewn without difficulty that 



2 + /r» 2c 



dfi 



is such a particular integral. The second part is a complementary 
function which satisfies the equation derived from the second of 
(81) by putting W=0, and this function is a tesseral harmonic of 
argument /a, rank «, and index m where 



m (m + 1) = 2 + /r*. 



.(83). 



We have thus the complete solutions for a shell including the 
pole /A = 1 in the forms : 






K^ 1+C 



(l-^^)A„J-T.'>M.l„^a^y 



-'^'K'^^a 



2 + /C* 2c 

dx 
2c " ' dfi 

where Tn^ (/a) is that particular integral of the equation 
which does not become infinite when /a = 1. 
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36S. Complete apherical shell. 

Let us suppose the apherical shell complete, so that the pole 
fi, = —l is also inchided, then we know from the theory of 
Spherical HarmoDics that T„"' (fi) becomes infinite when ^ = — 1 
unless n is an integer. We thus find two classes of types of 
vibration. 

In the vibrations of the first class A^ = while m is an 
integer. The motion is purely tangential. The frequency is 
given by the equation 

2 + K' = m(m + 'l) 



t^ 



= ±("' 



-l)(m+2).. 



6). 



P 



The fonus of the displacements when any normal vibration of 
type is being executed are 



V[l 


-^' 


)^- 


.!..■ 


"(c) 




V(i 


-m', 


)^: 




ift." 


■ill 14 



..(87), 



while w vanishes. 

These correspond to the purely tangential vibrations of a 
sphere or spherical shell of finite thickness investigated in I. 
ch. XI. 

In the vibrations of the second class B,„ = 0, while n is an 
integer. The motion is partly tangential and partly radial. The 
frequency is given by the equation 



2 + * 
"l + t 



= «(« + !), 



or fr'om (71) 
*'(l-(T)-2<'[l + 3(r + n(« + l)] + 4(n-l)(« + 2)(l- 



where K'=p'a'p/n,^ as in equation (69), 

The forms of the displacements when any n 
this type is being executed are 



..(88), 



mal vibration of 



i jt here is the rigidity, it ci 
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'^ = M^c ^(^ - '*') ^" |l ^-" <^) .I>^' ' 



L..(89). 



-1 g tin(4 

2n(n + l)c\/(l-^') " " ^'oo..* 

in which k^ is one of the roots of the equation (88), and p is the 
corresponding value found from (69), while 

2c"'2l4-cr 

366. Particular casein 

We may notice especially the purely radial vibrations, the 
modes that correspond to n = 1, and the symmetrical modes for 
which 5 = 0. 

l^ Radial vibrations. 

These are easily investigated from the general equations (66). 
We have to suppose that u and v vanish, and then it will be found 
that w must be independent of and ^, and that the frequency is 
given by the equation* 

^. = 4^-^^^ (90). 

2°. Symmetrical modes for which n = 1. 

These are partly radial and partly tangential, but the displace- 
ment of any point takes place in the meridian plane. 

The frequency is given by the equation 

;,.= 6l + ^-^. (91). 

^ 1 — CT pa* ^ ' 

and the displacements along the meridian and the normal have 
the forms 

u = iili sin ^ c*^, w = iliCos^^ (92). 

^ The resolts only are given and the verification is left to the reader. 
3 Cf. I. art 129. 
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3^ Unsymmetrical modes for which n = 1. 

For these modes « = 1. The frequency is given by (91), and 
the displacements have the forms 



009^ 

U = - Jill COS ^ 6*^*, 

V = ^Ai e'P\ 

OOS^ 

w = -4i sin e^^ 



\ 



) 



(93). 



4^ Purely tangential modes for which « = 0. 

It will be found that u and w vanish while v is given by the 
equation 

v = 5„^{P„(co8^)}e'i^, 

where P» denotes Legendre's nth coefficient, and the frequency is 
given by the equation 



j)« = (n-l)(n + 2) 



pa} 



(94). 



5**. Partly radial modes for which a = 0. 

The displacement of any point takes place in the meridian 
plane, and the component displacements along the meridian and 
the normal have the forms : 

- = - MsW) (1 1^: - ^) ^4 ('•<-«» '-x ...(,5), 

w = AJP^ (cos B) &P^ j 

and the frequency is given by p* = n^fi/pa^ where /c' is a root of the 
equation (88). There are two different periods with similar types 
of motion. 

367. Shell bounded by small circle. 

When the spherical shell is bounded by a small circle we have 
to satisfy the boundary-conditions 

€i + (Tfj = 0, w = 0, 

du \sm 0J sin U 
for a particular value of 0, 



or 



(96), 
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The substitution of the values of fT, F, W from (84) by means 
of (76) would lead to two equations from which the constants An, 
and BmM could be eliminated, and there would remain an equation 
connecting r«<*> (fi), Tm^^ {fi) to be satisfied for a particular value 
of fi. Since n and m are known in terms of tc*, this is really an 
equation to find k^, but the method of solving it is unknown. 

The particular case of the symmetrical vibrations of a hemi- 
spherical shell can however be worked out, and it can be shewn 
that they are included in the cases 2^ 4®, and o^ of the last article 
in which further n must be an odd integer. This case is left to 
the reader, but the work is given in my paper (Phil. Trans, A. 
1888). 

368. Equilibrium under exteniion. 

We have seen in the footnote on p. 273 that some modes of 
displacement of a spherical shell are possible in which the potential 
energy of bending vanishes and the strain produced by some 
applications of force must be extensional. If in fact u, v, w can 
be independent of <f> or proportional to sines and cosines of ^ the 
corresponding forces tend to stretch the middle-surface. 

When the shell is subject to forces 2Xh, 2Yh, 2Zh per unit 
area parallel to the tangent to the meridian, the tangent to the 
parallel, and the normal, and X, F, Z are independent of 0, the 
displacements u, v, w can be independent of <f>, and the equations 
of equilibrium (45) of art. 341 become 



2ZA + i [^^^ + (P,-P,)cot^] =0, 



2Yh + 



aide 



'\-2U,cot0 



1=0, 



r 



2Z?i--(Pi-hP2) = 

a^ ^ 



(97). 



in which Pj = -r-, U^ + w + o- (u cot 5 + w) , 






cot ^ -f w + <r 



S^'^)]' 



(98). 



„ 3C(l-<r) . ^a / V \ 



Now if we WTite 

X' = a'XI,. = ia'b^XIC(l-<,) (99), 

and Bimilarly for ¥' and Z' in tei-ms of F and Z, we shall find 
equations' which reduce to 



The first two become, by using the third, 
d'u , -,3u 



8V 



a 3' 



!^+cot«^ + v(2-cosec'e)+F 



Sfl- 



S» 



A particular integral when X', T', Z' vanish is sin &. and thus 
B can find the complete primitives in the forms 
[|»=J,sine + S, (cote -sinolog tan i^) \ 

-..n e/jcosec. 9 /sin- i (jr-+ if )<ie} M, \ ^^^^^ 

B ,4, sin l9 + 5, (cot ^ - sin 5 log tau i tf ) 

-sinfl/icos'^/mn^er'rf^ld^ I 
i w is given by the third of (100). 
The application to the case of a hemispherical bowl supported 
f uniform tensions at its rim, and deflected by its own weight is 
given with other applications in a paper by the author'. In the 
caae referred to it is shewn that v vanishes, and 



" 2^ 



[-sin^ + tan Jtf- 



g(l-+ 



«(*)], 



'Y' [2co85-4 + cosfllog(H-co8fl)]. 



hs leading Bteps of the uial^eis are given m this article. 

le Equilibritun of a Thin Elutia SphBrioBl Bowl ', Proc. Loud. Math. 
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where p is the density, and fi the rigidity of the material of the 
shell. 

The investigation of the solutions in which 

u X cos 0, V X sin <f>, w x cos <f> 

is given in the paper mentioned above, but the interest is mainly 
analytical. The general case there investigated where u x cos«^... 
is entirely unimportant as, whenever the forces in operation could 
produce displacements of this type, the displacements would be 
noD-extensional, and the method of art. 359 would be applicable. 
The difficulty of satisfying the equations exactly would be evaded 
by the method of arts. 348 and 362. 



CHAPTER XXIII 



STABILITY OF ELASTIC SYSTEMS. 



369. The part of our subject upon which we are now entering 
is among the most difficult for theoretical treatment and the 
moat important for practical purposes. We propose in the fiist 
place to lay down the principles upon which the discussion of any 
case of buckling or collapse must be founded. We shall then 
proceed to illustrate the application of these principles to various 
problems in which configurations of equilibrium of thin rods, 
plates, or shells may become unstable. 

370. Possible Instability confined to thin rods, plates, 
and shells'. 

We remark in the first place that a configuration of equilibrium 
of an elastic solid body cannot be unstable if it be the only configur- 
ation, and consequently the possibility of instability is bound up 
with the failure of the theorem of uniqueness of solution given in 
(e) of I, art. G6. We have therefore in the first place to examine 
under what conditions two solutions of the equations of elastic equi- 
librium of the same body under the same system of forces can exist. 

Consider an elastic solid body all whose dimensions. are of the 
same order of magnitude, and suppose some such conditions as 
those in (7) of 1. art. 66 imposed, in order to prevent purely rigid- 
body displacements; then, in any strained condition, the displace- 
ment of every particle from its unstrained position must be very 

' For an Hnn1;tical diecaMiou of the theurem of this article and eibibitian of 
the oriterion in art. 371 the reader ib referred to Mr O. H. Bryao's pB[ier 'On the 
Stability of Elaetic S.VBtoms', Pruc. Camb. Phil. Sae. V]. IHSS. 

L. II. ly 



small. Suppose that the body js held in a strained position by 
given forces applied to given particles of it in directions fixed in 
space. The points of application of the forces and their directions 
with reference to line-elements fixed in the body will after strain 
be very nearly the same as before strain, and it will make only a 
very small difference to the equations of equilibrium or the 
boundary- CO editions that the given forces are actually applied to 
the system in the strained state. In the equations and conditions 
used in vol. I. it is assumed that this difference may be neglected, 
and whenever this assumption is justified the theorem of uniqueness 
of solution holds good. 

Consider next a body in which finite displacements can 
accompanied by only infinitesimal strains. The difference between 
tbe equations that hold when the displacements of every point are 
infinitesimal and those which hold when the displacements are 
finite is very considerable. The fact that the forces are applied in 
a configuration finitely different from the natural state changes 
altogether the character both of the equations of equilibrium and 
of the bound ary -condi tions ; and the reasoning by which the.. 
theorem of uniqueness of solution was established has no referent 
to such a state of things. 

We conclude that more than one configuration of equilibrium 
is impossible unless some displacement may be finite. Rejecting 
rigid-body displacements, we deduce that the only bodies for 
which any configuration of elastic equilibrium can be unstabls 
are very thin rtxls, plates, and shells. 

371. Criterion of StablUty. 

When two configurations of equilibrium are possible the test 
by which we distinguish which of them is stable is that in the 
stable configuration the potential energy is a minimum. Now it is 
clear from the forraulfe that have been given for the potential 
energy of thin rods, plates, or shells that in any non-extenaional 
configuration the energy can be made as small as we please in 
comparison with that in any extensional configuration by suffi- 
ciently dijninishing those linear dimensions of the body which. are 
supposed small. It follows that whenever two configurations are 
possible, of which one involves extension and the other no extension, 
the former is an unstable configuration. The like holds good also 
for configurations which are only approximately non-extensionni. 
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372] 

as in tlie case of thin shells, where the extension of the middle 
surface is of the order of the product of the square of the thick. 
nese and the change of curvature, or where the extension becomes 
important only at points close to the boundaries. 
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372. Methods of Investigation. 

There jire two iiii-'thucis by which the 



tability of a given 
configuration of e(|uilihrium may be investigated. In the first 
method the other possible configurations of equilibrium are known, 
and we have only to determine whether the potential energy is 
a minimum. In the second method one extensional configura- 
tion is known, and its stability is to be discussed, and the other 
possible configurations are unknown and cannot easily be found. 
The known extensional configunition dilTers from the unstrained 
state only by displacements of the order that could occur in a 
body ■ all whose dimensions are finite, The unknown configura- 
tions of equilibrium with non-ex tensional displacements are in 
general finitely different firom the unstrained state. But even in 
a thin rod, plate, or shell, under forces which tend to produce 
extension, equilibrium without extension cannot occur unless a 
certain relation of inequality connecting the constants of the 
system be satisfied. Suppose I is a particular constant of the 
system, {e.g. the length of a loaded column,) and suppose that 
equilibrium without extension is impossible unless l> l„; then 
the extensional configuration becomes unstable when this relation 
of inequality is satisfied. Conversely, if the extensional con- 
figuration become unstable when t>lo, then when l — l, ia in- 
definitely small there is a configuration of equilibrium without 
extension differing indefinitely little from the extensional one'. 
To discover this relation of inequality, therefore, we seek a 
configuration of equilibrium without extension in which the 
displacements are infinitesimal, proceeding from the equations of 
finite displacement, and passing to a limit. The method of doing 
this will be illustrated below in several important examples. 

373. Stability of Thin Kod loaded vertlcaUy'. 

We proceed to consider the very important practical problem 
of the conditions of buckling of a thin rod one end of which is 
fixed while the other end supports a weight. We shall suppose a 

Cf. Poiuoare, A^ta Mathemalici, vu, 1S86. pp. aCl aq, 

Ealar'B problem (see lotrodDction), 
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rod of length I built-in vertically at its tower end, and loaded 
at its upper end with a weight W. All the possible configura- 
tions of equilibrium of the system are known, for either the 
elastic central -liiie is straight and is compressed in a definite 
ratio', or it is one of the curves of the elastica family. The 
conditions of the problem give rise to a relation of inequality 
which must hold if the strained elastic central-line is not 
straight. The loaded end being subject to force alone without 
couple must be an inflexion on the elastica, and the tangent at the 
fixed end being parallel to the line of action of the load, the 
length of the rod must be either half the arc between consecutive 
inflexiona, or an odd multiple of this; so that the arc between 
consecutive inflexions is 2ll(2n + 1), where n is an integer or zero. 
Now we have shewn in art. 228 that the load W, the arc 2lj(2n + 1) 
between consecutive inflexions, and the real quarter period K of 
elliptic functions by which the curve is defined are connected by 
the relation 



where B is the flexural rigidity of the rod. 

Since A' is not less than J ir. it follows that there is no elastic 
which satisfies the conditions of the problem if 

W^<^-rr'B , 

We conclude that the straight form is the only possible for 
when I is <^ir^(BIW), or when W<^-it' B/l', but when theq 
limits are exceeded the straight form is unstable (fig, 56 a). 
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In like manner when the rod is pressed between BUpports so 
that both ends are free to change their directions, both ends are 
inflexions on any possible elastica.&nd the straight form is unstable 
if 

Wi'>7r'B (3), 

where W is the preBsure at either end, and I the length of the 
rod (fig. 55 b). 

Again, if the rod be built-in vertically at both euila, and the 
upper end which le loaded be constrained to remain vertically over 
the lower end', the centi-al-line if curved must cut the line of 
inflexions twice, and each end must be at the niojcimum distance 
from this line. Hence the condition of instability of the straight 
form is 

Wl'^in'B (+). 

■where W is tiie load, and I the length of the rod (fig. 55 c). 

374 Application of the second method of Investigation. 

The condition (2) found in the preceding article may be 
obtained without using the properties of the etastica. 

For suppose if possible that the rod is very slightly bent by the 
weight W without compression. Let axes of x and y be drawn 
through the fixed end (as iu fig. 55 a) the axis ^' being vertical and 
the axis y directed towards that side to which the weight inclines. 
Then y is very small at all points of the elastic centrai-line, and 
the differential equation for this line is found by taking moments 
about any point for the equilibrium of the part between that point 
and the loaded end. The equation is 

fig'f&.-y) (•'), 

where y, is the value of y at the loaded end. 

The solution of this equation for which y and dyjdx vanish 
with X, while y = yo when a-=l.ia 






1 These oanditions apply more nearly than tlioae of the preceding paragwFbB to 
% fllender pillar aupporting a roof, but in an; piactiual problem the load W woald 
probably be diSlcalt to estimate eiactly. 
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Now equation ( 



LOAOKD COtUMN. 
) of art. 228 is 



iSm =W (cob 4, -cos a), 
so that the expreBsion for the potential energy is 
W I (2 cos — cos ayds. 

J D 

or W{2h-lcosa) 



■(8), 



where h is the height of the loaded end above the point of 
support. 

When the curve consists of 2r+ 1 half-bays of an elaatica, the 
quantity /; is 2r + 1 times the breadth of a half-bay, and the 
quantity I is 2r-l-l times the length of the arc of a half-bay. 
Now we have shewn in art. 228 that the breadth of a half-bay and 
the length of the arc of a half-bay are respectively 
(2E-K)^(B/W) and K,/(B/W). 
where E is the complete elliptic integral of the second kind with 
modulus k. 

Hence the potential energy of the configuration with 2r+ 1 
half-bays is 

(2r + l)s/(BW)HE~2K-Kco3a\, 
or {2r + l)^{BW)[4>E-3K + 2Kk!'] (9). 

We shall now shew' that the potential energy increases as the 
number of half-bays increases. For let E„ K,, k\, l;' refer to 
the form with 2r+l half-bays, and E.j, ff,, fc,, k^ to the form 
with 2« -I- 1 half-bays, and suppose ?■ > s. Since the length ia the 
same we have 

(■2r + l)K, = (2s + \)K,. 

The potential energy in the form with 2r4-l half-bays is 
the greater if 

(2r -I- 1) (2E,+K,k,') > (2s -1- 1) ('2E, + KJc.i'), 



' In the demonatrHtioQ we i 



le the reUtioDB 



(where *;' Ib the aom piemen tary raoduluB given bj fc' + ifsj), for which see Caylej'a 
BUiptie FuruHioiu, pp. 4H, 61). 
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i.e. if 



(2r + 1) *,-» (k, + 2h ^) > (2« + 1) At," (k, + 24, ^') . 



1+ j^ "jj-j diminishes as i or -K" 

increases. This proves the theorem. 

In the sequence of equilibrium configurations with 1, 3,... 
2n — 1 half-bays possible under the condition (6) the potential 
energy constantly increases. It follows that the configuration 
with a single half-bay is the only one that can be stable for all 
displacements. 

This conclusion may with advantage be illustrated by taking 
the particular case where two forms besides the unstable straight 
form just become possible, for which 

is a small positive quantity. The value of a for the form with one 
half-bay is given approximately by the equation 

D 




Fig. 66. 
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9 betw 
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,nd 176". The value of a for the 



ffr«] 

and the root a 1 

form with three half-bays is very ainall. The three configurations 

of equilibrium are shewn in the figure. 

The form c with a single half-bay is stable. The potential 
energy is a maximum in the form a and a miuimum in the form c. 
For the intermediate form it is stationary but it is not a minimum 
fur all small displacements', 

376. Height ooniiitent with Stability. 

In art. 37.'J we considered the problem of the greatest length of 
a vertical rod consistent with stability of the straight form, when 
the rod was supposed weightless and under the action of a given 
load ; but it is clear that if the rod be very long its own weight 
may be considerable although its thickness is very small ; and we 
shall now investigate the greatest length, consistent with stability, 
of a rod of given uniform line-mass, whose lower end is built-in 
vertically and whose upper end is free. 

The straight form in which the strain is purely exteneional 
will become unstable if there can be a configuration of equilibrium 
in which the rod is held slightly bent without stretching by the 
action of its own weight. 

Take axes of j; and y as in the figure, and let W be the weight 
of the rod, I its length, B its flexural rigidity, and 
y, the horizontal displacement of the free end, and 
take moments about any point (a-, y) on the central- 
line for the eiuilibrium of the part between that 
point and the free end ; we thus find the equation 

''S-/lT<^-!'>^ <">■ 

(jt*, y") being any point between («, y) and the free 
end. Differentiating this equation with respect 
to ic, and writing p for dyjdx, we find ^"B- ^'' 

' Prof. L. Saaltichiitz in hia treatise Der BelatUte Stub {Leipzig, 1880) Laa 
Bbewn that the form h is stable for all diaplncemsnta in whiuh the carve caatinucs 
to be an elaatica and the toaded end au inflexion. This resnit he orriTes at by a 
eonaideratian of the direction of the additional force required to huld the ro<I in the 
(onn of an elastics differing veiy little from b. This doea not shew however that 
the form b is atable for all diaplaueioenta, for there will be eume claalicas diSering 
very little from I for which the loaded end la not an inflexion. The ntadent will 
Snd it an intereating exerciae to verity Prof. Baalachiltz'a reRnlt bj luing the 
n of Btabilitj. 
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which is the differential equation of the central-line. The tenninal 
conditions ai*e that y and p vanish with x, and dpjdx vanishes 
when a? = Z. 

The differential equation (11) may be transformed to Bessels 
equation by the substitutions 

p^z»J{l'-x\ r^ — il — xy, 

and it takes the form 

d?z 






and the solution is of the form 

z = AJ. (tcr) -h BJAicr), 

where ic^^^WjlB (12). 

To satisfy the terminal conditions we have to take -4=0, and 

«/^-j('^6 = (13); 

thus there will be no solution in the form proposed, or the straight 

form will be stable, provided kI^ is less than the least root of 

equation (13); this root is 1*88 nearly. Hence the critical length 

is approximately 

2-83V(^/17), 

which is a little less than twice what it w^ould be if the weight 
were concentrated at the highest points 

377. Stability of Twisted Rod. 

Another very interesting problem of collapse is that which is 
presented by a twisted rod. Suppose a thin rod of uniform flexi- 
bility in all planes through its elastic central-line subjected to 
couples at its ends, and let the axes of the couples be parallel to 
the central-line of the rod in the unstrained state. Then one 
configuration of equilibrium is that in which the rod is straight 
and simply twisted. If t be the twist the potential energy in 
this configuration is JCt^ where C is the torsional rigidity ; and if 
G be the applied couple G = CV, so that the potential energy is 

1 The above solution is equivalent to that given by Prof. GreenhiU in Proc. 
Camb. Phil, Soc. iv. 1881. 
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But there is another configuration m which the rod can be 
held by the terminal couples G, viz. we have seen in art. 239 that 
the rod can be held in the form of a helix of radiua r and angle a, 
provided 

G = B cos a/r, 
where B is the flexural rigidity, and then the twist t is given by 
the equation 

G = GsiQ<ir. 
Now the potential energy in this configuration is 



J £- 



* + 0t- 



40- 



cos' a Bin' a \ 

and this is less or greater than the potential energy in the straight 
form according as 

B>or<C. 
For an isotropic rod of circular section (of radius c) B = ^Eirc', 
and C = i/fjrc«, while E = 2fj.{l + a). Thus the straight fonn is 
unstable if the rod be entirely unsupported. 

If however the ends of the rod are given points on a line 
parallel to the line of action of the couple, the only possible helical 
form will be one of angle very nearly ^w on a cylinder of veiy 
small radius, and the length of the rod must be an integral 
multiple of the length of a complete turn of the heUx. Thus, if / 
be the length of the rod the least possible value of I is 27rr8eca, 
or the critical length is 

l = 27rBlQ (U). 

Thus we shew that if there is no force applied at the ends, but the 
ends are nevertheless fixed, the straight form will be unstable if 
the critical length given by (14) be exceeded. 

The supposition of no terminal force appears extremely arti- 
ficial and we shall proceed to consider the problem in a more 
general way. 

378. Stability of Rod under Thrust and Couple. 

Suppose that a naturally straight rod of uniform flexibility in 
all planes through its elastic central-line, has its ends supported at 
two given points, whose distance apart is equal to the natural 
length of the rod, and suppose that equal and opposite forces and 
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couples are applied at the ends, the axes of the couples coinciding 
with the line joining the fixed points ; we shall seek the conditions 
that a configuration of equilibrium with displacements of pure 
bending and twisting^ may be possible. 



z 




^x 



x<-- 




Fig. 68. 

Let axes of x, y, z be drawn through one end, and let the forces 
and couple applied at the other end be X, Y, Z, G as shewn in 
the figure (fig. 58). Let ^, y, ^ be the coordinates of any point on 
the elastic central-line in a configuration of equilibrium in which 
the displacements are very small, and ds the element of arc of the 
central-line. The stress-resultant at any section has components 
Z, F, Z (see art. 236). 

Since the rod is of uniform flexibility in all planes through 
its elastic central-line, and is straight when unstrained, the twisting 
couple must be constant (p. 70). Let Ct be the twisting couple at 
any section. The flexural couples compound into a single couple 
B/p about the binormal to the elastic central-line, where p is the 
principal radius of curvature. Hence the components of the 
flexural couple at any section about the axes of x, y, z are 



^ i.e, of course the extension is of the second order of small quantities when the 
displacements are of the first order. 
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^ fdy d^z dz d^\ 
[ds d^^ds d^J ' 



and two similar expressions. The equations of equilibrium for the 
part between the origin and any point (x, y, z) are found by taking 
moments about the axes. Since x and y are very small while z is 
ultimately equal to 8, their ultimate form is 






\ (15). 



Cr +{xY-yX) = G^ 

The terminal conditions are that 

x = y = Q when ^ = and when z — l, 

and that the terminal stress-couples about the axes of x and y 
vanish. The latter conditions shew that, when z = at I 

To satisfy the last two conditions we have to take 

Z=7 = 0, 

so that the force at the ends must reduce to a tension (or thrust) 
along the axis z. The third of equations (15) then shews that 
Ct = (?. 

It is now easy to prove, by solving the diflferential equations, 
that X and y must have the forms 

a? = -4 sin mz cos (nz + Zq), 

y = A sin mz sin (nz + Zq), 

where Zq and A are arbitrary constants, and m and n are given by 

«-_^-? -^ 



and the conditions at the ends z=^l will be satisfied if 

tt' 0' Z 



l^ 45« B 



(16). 
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This equation consequently gives the least length I for which 
the straight form of the rod is unstable. It agrees with the result 
of art. 377if2r = 0. 

If Z be negative, so that the rod is under thrust and couple, 
the result is 

where R is the thrusts When we put = this agrees with the 
result (3) of art. 373. 

Taking Z positive, it will be impossible to satisfy the conditions 
at the end z = l if Z> ^G^/B. Thus however great the twist t 
may be it will always be possible to hold the rod straight by a 
tension exceeding ^CV/JB, provided this tension does not produce 
a finite extension of the rod. 

379. Stability of Ring under External Preisure. 

The only problem (so far as I am aware) concerning the 
stability of naturally curved rods which has been solved is the 
problem referred to in art. 231 of the collapse of a naturally 
circular ring under external pressure. 

Let a be the radius of the ring in the unstrained state, B the 
flexural rigidity for bending in its plane, P the pressure per unit 
length, and p the radius of curvature after strain ; then on p. 58 
we have proved that in any mode of deformation involving no 
extension of the elastic central-line there is an equation of the 
form 

--- = iPr» + const (17), 

where r is the distance of any point on the strained elastic central- 
line from a fixed point in the plane. 

Under very small pressures the ring will remain circular, and 
the radius will diminish under the pressure, but when the pressure 
exceeds a certain limit the ring will bend. When the critical 
pressure is just exceeded the deformation from the circular form 

^ This result was given by Prof. Greenhill in his article on the * Strength of 
Shafting* in the Proceedings of the Institute of Mechanical Engineers for 1SS3. The 
problem of the stability of a shaft rotating between bearings is considered in the 
same article. 
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wilt be indefinitely small, and the above equation shews that r 
will be very nearly constant, so that the fixed point from which r 
is measured is the centre of the unstrained circle, and r is very 
nearly equal to a. 

Let u be the displacement in the direction of the radius drawn 
inwards, and w the displacement in tha direction of the tangent at 
any point of the central-line whose angular distance from a fixed 
point is B. Then, since there is no extension we have, by (43) of 
art. 300, 

rfw 

"-3S- 



1 1 1 /d-u \ 



Thus equation (17) becomes 



= Pan. 



Since u is periodic in we take u = cos 7i (^ + a), where n 
integer, and we find 

{n'-l)B = Pa\ 
Hence, taking n = 2, we find the critical pressure given by the 
equation 

P = 3i;/o.' (18), 

as stated in art. 231. 

We could hence infer, by an appropriate change of constants, 
the condition of stability' of an infinitely long cylindrical shell 
under external pressure P per unit area in the form 

P < SCja'. 
where C is the cylindrical rigidity ^Ek'l(l - a*) of art. 309. 

We shall come upou this result again in connexion with the 
problem of the stability of boiler fluea 

1 This condition vbb first giTen by Mr BryaD, ' Application of the Eneriiy Tent 
to the ColiapHe of a long thin pipe under eitenml prMsura ', Proe. Camb, Phil. Soe. 
VI. less. It ban also been obtained b; Hr Basset, ' On the Diffioultiea ot eunstract- 
ing a Tlieoiy of the GollapBG of Boiler-fiuea '. Phil. Hag. Itl99. The inventigation 
given Bbuve is suggested by the work of U. Uvy (>ee ut. 231). A nev method will 
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380. Stability of Rectangular Plate under Thmit in 
its Plane. 

We pass DOW to the consideration of some problems on the 
stability of thin plates and shells. The first of these that we shall 
take is the problem presented by a rectangular plate whose edges 
are supported and are subject to given thrusts. When the thrusts 
are not too great the plate simply contracts, and the middle-surface 
remains plane ; and the displacements in such a configuration of 
equilibrium could be found from the equations of art. 327 ; but 
when the thrusts exceed certain limits the plate can buckle, and 
the conditions that this should be possible may be found by 
assuming that the departure of the strained middle-surface firom 
the plane form is infinitesimal. 

Suppose the thickness of the plate is 2h, and the sides of the 
plate are of lengths a and b, and let us refer the plate to axes of x 
and y having the origin at one comer, so that the equations of the 
edges are a; = 0, y = 0, a? = a, y = 6, and let w be the displacement 
of a point on the middle-surface in the direction of the normal to 
its plane. The changes of curvature are given (to a sufficient 
approximation) by 

The flexural couples &i, &, across the normal sections ^ = const., 
and y = const., and the torsional couple H are given (to a sufficient 
approximation) by 

G, = - C (ic, 4- cr/t.), G, = C (ic, 4- cTiCi), fiT = C (1 - <r) t . . .(20), 

where C is the cylindrical rigidity lEh*/(l — <r*). The ei)uations of 
equilibrium when forces are applied at the edges only are three 
equations of resolution and two equations of moments. The 
equations of resolution for finite displacements are (see p. 242) 






}'■ (21). 
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wherein P,, U,, T, are the stress-reaultants parallel to x and jf and 
normal to the strained middle-surface that act across the normal 
section a; = const, and If,, /*,, T, are similar quantities for the 
normal section y = const. 

The equations of moments are 

^ dy 

The boundary- conditions at the edges are that w = 0, and that 
when a? = or a 

Ui + fflp,' = 0. Q,=0 (23); 



-' + r,=o, 



■ (22). 



also 



ivhen y = Q OT b 



%, 



U, + HJp,' = 0. 0, = . 



in which ^l, and l^, are the applied thrusts, and pj, p^ are the 
radii of curvature of the normal sections through the strained 



Equations (22) shew that when w is small Ti and T^ are of the 
same order as w, and thus the terms such as T,«, cau be omitted 
from equations (21), while the terms such as Hjp^ can be omitted 
from the boundary- conditions. The reduced equations can now be 
satisfied by supposing that Ui and P, vanish, and P, and P, are 
constants ; these constants are — *|3i and — *I.I,. The differential 
equation for w then becomes" 

, 9'w 






..(25). 



■9S^*"93^- 

We can find a solution of this equation which also satisfies the 
conditions at the boundaries in the form 



w = ^ sin - 



n-Ky 

^ b • 



where m and n are integers, and the constant A is small but 
otherwise arbitrary, provided 



' ThiH eiUQple shews very well the neceBHit<r Ic 
ments. EqualioDB such as (46) aod (16| at art. 
pUue plate would not have led to equatioa (26). 
L, II. 



' begioDing with finite displwe- 
10 when applied to a naturally 
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C=-i : ^^ 1*6) 

Th^ ifAlrjwing r=s?ilte* can be eaalj tiaiiicisd : 

ns Whi^rn $1 — $, = $ SAT. the l€aat throaC for viiich the 
fAs^rj-, i^ nnsstaAfle is 

' 1 1' 

(iH^) When $3 = the lea^t thrust will be f>and bj patting 
n s 1, and m that integer for which the ratio a* (j* lies between 
m(m—l) and m(m+ 1> 

^3*; When $, and $3 are finite and diiSerent the plate wiU 
buckle into cormgations parallel to the side 6 (so that n = 1, m4=l) 
if 9$, < ^!Pi , and into corrugations parallel to the side a if $, < }$,. 

XfAe. When !p| and $, are equal the equation (2o) becomes 

CT*w + q?r*w = 0, 

the e^i nation applied by )Ir Bryan to the discussion of the stability 
of a clamped circular plate. (See the paper just quoted.) It is 
not difficult to shew that in this problem the least thrust $ 
consisU;nt with instability is given by the equation 

where a is the radius of the plate, and z is the least root of the 
ec{uation t/, (z) = 0. 

381. Stability of infinite strip of plating under 
thruft 

Wo shall suppose that an infinitely long rectangular strip of 
breadth I is subject to uniform thrust at one edge, the opposite 

I Hffii Mr Bryan's paper * On the Stability of a Plane Plate under Thrnsts in its 
own rUnc', Proc. lAmd. Math, Soc, xzii. 1891, where the application to the 
fitability of a Htracturo lupported on parallel ribs is given. A somewhat similar 
probl<!iii is presented by a plate to which bodily thmsts are applied. Thus a 
pioco <}f card on which a photograph has been pasted tends to wrinkle as the surface 
dries. 
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edge being supported or built-in. If the thrust be sufficiently 
great the middle -surface will become a cylinder with generators 
parallel to tbe loaded edge, and the case therefore falls under the 
second claaa of cases noticed on p. 242 for which the ei:[Uations of 
finite deformation can be written down. 

If we take axes of a and ^ on the unstrained middle- surface, 
of which the axis /3 is parallel to the loaded edge, a and /3 will 
be parameters defining a point on the strained middle -surface. 
Suppose p is the finite principal radius of curvature of the 
strained middle-surface' ; in the notation of art. 341 — 1/p is to be 
written for «,, and «, and t are both zero. All the quantities that 
occur are independent of j9, and the equations of equilibrium 
become 

^'+^=°. 'h 

da. a da 



BT, 



y,=o. 



da ■'■' 







Thee 



:ouples will be 

G, = Clp, 0,= -Ca/p, 3=0 (28). 

The boundary- conditions at the loaded edge are that P, and T, 
have values depending on the applied thrust and the inclination 
of the strained to the unstrained middle- surface, while 6, and Ui 
vanish. 

The first, third and fifth of equations (27) are alone significant, 
and by appropriate changes of notation they may be identified 
with equations (1) of art. 214 by which the flexure of a thin rod is 
determined. 

It follows that the problem of the stability of the infinite 
strip under edge-thrust is identical in form with the problem of 
the stability of a thin rod under & terminal load parallel to its 
unstrained elastic central- line'. This is the problem considered in 
art. 373. 



' The sign □( p has bt<en ahnngcd bccHuae in treating plates and abella ve have 
estimated the ourvataraB positive outwarda, and in tbo tbeorj' of wiroa with vrhich 
WQ wUh to effect u comparison the curvature ia eatim&ted positive imrardi. 

* It U sIbo notewotthy that when the edge-thrust exoeeds the limit for which the 
pUne farm becomoa unstablo the atrip benda into a cylinder irhoae nonnal aeetion 
is an eUitica. 



We conclude' that, if the opposite edge be simply supported, 

the strip becomes unstable when the thnist *H exceeds the limit 
Ctt'II:', and if the opposite edge be built-in the limit is ICir'jl*. 

382. Stability and stren^h of boUen and boiler-flues. 

We shall conclude this chapter with an account of the stability 
and strength of boilers and boiler-flues. A boiler consists essen- 
tially of a thin-walled hollow cylinder containing hot water and 
steam at high pressure; the water is heated by the passage of hot 
gases from the furnace along thin-walled cylindrical flues which 
run from end to end of the boiler, and the length of the boiler is 
generally maintained nearly constant by a more or less elaborate 
system of stays. It is found that the flues tend to collapse under 
the external pressure of the steam, and to avoid this tendency 
a flue is frequently made in detached pieces connected by massive 
flanged joints, or some other device is adopted for the purpose 
of shortening the efl'ective length. We have now to explain why 
a long flue tends to collapse under external pressure and a short 
flue can resist this tendency. 

Consider the problem of finding the displacement in a short 
cylinder with plane ends, whose surface is subjected to uniform 
hydrostatic pressure. From the fact that a closed surface cannot 
be bent without stretching it follows at once that finite displace- 
ments are geometrically impossible, and the nearly cylindrical 
form cannot be unstable. 

If, however, the ends of the cylinder be so distant that their 
effect may be disregarded the cylinder may be treated sis infinite, 
and then we have already seen (art. 379) that there is a critical 
pressure which cannot be exceeded without instability. 

We shall now give a direct investigation of the critical pressure 
under which the infinite cylinder becomes unstable, and we shall 
then investigate the standard length in comparison with which the 
length of the cylinder must be great in order that it may be 
treated as infinite. 

383. Infinite cylindrical shell under uniform external 
pressure. 

When the external pressure is small the shell contracts radially, 

and the expression for the radial displacement has been given in 

' TliiB result ia otherwise obtained b; Mr Brjan in bis paper 'On Che Stability 

of EliiBtio SjsteniB', Fro-:. Ctivib. Fhil. Sac. ti. 1888. 
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I., art. 130. To find the condition of instability of this configur- 
ation of equilibrium we have to suppose that the section is held 
under the extt'rnal pressure in a shape slightly displaced from the 
circular form by pure bending without stretching of the middle- 
surface. 

Suppose the unstrained middle -surface of the shell is of radius 
a, and (as iu art. 350) take x for the length measured along a 
generator from a fixed normal section, and a<f> for the length 
measured along the section from a fixed generator, let u be the 
displacement along the generator, v the displacement along the 
tangent to the circular section, and w the displacement along the 
normal to the cylinder drawn outwards. According to art. 352, 
the only displacements of pure bending which remain everywhere 
small are independent of ;c and satisfy the equations 

»-»■ U + ^-o W. 

80 that the middle -surface is always a cylindrical surface, but the 
normal section does not remain circular. 

Let P,, U,, T-i be the stress -resultants per unit length of a 
normal section, across such a section of the strained middle-surface, 
parallel re.spectively to the generator, the tangent to the section, 
and the normal to the surface, and let U,, P,, T, be the stress- 
resultants per unit length of a generator, across a section through 
that generator of the strained middle-surface, in the same dii'ec- 
tions. Also let 0,, G, be the flexural couples across the same two 
sections, and H the torsional couple. Since the cylinder ia strained 
into a cylinder with the same generators the problem falls under 
the first class of cases mentioned in art. 311 for which the 
equations of equilibrium with finite displacements can be written 
down, and these equations are simplified by the fact that the 
principal curvatures in normal sections through the generators are 
zero both before and after strain. The fiexural couples are given 
by the equations 



G, 



='^'(r^)' "-'^e-S- "-"■■ 



k: 



where p is the radius of curvature of the strained section estimated 
positive inwards. In the equations of equilibrium we have to 
put 
.d = l, B = a, a = x, d = <f>, l/p,' = 0, llp,' = -lfp...(,5l); 
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SO that the equations of ret^^Iutioa become 

ex ii o5 

rx a c* p ' ^^^'' 

rx ci c^ p 

where 11 is the ivsultHiit of the iiiteroal and external pressures 
per unit area estimated pocidtive inwanis. The equations of 
moments aiv 

We can find a sohition indo|XHuieut of x by taking the second 
and thinl of equations (^32V and the tirst of equations (33), and, on 
eliminating T,, these ei)uatious give us 

from these, eliminating P*. vre have 

?^(5?^^7'^p?i'"~"4 ^^*^' 

When the displacement fn^m the circular form is infinitesimal 
1 1 1 /?»w \ « f .?»w . \ 

and, on rejecting terms of the second order in w, we find 

«^(^.+0"^=-"(|-*')^ ^^^ 

We may assume a solution of this equation in the form 

cw'?^ = il cos (n^ + ^), 

provided 11 = (n* — 1) Co', and, since ?w ?^ must be periodic in ^ 
with a period 2'jr, n must be an integer. 

Hence the least value of 11 consistent with instability is 

2E A» 
n = 3C7/a»=j-^*- (36). 

as already otherwise proved in art. 379. 



m J -M 
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When n has this value' the cylinder can suffer deformations ^H 

of pure bending, and the dlsplaceuieuts have the forms ^H 

11 = 0, v = J^cos20, w = J.ain20, 

where ji is a small arbitrary constant. The deformation is main- ^^ 

tallied by the pressure 11, ^^| 

When the flue is of finite length the conditions at the ends ^^| 

make this solution fail; but, if the ends be sufficiently distant ^^| 

from the middle to be disregarded, this solution ought to hold near ^H 

the middle of the flue. ^^H 

^H 384. Effect of ends of flue. ^H 

We have now to shew how the effect of the ends falls off in a ^^H 

very long flue, and for this purpose we shall consider the flue to be ^^H 

terminated by a rigid plane end at x^Q, and to extend to ^= oo ^^H 

in the positive direction, For all very great values of x we shall ^^^ 

suppose that the displacement is one of pure bending given by the ^^| 

equations ^^H 

u = 0, \ = ^Acos1^, VI = A sin2i^ (37), ^H 

and we shall investigate displacements which satisfy the equations ^^H 

of equilibrium and these conditions at ;c = oi , and also satisfy the ^^H 

further conditions that v and w vanish with x. ^^^ 

Now by means of displacements of the forms given above we ^^| 

can satisfy the equations when 11 is retained. If therefore we ^^| 

take ^H 

u = u', V = v' + ^A cos 20, w = w' + .il sin 20, ^^| 

u', v', w' must be displacements which satisfy the equations of ^H 

equilibrium under no forces, and also satisfy the boundary-con- ^^| 

ditions that u', v', w' vanish at a; = oo , and that v, w vanish at a: = 0. ^H 

It is clear at once that the equations and conditions will not ^^| 

admit of a solution if they be limited by supposing either that the ^^| 

displacements u', v', w' are non-ex tensional, or that the stretching ^^H 

is the important thing ; for all the forms of displacement by pure ^^| 

■ Taking a steel boiler fine oF SB in. dluneter and f in. thiokneu, uid patting ^^| 

E = iih->^W^ dfnes per sq. om., Bud tr = i, ire find n = Sl Iba. wt per sq. in. ^^H 
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beodirig fHjmihle in a cylinder have been obtained in art. 352, and 
none of thern natiiifjr all the oonditionB ; on the other hand there 
are no extenHional dinplacementa which can satisfy the boundary- 
a^nditions. The case therefore falls into the exceptional third clahs 
of art. 321, in which terms depending on extension and terms 
defK^nding on change of curvature must both be retained This 
ccimplicaU^s the problem ; but, on the other hand, as we have 
alreaiiy noticed in art, 336, in the third class of cases the second 
approximation to the stress-resultants P,, P„ Ui, Ut becomes 
unimpr;rtant, and we therefore have by art. 339 the following ex- 
preMsions for the stress-resultants : — 

(38), 



where h is the half-thickness of the cylindrical shell, C the cylin- 
drical rigidity, f , the extension along the generator, c, the extension 
along the circular section, and m the shear of these two lines. The 
strcHH-couplos are given by the equations 

a, - - (7 (/r, + a/r,), (?, - C (/r, + a/r,), iT = C (1 - cr) T. . .(39), 

in which k^ /r,, t are the 'changes of curvature'. Further, we 
have seen already in art. 350, that in the case of a cylindrical 
shell of radius a 



au' 1/av' A W \dW 



...(40). 



Wo can therefore express the stress-resultants and stress-couples 
in terms of the displacements. 

The equations of equilibrium under no forces are 
h» aiii^ * dx ad^ a ' dx a d(f> a ' 

(41). 



t 
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If we eliminate Ti and Tjfrom the first three of these by using 
the fourth and fifth, and substitute for the remaining stress -couples 
and atress-resultauts their values in terms of displacementa, we 
find the three foUowing equations : 



SaiLS'c oW /J 2a d<l>[dx '^ a d<l>) ~ ' 
dx\dm adif}/ adif>\_ dx a\d(j} /J 






,, rav ff / 5%' . av \ 1 - tr / d'w' __9V'\i 

* L^^^ a'W9<^ d3!'dit>) a' Ws^ 3««3*JJ 

"*" *^' L^^ (a^l^ ~ 3^ J ■'' a* 3^' V V3^ ~ 9*^ "*" " "^ f J " °" 
Now with a view to the boundary-conditions at or = oo we 
shall lake 

u' X sin 2^, v' oc coa 2^, w' oc sin 2ip. 
Then the above equations will become simultaneous linear equa- 
tions to determine u', v', w' as functions of x, and to solve them we 
must suppose that u', v', w' involve is by containing a factor of the 
form e" ; we thus find the following equation for X ; 

a 8 u» * 8 V a' a'/ a* n\a> a*J 

a a' 8 \ o» a* J a* » \ a' a* J 

(*2). 

We have to approximate to the values of X when h ie small. Since 
the terms of highest degree contain A' as a factor it is clear that 
some roots tend to become infinite as A is diminished indefinitely. 
These roots will be found by supposing that h'\* is finite and of 
the order a~'. Retaining ooly the most important terms our 
equation becomes 
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l-<r 



-&4^'-S]-»' 



1— cr" 
from which V = — 3 . ^ . 

If then we write* 

— '. -«^'. 

we shall have solutions in the form 

u' = e~*^ (A I cos TTw; + Bi sin ttw;) sin 20A 

v' = eT^ (A^ cos mx + JBj sin 77ia?)cos 20, > (43), 

w' = e""*^ (-4.3 cos Twa; 4- -B, sin ww?) sin 20 J 

where m is large of the order of the reciprocal of the mean 
proportional between the thickness and the diameter. 

The constants Ai, A^, ... are not independent, and to find the 
relations among them we may take any two of the differential 
equations for u', v', w'. For this purpose it is convenient to rewrite 
the solutions in the form 

u = Ai'^ sin 20, v' = A^'e^ cos 20, w' = A^'e^ sin 20, 

where the coefficients are complex, and use the second and third 
of the differential equations to eliminate -4/. We thus find 
(retaining only the most important terms) 

a- 1:1^ VaM,' + {2.r - (1 + ^) (l + ^*)| A,' = 0, 

or A,=- 2-^ ,A, . 

Hence, if v' = e"**^ {A^ cosmx + B^ sin mx) cos 20 

be the form for V, the corresponding form for w' may be taken 
to be 

w' = ^— — e'"*^(£jCOsma? — -4,sinma?)sin20. 

To the solutions here obtained we add the solutions 
u = 0, V = ^-4 cos 20, w = -4 sin 20, 

* The quantity m when ^ » } is about 1*83 of the reoiprooal of the mean propor- 
tional between the thickness and the diameter, or the reoiprooal of m is about *546 
of this mean proportional. 
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which, as we have seen in the previoiia article, satisfy the differ- 
ential equations of equilibrium (with FI retained) when the 
displacements tend to become finite, we then have to satisfy the 
boundary-conditions v = and w = at j^ = 0, and we thus find 

A+mWBJ(2 + a) = 0\ ^**'' 

We conclude that it is possible to add to the non-exteusional 
solution a solution involving both bending and stretching by 
which the boundary-conditions can be satisfied. On inspecting 
the results we see that at any distance x from the end which is 
great compared with a mean proportional between the thickness 
and the diameter of the shell the influence of the ends becomes 
negligible. 

If we apply the result obtained to the numerical example of a 
flue of f in. thickness and 3 ft. diameter we find the mean propor- 
tional equal to three inches nearly. The influence of the ends 
will be practically negligible when the length exceeds some ten or 
twelve times this, and it will be necessary to shorten the effective 
length of the flue to somewhere about 3 ft. in order that the ends 
may sensibly stiffen it against collapse. This might be effected 
by means of rings placed at distances of about 3 ft. along the 
length of the flue, or by making the flue in detached pieces of 
about this length with massive flanged joints as is customary in 
stationary boiler practice. 

Combining the results of this and the previous article we 
conclude^ 



I collapse unless the pressure 



(1) that no flue however long c 
exceed 

2E h^, 

(2) that when the pressure exceeds this limit any flue will 
collapse if its length exceed a certain multiple of the mean propor- 
tional between the diameter and the thickness. 

The most important practical conclusion regards the spacing of 
the joints by which the flue is protected against collapse. We 
have the rule — the ratio of the distance between consecutive 
joints to the mean proportional between the thickness and the 
diameter must not exceed a certain limit. The limit should be 
determined by experiment. 
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The practical rule adopted by engineers' is to mcike the 
distance between the joints a certain multiple of the thickness, 
(fre<|neutly aboiit 100 for a pressure of 90 lbs, wt. on the 
square inch,) and it is customary to diminish the ratio of these 
quantities when the working pressure is increased. The theory 
here given suggests nothing in regard to the change to be made in 
the spacing of the joints for a given change of pressure, since it 
is worked out on the supposition that the pressure is the least 
critical pressure, but it suggests a modification of the rule for 
spaciug the joints when the pressure is given. 

386. Stren^h of cylindrical shell. 

In further illustration of the theory of thin shells under 
pressure we shall proceed to consider the symmetrical displace- I 
ments produced in a thin cylindrical shell by uuifonn internal 1 
pressure. This will lead to an estimate of the strength of the 
outer shells of boilers. 

Suppose n is the escess of the internal pressure above the I 
external. With the notation previously employed the displace- I 
ment v vanishes, and all the displacements and stresses are inde- 
pendent of ^, and the equations of equilibrium become 



SPi 



= 0, 






..(45). 



As in the last article we cannot take the displacement purely 1 
extensional for we should tlieu be unable to satisfy the boundary- 
conditions, nor can we regard it as consisting of pure bending ; we 
have, as before, to take for Pj and P, their expressions in terms of j 
the extension of the middle -surface, rejecting the second approxi- j 
matious of art. 339. In the above equations we have to put 



3C 



(e. + Te,), 



■ dxi'' 



The equations of equiUbrium thus become 
du w _ h'P, 

l^dx* h? \a* a dxj 
' I am indebled for infonnalion on thia aubjeot t 



4S 



, some constant, 



=n 



'. H. Uaw, Editor of 



BOILEB FLUE. 
. Eliminating u we obtain the equation for w 

9^v 1 -^<r' _ no-ffP, 

9a^ "*" 7i.'a'" ^~' Ca ' 

Taking the case of a cylinder of length 2i with plane rigid 
enda whose distance apart is maintained constant, and supposing 
that the boundary-conditions are that u, w, and dwjdx vanish when 
x= ±1, and writing as in the last article m* = J (1 — tf')lh''a*, it is 
not difficult to shew' that the solution of the equations (46) takes 
the form 

in which /((T, t) and (f>(x, I) stand respectively for the functions 



(ainhmlooHml -j- cosh ml ain ml) ooHhin. 



ihralooiml -eothmlei 



and 






)B ml Binh mux 



+ ooA mlma mJoaab mx sin mx 



Binh 2ml + Bin 2ml 

Further, the a tress- resultant P, is given by the equation 

, _ T> V 1 /TT „ . coah 2T«f — cos 2)11^ 

^ " ^ " smh 2m/ + am 2mi 

To estimate the strength of the shell it would be necessary to 
ind the greatest extension. The work would be very complicated, 
^Ut it is not difficult to see that what is required is the maximum 

f ^ ± A ^ . If we take the upper sign the value of this quantity 

trhen x = l \», the extension of the innermost longitudinal fibres 
"allel to the generators, and if inl be supposed indefinitely great 
^e approximate value of this is 



fV|3(l-.,')i]. 



' The reaults only are stated and the oi 



is left to the reader. 
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Taking <r = J, and remembering the value of (7, we find that this 
strain is approximately equal to '9033 Ha/Eh. This is not the 
greatest strain in the material, but if we allow a factor of safety^ 
4> we may take the condition of safety to be 

•9033 Ua/h < To/*, 

where T© is the breaking stress of the material found by pure 
traction experiments. For a steel boiler such as is used in loco- 
motive engines, under an internal pressure of 180 lbs. wt. on the 
sq. in., with a diameter of 4 fb., and plates of thickness ^ in., using 
the value To = 7*93 x 10* dynes per sq. cm., we find 4> = 6*4. We 
may infer that the condition of safety of a cylindrical boiler with 
plane ends is of the form 

h n 

a Iq 

where n is a number which may be taken equal to or a little less 
than 6 when the material is mild steel. 

^ The term * l&ctor of safety * is here used in a sense di£Ferent to that in Vol. i. 
There TJE^ is the greatest strain consistent with safety, here it is the greatest 
easily oaloolable strain consistent with safety. 



Note A. On the stress-couples in a wire natuiullt 

CURVED. 

It is proper to mention that the formula (38) of urt. 208 fnr the uouples 

0,, G^ &re not in agreement with those obtained b; Mr BasaQt in hia paper 

'On the Theory of Hastic Wiwa' (Proc. Load. Math. Soc jsui. 1892). Mr 

Basset's values would be found bv omitting tha term — (= — + — [in 

1 /9v " " ** 

the cspreaaion for O,, and the term — f^-f^lin the eijiresHion for 0,,ftnd 

adding in the eiprewiion for O^ a term depending on the extensions of line- 
elements iuitiall; coinciding with the tangent and principal normal. If the 
values thus obtained were the correct values then the stresa-couples would 
not be proportional to the changes in the eomponeiits of curvature as proved 
originiiUy by Clehach. 

Note B. On the formul-e of art. 316. 

We give here the proofs of certain formulie due to H. Codowti relating 
to the curvature of surfaces. The system uf parameters a, ^ and the moving 
system of aies of coordinates x, y, z have been described in art. 316. 

The line-element dt is given by the ei]uation 

fii' = J»i£o"-HBye" + 2JBrfarfScosx (1). 

The axis x at any [>oint (a, ^) is along the Une ;3 = const. whose element is 
Ada., the ai.i3 y is in the tangent plane and perpendicular to the axis x, and 
the asis j ia the normal to the surface. The comjKineDt tranalations of the 
origin when wo pass from the (mint (n, jS) to the point {a-^-da, ff + dff) are 
Ada + Bdlico»x, Bdffaia)(. The comi)onei>t rotations executed by the axes 
about themselvea when this change of origin is made are 8fli, 8fl,, Mj, where 

W,=?,A.+9^, [ (2). 
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Let X, /i, y be the direction-coeines of a line drawn through (a, ff) referred 
to the axes of x, y, z at (a, fi), and let ^, m, n be the direction-cosines of the 
same line referred to axes fixed in space. Also let X+c^, m+^Mi v+dv be 
the direction>cosines of a neighbouring line through (a+da, fi+dff) referred 
to the axes of x, y, z at (a+cio, fi+dff)y and let l-\-dl, m-k-dm^ n+dn be the 
direction-cosines of this second line referred to the fixed axes. Then we may 
take the fixed axes to coincide with the axes of x, y, z at (a, /3), and when this 
is done ^, m, n are identical with X, ^ v, but dl, dm, dn are not identical with 
dX, dfi, dv. In fact we have 

dl=dK- iLhB^-^-vhB^,' 

dm=:dii-i^6i+\d6^j ■ (3). 

dn=^d¥-\66^+fidSj , 

In these formulsd any difierential as dl means (^Ijda) da-k-(U[bff) dfi. 

Substituting for d^^, d^,, hB^ from (2), and equating coefficients of da and 
(^9, we find such formulee as 

dl ax 

Important formulsd are derived by taking the case in which the line 
(X, fh v) is parallel to a line fixed in space. In that case dl^ dm, dn vanish, 
and we find the six formulas : 



\ 



ax ax 

a^ ^ a^ 



(4). 



These are really formulse of difierentiation for X, /i, v. We may apply them 
to differentiate any identity in which X, /i, v occur, and in particular we may 
difierentiate the formulsd (4). Taking the first two we find 

By equating these values of d^/dadfi we obtain a linear relation between fi 
and y which holds for all values of the ratio /i : v. We may therefore equate 
coefficients of fi and y and obtain the equations 

l-t-^-r^.,^ (^j 



W a 



a 



'Pi^i-PiSi 



These are two of the equations (6) on p. 203, and the third like formula can 
be found in the same way by comparing two values for d^/x/dadfi. 



ITOTEB. 



a neighbouring p 
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Let X 



M 



Now coiieider anj point § . 
the coordinates of Q referred to the moving aies at (o, &\ and {,!?,£ the 
coordinates of the aatno point referred to the fixed aiee. Also let x + tfr, 
j/ + <%, ! + rfi be the coordinates of <^ referred to the moving nies at 
(a+do, ^+d9), and ^+d^, '?+'''li f+df the coordinates of ^ referred to tbo 
fixed (uiee. Aa before we ma; choose the fiied aieB.to coincide with the aies 
i at (a, 3), and than f, >;, f arc identical with x, y, s b\it 









before these give the partial difierential coefSwents of f , i;, f in terms of 
those of *, y, t with respect to o, (3, and important formuhe may be derived 



by supposing that the point (^ 
^^^ all vanish. In this case 



Snd 



-v)+r^-?,i, 



?1>=-Piy. 



jcides with the point §, so that dj, dij, df 



B: 



St^-Piy ) 



Forming from these the two expresaionfl for S*x/3aSft S^/3a3(9i and dh/Sadfi, 
and equating them, and making use of the formulte (5), we deduce three 
equations, viz. 

=^+r,5smj;==-(5co 



.(6). 



These ai 



r,Bcoax=-^(B8inx)+r,2, 
-5i3coaj:+f,-Bsinx=-?,-l ) 
■e equivalent to the Inst throe of equations (6) on p. 203. 
Now to find the equation for the radii of curvature, and the differential 
equation of the lines of curvature, we must form the conditions that the 
normal at {a + do, (i+dS) intersects the normal at (a, ff). 

The equation of the former line referred to axes of ^ ij, ^ coinciding with 
the axes of j:, y, : at (a, ff) are 

f-MJc + Bc^cos^) ^ ^-{ Sdaeinx) (_ ^ 

11 -t- dm ^n + dn 

ormal at (a, $). Thus 



l + dl 



=psay. 



vhere I, m, n e 



dl = dei, dm.= ~iBi, dn-O. 



The above equation therefore is 
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and, i( i, Tj, C he either of the two centres of principal curvature, p is the 
corresponding radius of curvature. The condition that the line above 
written may pass through a centre of principal curvature is the condition that 
this line intersects the line f =0, 17=0, which is the normal at (a, fi). Hence 
we find 

_ A'(daldfi)-^B cos x _ Bsinx 
P " qi (dam + ?2 ^Pi {<^/dfi) +P2 ' 

The elimination of da/d^ gives the equation (7) of p. 203 for p, viz. : 

P^(i»i2'2-^2?i)+p(Mcosx+i5jisinx-^/?2) + -4^8inx=0 (7), 

and the elimination of p gives the equation (8) of p. 203 for the directions of 
the lines of ciurature, viz. : 

B (j>2 cos X + S'a ^i^ x) ^3'+ Apida^ + (Bpi cos x + ^?i sin x + Ap^) djd =0. . .(8). 
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shells, 247; flexural of shells, 249; of 
cylindrical shells, 256, 266 ; of spheri- 
cal shells, 274, 279. 
Voigt, on the impact of bars, 145, 
146. 

Wantzel, on the equations of a bent 
rod, 4. 



Webbf on the theorem of three moments, 

39. 
Weyrauch^ on the theorem of three 

moments, 12. 
WillU, on the travelling load, 15. 
Winkelmann, Handhuch der Phytik^ 145, 

155. 
Wiret : see Rods. 
Work: see Potential Energy. 

Young, on resilience, 125. . 
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